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Abstract: We introduce the fractional-order global optimal backpropagation machine, which is trained by an improved fractional-
order steepest descent method (FSDM). This is a fractional-order backpropagation neural network (FBPNN), a state-of-the-art
fractional-order branch of the family of backpropagation neural networks (BPNNs), different from the majority of the previous
classic first-order BPNNs which are trained by the traditional first-order steepest descent method. The reverse incremental search
of the proposed FBPNN is in the negative directions of the approximate fractional-order partial derivatives of the square error.
First, the theoretical concept of an FBPNN trained by an improved FSDM is described mathematically. Then, the mathematical
proof of fractional-order global optimal convergence, an assumption of the structure, and fractional-order multi-scale global
optimization of the FBPNN are analyzed in detail. Finally, we perform three (types of) experiments to compare the performances
of an FBPNN and a classic first-order BPNN, i.e., example function approximation, fractional-order multi-scale global optimi-
zation, and comparison of global search and error fitting abilities with real data. The higher optimal search ability of an FBPNN to
determine the global optimal solution is the major advantage that makes the FBPNN superior to a classic first-order BPNN.
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1 Introduction

Backpropagation, an abbreviation for “backward
propagation of errors,” is a common method for
training artificial neural networks and is used in
conjunction with an optimization method such as
gradient descent (Battiti, 1992). The classic first-
order backpropagation algorithm (BA) to train multi-
layer networks was first described by Werbos (1974);
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the algorithm was presented in the context of general
networks, with neural networks as a special case. It
was not until the mid-1980s that the classic BA was
publicized, rediscovered independently by LeCun
(1985), Parker (1985), and Rumelhart et al. (1986a).
The classic BA was popularized by its inclusion in the
book “Parallel Distributed Processing” (Rumelhart et
al., 1986b). The publication of this book triggered a
significant amount of research into neural networks.
Multi-layer perceptrons, trained by the classic BA,
are currently the most widely used neural networks.
The classic BA can refer to the result of a playout that
is propagated up the search tree in a Monte Carlo tree
search (Browne et al., 2012). It has been demon-
strated that classic two-layer first-order backpropa-
gation neural networks (BPNNs), with sigmoid acti-
vation functions in the hidden layer and linear transfer
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functions in the output layer, can approximate any
function of interest to any degree of accuracy when a
sufficient number of hidden units are available
(Hornik et al., 1989). Research related to faster BPNN
algorithms can be broadly classified into two catego-
ries. The first category involves the development of
heuristic techniques. These heuristic techniques in-
clude concepts such as varying the learning rate using
momentum and resealing variables (Jacobs, 1988;
Vogl et al., 1988; Tollenaere, 1990; Rigler et al.,
1991). The second category focuses on standard nu-
merical optimization techniques. These techniques
include concepts such as the conjugate gradient al-
gorithm and Levenberg-Marquardt  algorithm
(Shanno, 1990; Barnard, 1992; Battiti, 1992; Char-
alambous, 1992; Hagan and Menhaj, 1994). Combi-
nations of neural networks and evolutionary compu-
tation procedures have been widely explored. This
area addresses a wide range of topics such as the
cutting angle method (Andramonov et al., 1999),
simulated annealing (Treadgold and Gedeon, 1998;
Chuang et al., 2000; Ludermir et al., 2006), swarm
algorithms (Yeh, 2013), genetic algorithms (Ma-
niezzo, 1994; Leung et al., 2003; Nikolaev and Iba,
2003; Palmes et al., 2005), and hybrid training
methods (Cantu-Paz and Kamath, 2005; Zanchettin
et al., 2011), which are superior to traditional local
techniques. In all these methods, the computational
complexity increases rapidly with an increase in the
number of variables. Moreover, the classic first-order
BA-based BPNNs are easily trapped into a local op-
timal solution, whose optimization performance must
be improved.

The application of fractional calculus to neural
networks and cybernetics is an emerging discipline of
research, and a small number of studies have been
conducted in this area. Fractional calculus has be-
come an important novel branch in mathematical
analyses (Oldham and Spanier, 1974; Podlubny,
1998). Recently, fractional calculus has become a
promising mathematical method for physical scien-
tists and engineering technicians. Promising results
and ideas have demonstrated that fractional calculus
can be an interesting and useful tool in many scien-
tific fields such as diffusion processes (Ozdemir and
Karadeniz, 2008), viscoelasticity theory (Koeller,
1984), fractal dynamics (Rossikhin and Shitikova,
1997), fractional control (Manabe, 2002; Podlubny

et al., 2002), fractance (Elwakil, 2010), fracmemristor
(Pu et al., 2018a), image processing (Pu et al., 2010,
2018b), and neural networks (Kaslik and Si-
vasundaram, 2011; Pu et al., 2015, 2016, 2017).
Fractional calculus has been applied to neural net-
works and cybernetics primarily due to its inherent
advantages of long-term memory, non-locality, and
weak singularity, which are important properties of
fractional calculus (Oldham and Spanier, 1974; Pod-
lubny, 1998). The basic characteristic of fractional
calculus is that it extends the concepts of integer-
order difference and Riemann sums. The characteris-
tics of fractional calculus are considerably different
from those of classic integer-order calculus. For ex-
ample, the fractional differential, except based on the
Caputo definition, of a Heaviside function is nonzero,
whereas its integer-order differential must be zero
(Oldham and Spanier, 1974; Podlubny, 1998). Thus,
the properties of the fractional-order steepest descent
method (FSDM) are also different from those of the
traditional first-order steepest descent method (Pu et
al., 2015). For example, the FSDM can determine the
fractional-order extreme points of the energy norm,
which do not overlap the traditional first-order sta-
tionary points (Pu et al., 2015). It is known that classic
first-order BPNNs demonstrate a tendency to be
trapped into a local optimal solution.

The application of the improved FSDM to
training BPNNs has the potential to overcome such
deficits. Therefore, to improve the optimization per-
formance of classic first-order BPNNs, in this study
we investigate whether it is possible to apply the
improved FSDM to generalize classic first-order
BPNNSs to the fractional-order backpropagation neu-
ral networks (FBPNNs). Based on this inspiration, we
introduce an FBPNN that is trained by an improved
FSDM, whose reverse incremental search is in the
negative directions of the approximate fractional-
order partial derivatives of the square error during the
iterative search process. This introduced fractional-
order branch of the family of BPNNs, which differs
from the majority of the previous classic first-order
BPNNs and as such represents an interesting theo-
retical contribution. The FBPNN and the first-order
BPNN are trained by the improved FSDM and the
traditional first-order steepest descent method, re-
spectively. The higher optimal search ability of an
FBPNN to determine the global optimal solution is
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the major advantage that makes the FBPNN superior
to a classic first-order BPNN.

2 Background of fractional calculus and FSDM

In this section, we briefly introduce the neces-
sary mathematical background of fractional calculus
and FSDM.

The Griinwald-Letnikov definition of fractional
calculus for a causal differintegrable function f{x) can
be represented in a convenient form as follows
(Oldham and Spanier, 1974; Podlubny, 1998):

X—a

g

D@ = limA e

N—owx

(M

where [a, x] is the duration of f{x), NV is the number of
partitions of the duration, v is an arbitrary real number,

F(a)zj.:e"‘x“'ldx is the Gamma function, and

9LDY denotes the Griinwald-Letnikov defined frac-
tional differential operator. In this study, we use the
equivalent notations D’ = “tD” in an interchangea-

ble manner.

The reverse incremental search of the FSDM is
in the negative direction of the v-order fractional
derivative of the quadratic energy norm £, which can
be represented as (Pu et al., 2015)

=& —n(DLE), 2)

where £ is the step size or the number of iterations, & is
the independent variable of E, and y is the constant
coefficient that controls the stability and the rate of
convergence of the FSDM.

3 Fractional-order backpropagation neural
networks

3.1 Fractional-order partial derivatives of the
square error

In this subsection, to achieve the improved
FSDM for training the FBPNNSs, the fractional-order

partial derivatives of the square error of a BPNN
should be described first.

Fig. 1 displays the model of a BPNN, which is
represented by abbreviated symbols denoting its three
layers.

R w'xt vl e v ¥
] Il J
B'=F(W'p+b") B=R(WB'+b?) B=FWB+b)
B=L(WAWF (W' p+b')+b?)+b°)
Fig. 1 A backpropagation neural network (BPNN)

model with abbreviated notations (the superscript de-
notes the layer number of a BPNN)

In Fig. 1, the superscript denotes the layer
number of a BPNN. peRRXl is the input matrix.
W' eR""™® W2eR"™', and W*eR"™” are the weight
matrices of its first, second, and third layers, respec-
tively. b'eR""™, B*eR""!, and b’cR”"! are the bias
matrices of its first, second, and third layers, respec-
tively. f', 7, and f° are the activation functions of
its first, second, and third layers, respectively.
g'eR"™, g2 R and g'eR"™ are the net input
matrices of f', /2, and f°, respectively. p'eR""™,
B eR”, and f£ R are the output matrices of the
first, second, and third layers, respectively. In a mul-

ti-layer BPNN, the output of its upper layer is the
input of the next layer. Thus, it follows that

ﬂmﬂ _ fm+1 (gm+1)

_ pmil m+l pm | pm+l _ B 3)
S B, m=0, 1, oy M -1,

where M is the number of layers of a BPNN, g"'=
W g™ B'=p, and p=p" represents the actual
output of the entire BPNN. Assume that the sample
sets of the target output matrix ¢, corresponding to the
actual input matrix p, of a BPNN are {p|, ¢}, {p>,
q2}, .., {Dy q,}. Then, the mean square error of a
BPNN is as follows:

F(x)=E(e'e)=E[(q-B"@-B] &
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where x is the weight and bias vector and e=[e;] is the
error vector of a BPNN. A BPNN uses the iterative
approximate calculation of variance as follows:

E(k)=[q(k) - )] [qtk) - (k)]

} )
=[e®)] e(h).

where k is the iteration index and F (k)=

v M

Z(q[ - B )2. Eq. (5) indicates that the mathematical

i=1
expectation of the mean square error F is replaced by
a quadratic energy norm F (k), the square error at

iteration k of the iterative search process, of a BPNN.

In addition, Z Z Z Z and ( J[Hnj

m=0 n=0  n=0 m=n n

(Vj("_"] can be derived, where v is a fraction and
n r

vl D)'T(m-v) rd+v)

n) T(»IA+n) TA-n+I(A+n)
from Eq. (1), it follows that

Thus,

D;,(fgr)= EKZJ(D::F)(D: .8 )} ©)

n=0

. . . . th
where x is an independent variable, g is the i net

. . v
input of /™, and « is a constant. When n>v, [ jz
n

-)'T(n-v) rd+v)
r[(»rmn+l) I'd-n+v)I'(1+n)
and Spanier, 1974). Thus, from Eq. (6) and Faa di

Bruno’s formula, the fractional-order partial deriva-
tives of the square error of a BPNN can be derived as

#0 (Oldham

D FLer (wbr) | =2, Flar (wrb7)]
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:li(l——v;F—i_z[

n=1
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and b" € (b bsup) are the

where w" e( Wi Sup)

domains of definitions of w/"; and b", respectively.

A

F=F [g, ( W', b" )] is a composite function, D:;,,,

Di , and Db_m are the integer-order differential op-

i, j

erators, and the nonnegative integer Py satisfies

ikPk =n,
k=1

, ©)
>.P =h.

The third summation notations “X” in Eqgs. (7)
and (8) denote the summation of the corresponding

{ T1(2% & /w) ‘/P '} and { (Dher /)" /m .}
of all the combinations of Py;-1-, that satisfy Eq. (9).
From Fig. 1, we can observe that g""'=Ww""' g"+

b™"'. Thus, the net input g" of f™ is as follows:

m-1
%

g (w,,,b'")—zlw;;ﬂ;’wb;". (10)
j
From Eq. (10), it follows that

D!, g (wr b )= B, (an
D), g (wb")=1. (12)

From Egs. (11) and (12), it follows that
D.'g" (wr.6") =0, (13)
Dk>]g,'”( w/,b")=0. (14)

Using mathematical induction, from Eq. (9), we
can derive the following:
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(1) When A=1, we have

1, i=n.

(2) When h=2, 3, ..., n—1, we have

[0, i=12, e ni# jon—
L i=jn—,
j=12,.,n-1.

(3) When h=n, we have

n,i=1,
P:
' {0, i=2,3,..,n

Thus, from Egs. (7) and (8), if and only if
D}Mm‘gi (wl b ) #0,
Dy.g" (wl')b") %0,
D/‘>1 (w b’") ,

i,j?

0,

Dk>1 m (

l

m b m )

lj’

and only when A=n, can we obtain
2 (SRS )Pk /Pkli 0,
k=1 v
Zli[(D:,n g [k !)P* /Pk 1% 0.
k=1 '

Thus, from Egs. (11)—(14), Egs. (7) and (8) can be
simplified as follows:

D, Flar (w0 =(Wr(_l—ivv;)F
[ )|
) is)
oy # g (o, 7))V te)
+g[;j%m(%ﬁ)%(1)}g,-m)Pl
.

Recall that from Eq. (9), when A=n,

R=n,
g:a:-n-:P

Thus, from Egs. (11), (12), and (17), Egs. (15)
and (16) can be further simplified as follows:

. W= W)
o, a0 )

( B mf)n_v n T 1 m)”
S o ) o )

_ (M}:‘j — Wr )‘V Fa i(v] (Wzlj — Wine )n_v
ra-v) —\n) T'h—-v+1)
(D E)(er)"

(17)

(18)

X b,-m _bin B a
Dy F| g (wrb!)]= (F(l——\i))F

e bim_binf o A T om\”
300 (o ) o)

n=1

NGRS C T
_WF+;[”jl"(n——v4rl)(Dg;"F)'
(19

Note that first, Egs. (18) and (19) are the chain
rule of the fractional derivatives of the square error (a
composite function) of a BPNN (Oldham and Spanier,
1974), which gives an infinite series that offers the
minimal expectation of being expressible in the
closed form, except for trivially simple instances of

functions £ and g". When Egs. (18) and (19) are

with zero initial conditions, they continue to hold
(Oldham and Spanier, 1974). Second, the nonzero
initial value problem is a fundamental issue of the
application of fractional calculus. The practical ap-
plicability of Egs. (18) and (19) is limited by the ab-
sence of the physical interpretation of the limit values
of fractional derivatives at the lower bound

mo
w" =w, and b" =b,

v .+, respectively. To date, such

an interpretation was partially solved by Heymans
and Podlubny (2006) and Petras (2011). Finally, the
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summation notations in Egs. (18) and (19) denote that
both D!, Flgr(w,.b")] and Dy Fgr (w)),

i,j20
b" )J express the long-term memory and non-locality

of the fractional differential of the square error F of
a BPNN.

3.2 Achievement of improved FSDM and FBPNNs
trained by an improved FSDM

In this subsection, the achievement of the im-
proved FSDM and the FBPNNs trained by the im-
proved FSDM is further discussed.

To simplify the infinite series calculation of the
fractional-order partial derivative of the square error
of a BPNN in Egs. (18) and (19), the approximate
fractional-order partial derivatives of the square

error of a BPNN, D:{,I:" [g,.’”(w’” b.’”)] and

i,j2> Y%
[)}:_,,,ﬁ [g,’” (w,’” b" )] , are suggested to merely take

i,j2 i

the first four terms of Egs. (18) and (19) into account,
which can be given as

-V
m
Wi,j - Winf) A

T(1-v)

( )nfv (20)
o[V Wlm = Wit . A i\
+;[Hjm(Dgf’F)(ﬁ/ l) >
" A b,-m _bin -v R
;"’F[gfmwwbim)]:%F 21)

L (B =)
+;(n] Fn—v+1 (Dg""F)'

Egs. (20) and (21) indicate that although only the
first four terms of D:ymﬁ [ g’ (Wf” b" )] and

i,j2>"i

D;n,ﬁ [g,.'”(w'” b" )] are taken into account,

i,j2 i
Dy, Flgr(wy,b")] and D;”,ﬁ[gf’(mff’j,bi’”)} are
essentially the approximate fractional differentials of
the square error F of a BPNN, preserving the
strengths of fractional calculus such as long-term
memory, non-locality, and weak singularity. There-

fore, similar to the FSDM, from Egs. (2), (20), and
(21), the improved FSDM for the family of the

BPNNs can be implemented as follows:

wf k1) =t (k) — 1 B, Fb) | 2

bk +1) = b (6) — | D (k) | (23)

where w"; is the weight between the ™ output of the

(m—1)" layer and the i input of the m™ layer, b" is
the i bias of the m™ layer, and u is the learning rate of
an improved FSDM (a small positive number). Note
that in Egs. (22) and (23), there may exist a point

(w"’” b’") that exactly satisfies [):ﬁ (k)=0 and

i,j> i
D[:mF (k)=0, but keeps F(k)#0. Even if

D', F(k)=0 and D, F(k)=0, but F(k)#0, the

i,joYi

corresponding point (w"’” b.’”") is merely a saddle

point, rather than a real fractional-order optimal
minimum point of an improved FSDM. In Egs. (22)

and (23), on a saddle point (w'”” b?”n), we should

ijo i
force the search process to continue by adding small
perturbations. Egs. (22) and (23) can be expressed

in the vector form, W"(k+1)=W"(k)- ,uﬁ:ﬁ
and b"(k+1)=b"(k)—uD,F, where D’ F=

[D",,, F :| and D’ F= [ﬁ”mls“ } . We define
A b 5 L
n-order sensibility, , p;" (k), at iteration k of the iter-

ative search process of the improved FSDM for the
family of the BPNNSs as follows:

P! (k) = D!, F (k). (24)

Thus, from Eq. (24), Egs. (20) and (21) can be

rewritten as Eqs. (25) and (26), respectively. Thus,

from Egs. (22), (23), (25), and (26), we have Egs. (27)
and (28).

b F(h)= [0~ 20

o ra-v)
s (R -w ]
S w ()

(25)
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[0 =b,] "

Dy, F (k)= (=) F(k)
: v I:bim (k) - binf :I o m
' ZUW o Pi ().
(26)
w' (k+1)=w" (k)— [WZ?/' (k) - Winfjliv ﬁ(k)
o RN u ra—y)
oV [Wrmz (k) - Winf:|H . o
+2) [n) T Tven " ()" |,
27)
X =p" [bim (k) = by ]w A
b"(k+1)=b"(k)—p r(l——v)F(k)
s\ [Br o -, [T
+ZUWP )
(28)

Eqgs. (27) and (28) and Fig. 1 indicate that by
employing the improved FSDM to achieve the train-
ing process for the family of the BPNNs, a BPNN is
indeed an FBPNN. The architecture of an FBPNN is
identical to that of a traditional first-order BPNN;
however, the reverse incremental searches of an
FBPNN that is trained by an improved FSDM are in
the negative directions of the approximate v-order
fractional derivatives of quadratic energy norm
F(k). As we know, the classic first-order BA for the
approximate mean square error of a first-order BPNN
is as follows (Werbos, 1974; LeCun, 1985; Parker,
1985; Rumelhart et al., 1986a, 1986b; Battiti, 1992):

Wl k+1)=wf, (k) = D), F(B) |
=W (k) =, pl (VB
b7 (k+ 1) = b" (&) ~ | DY ()|

=b/"(k)— u, p" (k),

(29)
(30)

where D, F(k)= /' ()" = [ D;mﬁ(k)} g and

D}i_,,,l:" (k)= ,p!" (k)= D;,,J:" (k). The reverse incre-

mental search of a classic first-order BPNN is in the
negative direction of the first-order derivative of the
square error F. Comparing Eqgs. (27) and (28) with
Egs. (29) and (30), we can observe that when v=1, an
FBPNN converts to a classic first-order BPNN. The
first-order BPNN is a special case of an FBPNN. The
classic first-order optimal minimum point is a partic-
ular case of the fractional-order minimum one (Pu
et al., 2015).

3.3 Fractional-order global optimal convergence
of an improved FSDM-based FBPNN

In this subsection, the mathematical proof of the
fractional-order global optimal convergence of an
FBPNN that is trained by an improved FSDM is
presented.

Assume that the square error F(k) of an
FBPNN is a smooth convex function with at least one
of the equivalent fractional-order optimal extreme

points (w.’”* b."’*). Each step of the iterative search

i,jo> i

processes of an FBPNN that is trained by an improved
FSDM is formulated as Egs. (22), (23), (27), and (28).
The fingerprint of a fractional-order optimal mini-

mum point is that its 15: F (k) and f)bvmﬁ' (k) are
equal to zero. Therefore, we can obtain the following
lemma:

Lemma 1 If the number of neurons and the number

of hidden layers of an FBPNN that is trained by an
improved FSDM are such that at least one fractional-

order minimum point of the square error F (k) exists,

i,j> i

and at the same time if on a saddle point (w.’”” b )
(even if D', F(k)=0 and D} F(k)=0, but

F (k) #0), the iterative search processes are con-

strained artificially to keep going on, then the im-
proved FSDM described in Egs. (22), (23), (27), and
(28) can guarantee that this FBPNN converges to a

ij> i

fractional-order optimal minimum point (w’"* b ) ,
a global minimum point, of the square error (k).

Proof Egs. (22), (23), and (25)—(28) indicate that on

a fractional-order optimal minimum point (w.”" b )

i,j2 i

of the square error F (k), one can obtain
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D', F(k)=0 and D!,F (k)=0. Thus, the criteria

for the convergence of Egs. (27) and (28) are as
follows:

b, F k)= L ”(F()l_ )] F(k)

U[W )= wy [
N Fn—-v+1)

XGRS

PR =0,

Dy, F (k)= ) )
Z@mn pi' (k) =0.

(31

Eq. (31) gives the criteria for the convergence of
Egs. (22), (23), (27), and (28). Note that in Egs. (22)
and (23), even if D', F(k)=0 and D}, F (k)=0,

but F (k) # 0, the iterative search processes are con-

strained to keep going on. Therefore, when

D:, F(k)=0 and D F(k)=0, but F(k)=0, the
corresponding point (wif”;,bi’"a) is merely a saddle
point, rather than a real fractional-order optimal
minimum point (wl b ) of an improved FSDM.
The solution to Eq. (31) depends on both the square
error F(k) and the n-order sensibility ,p" (k) at

iteration k£ of the iterative search process of an
FBPNN.
For an FBPNN that is trained by an improved

FSDM, because the bias 6™ (bmﬂeR’/’mﬂxl) of the
(m+1)" layer is not related to the net input g"
(g"<R"™") of the m™ layer, from Egs. (3) and (10),

we can derive that
1 m+1 m+1 1 m m+1 1 m m
ng,,ug,- =W (Dg»,,”ﬂj ): W, ; |:Dg./ﬂf (g_/ ):|
(32)
:Winj{D;,"’fm(Z Wiy b”’ﬂ

Thus, from Eq. (32), it follows that

mepy [yl m 1 A
2P (k)—(Dé/ng,- )[Dg,’"*‘ (Dg,’”F(k))}

(2l | 2 () 23 Fe0)

~(pL.g )2 (D2, Fw)

2
Wmfl
R {m',"fl {D;w I (Z Wy B+ b H} P (),
/ k=1

(33)

which is closely related to the activation function of
the m™ layer of an FBPNN, ™. Similar to Eq. (33),
from Eq. (24) and Fig. 1, we can derive that

WP} (k) = (D;;z g ) (Dr.. P

:{w;jf;[p‘ "’(Z Wi By b}”ﬂ} W ANGT

(34)

Eq. (34) indicates that the sensibility backpro-
pagates from the last layer to the first layer of the
improved FSDM-based FBPNN. In particular, with
regard to the M™ layer, the last layer of an FBPNN,
from Egs. (3), (5), and (24), we can derive that

1 :M k :Dl.wﬁk :DlM S Py ’
Pl (k)= Dl F (k) {Z(q ﬁ)} 59
= _2(qi _ﬂi)(D;,M ﬁi)’
D;:Wﬁi:D;WﬁiM:D;ny (gzM) (36)
Substituting Eq. (36) into Eq. (35), we obtain
1Fi (k)__ ﬂ Dlwﬂ
’ (4504 -

= _2(qi _ﬂi)|:D;MfM (gzM ):I
From Egs. (24), (35), and (37), we have
2 () =Dl [ 1o ()]

=—2[(q,- —/J’,-)(D;” ﬁl’)_(Di’F” '8")2}

(38)
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2 =Dl [ Lo ()]

=2 (g~ )(08)-3(0L ) ()|
(39)

Egs. (37)—(39) are the initial point values of the
backpropagation recurrence relations, which can be
expressed by Eq. (34).

In addition, if D', F (k)=0 and D!, F (k)=0,

but F (k)#0, as long as the iterative search pro-

cesses are constrained to keep going on, when the
iterative search processes converge to a fractional-

order optimal minimum point (w;f;,bimk) of the

square error F (k), with respect to the M™ layer (the

last layer) of an FBPNN, to enable Eq. (31) to be set
up, from Egs. (37)—(39), except for saddle points

(w.’” b" ), a necessary and sufficient condition can

i,j2> i

be given as

F0=3(a,-5)" =0,
) ==2(q,~ B)(Du ) =0,
.l (k)= —2[(% -5)

(
(k) == 2[(% -B)(D A

where . = andi=1,2, ..., y". To enable Eq. (40)

to be set up, a necessary and sufficient condition can

be given as
q,— B, =0, 41
D =0, (41)
&i
Furthermore, when Eq. (41) is set up, we have
'//M )
(qi - ﬂ;) =0,
P (42)

~2(q,~5)(Du )= 0.

Therefore, when the iterative search processes
converge to a fractional-order optimal minimum point

ij> Y

(wf”* b.”’*) of the square error (k) of an FBPNN,
from Egs. (5), (35), and (42), we obtain

=S (-8 =0,
2.7 43)

A" () =Dl Bk =-2(q, - £,)(DL B) = 0.
Thus, from Eq. (34), when Eq. (43) is set up, we have

{ﬁ(k): 0,

) 44

where m=0, 1, ..., M~1, D, F(k)= [D;nﬁ(k)J gt

j bl
and D;’,”F(k) = D;,,ﬁ(k). Note that in Egs. (41), (43),

and (44), when F (k)=0, p; is constant. Thus, if
F(k)=0, we obtain D!, f=0 and p!"(k)=0. In

fact, in Egs. (41), (43), and (44), the second formula
can be derived from the first one, but not vice versa.
As we know, when and only when Egs. (43) and (44)
are set up, is the point of convergence of the iterative
search processes (the final convergence result) the
same as the global minimum point of the square error

F (k) of an FBPNN; namely, the iterative search
algorithms in Egs. (27) and (28) can be guaranteed to

converge to a fractional-order optimal minimum

i,j> i

point (w.'”* b’”‘), a global minimum point, of the

square error F (k) of an FBPNN. This completes the
proof.
Lemma 1 indicates that first, Djvm F(k)=

' (k)Br" and D), F(k)=p/'(k) consider merely

the local characteristics of the square error F (k) ofa

classic first-order BPNN. Thus, a classic first-order
BPNN is likely to converge to a local extreme point of

its square error F (k). Assume that the iterative

search process of a classic first-order BPNN con-

verges to a local extreme point (wf”[ b."”);t

i

i,j> i

(w?”* b.’”*). Thus, on this local extreme point
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i,j2 i

! ! .
(w’" b" ), one can obtain

F(k)#0,

- 45
/" (k) = D' F(k)=0. @)

However, in Egs. (25) and (26), Di:ﬁ (k) and
[);F (k) consider the non-local characteristics and

the weak singularity of the square error F (k) of an

FBPNN. Thus, an FBPNN that is trained by an im-
proved FSDM can be guaranteed to converge to a

global minimum point, of its square error F(k). The

higher optimal search ability of an FBPNN to deter-
mine the global optimal solution is the major ad-
vantage that makes the FBPNN superior to a classic
first-order BPNN.

Second, if the square error F(k) is mixed with

white noise, the white noise should increase the
convergence time of the reverse incremental search of
an FBPNN, which could cause Eq. (41) not to be set
up. In this case, Eq. (41) could be invalid and hence
the FBPNN may not converge to the fractional-order
optimal point.

Third, the computational complexity of an algo-
rithm can be typically measured by the number of its
multiplications and additions, and the related memory
space, so the computational complexity of a BPNN is

linear with W" = [vq.’f’j ]W”’Xw””l and b" = [b[’” ]WM
(i=1—y/" and j=1—y""), which is in direct propor-
tion to O[W"+O[b™] (O[] is the number of free pa-
rameters of a matrix). Therefore, for n=1, 2, 3 in
Egs. (27) and (28), the computational complexity of
an FBPNN that is trained by an improved FSDM is in
direct proportion to 4{O[W"]+O[b"]}. Therefore,
with the same number of neurons, the computational
complexity of an FBPNN is three times greater than
that of a classic first-order BPNN. In particular,
Egs. (27), (28), and (41) indicate that the final con-
vergence result of an FBPNN with n=1 is the same as
that with n=1, 2, 3. Thus, to further simplify the cal-
culation of Egs. (27) and (28), without loss of gener-
ality, in the actual computations of an FBPNN that is

trained by an improved FSDM, we can set n=1. In this

case, with the same number of neurons, the compu-
tational complexity of an FBPNN is the same as that
of a classic first-order BPNN.

Fourth, in general, the fractional-order extreme
value of a normalized quadratic energy norm deter-
mined by the fractional-order partial derivatives is not
equal to its integer-order one (Pu et al., 2015). How-
ever, with respect to a specific quadratic function

F(k=Y" (q,-8)". Eas. (3), (5). (41), and (44)
indicate that if the global minimum value of the

square error F (k) is equal to zero, the fractional-

order optimal minimum point (w.’”* b.’"*) determined

i,j> i

by the approximate fractional-order partial deriva-
tives expressed by Eqs. (25) and (26) is identical to

the global minimum value of the square error F (k).

3.4 Assumption of the structure of an improved
FSDM-based FBPNN

In this subsection, an assumption of the structure
of an FBPNN that is trained by an improved FSDM is
made.

First, in a manner similar to a classic first-order
BPNN, an FBPNN’s behavior is highly dependent on
the number of neurons and that of hidden layers. The
aforementioned properties highlighted for an FBPNN
regarding the fractional-order multi-scale global op-
timization search assume that the size of an FBPNN is
sufficient, such that at least a fractional-order mini-
mum point (a global minimum point) exists. With
regard to an undersized improved FSDM-based

FBPNN, there does not exit a zero square error F (k).

Thus, it is possible that the domain of attraction of the
fractional-order optimal minimum point of an under-

sized improved FSDM-based FBPNN does not con-
tain the attractor (wf”‘ b ), or this domain of at-

iL,jo~i

traction is not included in the state space of an un-
dersized improved FSDM-based FBPNN at all. As-

sume that there is a local extreme point (w,.’f’j[.,bi”’l)
different from the fractional-order optimal minimum
iL,j2> i

point (wf”* b."") of the square error F(k). Thus, on

this local extreme point (w.’”] b.’",), substitution of

ij2 Y

Eq. (45) into Egs. (27) and (28) results in
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[ G+ 1) = Wl ()| = wi () = wl' | 0,

(46)

B (k -+ 1) =B (k)| = [b" (k) = 8" | 0.

Eq. (46) indicates that the iterative search algo-
rithms in Egs. (27) and (28) on a local extreme point

( 4 /,b’” ) cannot be ultimately terminated by them-

selves. On the one hand, if the domain of attraction of

point (W b ) is not complete and point
(w, j,b’” ) is only in this domain of attraction, the
iterative search process of an undersized improved
FSDM-based FBPNN should ultimately somewhat

oscillate around point (wl j,b’”) and attempt to

identify point (w b ) Otherwise, it should devi-

i,j°

ate from point ( ! j,b’" ) to further determine point

(w, Iz b" ) Conversely, if the domain of attraction of

point (w, b ) is not included in the state space at
all, the iterative search process of an undersized im-
proved FSDM-based FBPNN should deviate from

point (w b’”) to make a continual attempt to

i,j2 i
bm
lj’l °

Second, regarding a multi-layer perceptron,
Cybenko (1989) first mathematically proved that
arbitrary decision regions can be arbitrarily well ap-
proximated by continuous feedforward neural net-
works with a single hidden layer and any continuous
sigmoidal nonlinearity. Sontag (1992) derived a gen-
eral result demonstrating that nonlinear control sys-
tems can be stabilized using two hidden layers,
however, not in general using a single hidden layer in
a classic first-order BPNN. Barron (1993) examined
how the approximation error is related to the number
of nodes in a classic first-order BPNN. In a similar
manner to a first-order BPNN, the approximation
properties related to the number of neurons of the
hidden layer in an FBPNN must be established. For
convenience of discussion, without loss of generality,

assume that the actual output function g! 1(I,R ;) on
(788 x

R®! formulated in Eq. (3) is approximated by an

search for point (

FBPNN with a single layer of sigmoidal units, given
as

(47)

7

ﬂ'/’ 1 (prl) fl(Wll Rprl +b;,‘><1)’

where R denotes the dimensionality of the input ma-
trix, y'>1 denotes the number of neurons of the hid-
den layer, and f' is an arbitrarily fixed sigmoidal
function. Assume that ﬂ;'xl( Pr.) IS @ target output

function of an FBPNN. If pg* 1(I,M) is a causal
WX

signal with fractional primitives zero, from Eq. (1),
we can derive the Fourier transform of the v-order

derivative of £, (Prua ) given as

FT|:DI’R 1ﬁ-:: x1 (prl ):| = (Gwal )V ﬂw x1 (wa1)

where FT[-] denotes the Fourier transform, ¢ denotes
an imaginary unit, @,,, denotes the angular frequency,

and £, (@) H By (Pra)e ™ dpy,, is the

Fourier transform of £, | (Prw )- From Eq. (48), the

smoothness property of £, (Pra) can be measured

Pra

by the integrability of FT[DV B, Xl(prl)} on

@™, given as

G =] FT[D;R. ;ﬂ(pm)]dwm
J (49)

do

R><l W ><1 R><1 ) Rx1»

where ‘(wal)v‘=[(wal)v-(wal)v}l/z and “” de-

notes the inner product. Assume that the approxima-
tion error of an FBPNN that is trained by an improved
FSDM can be measured by the integrated square error
regarding a probability p on the hyper-ball B,={pr:
lPr<||<r} of radius r=sup||pg«1|[>0. Therefore, we
have the following lemma:

Lemma 2 If a target output function £, (Pra)

with C; >0 finite is in the closure of the convex hull
of'a set G in a Hilbert space, with ||g||<b for each ge G

— 2 2
and  C;=(2rCy) 20° - |p ( pM)‘ >0, there
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should be an actual output function ﬂ;,'x (Pga) ofan

FBPNN formulated in Eq. (47) in the convex hull of
w'>1 points in G, such that

v

'['[I:ﬁw « (pr1) ﬂw x1 (le ):|2 pdprl < %7

B,

(50)

where ||-|| denotes the norm of the Hilbert space. If
ﬂw 1 (Pr.) s observed at sites {jpr« }|i=1s restricted
to B, that obey the uniform distribution, inequality (50)

provides a restricted condition on the approximation
error, given as

15
T2

i=1

Ev
ﬂwxl( pRXl) ﬂwxl( prl)‘ Sl//—/j, (51)

where S is the sample size.
Proof We prove Lemma 2 based on the law of large

numbers. Assume that B° (,p,.,) is a point in the

convex hull of G being extremely close to

B\ (iPra)s B (iPea) =B, prl)‘

(5/ w and 0>0. g is stochastically drawn from the set

with

{g; € G} ‘H with probability P(g = g,‘j) =p, 20.
Then, if m is sufficiently large, we have
ﬂw y ( p,m Zpkgk with Zpk =1. Furthermore,

k=1

assume that { g } ‘ . is independently drawn from
W

the same distribution as g. For the uniform distribu-
tion, p=p=1/y'. If ' is sufficiently large,

l//‘
B (,p ' /y' is a sample average. Thus,
w'xl R><1 gl g

i=1

E[ﬂw ne prl)] B, (iPra), where E[-] denotes

the mathematical expectation. Therefore,
]

d

= E|:”g ﬂ: 1 ( prl)

ﬂw 1 ( prl) ﬂ,,, 1 ( prl)
‘ } / w' restricted

which equals [E ||g||2 ~1A, Xl( Pra)

2 o
by |51, 21a)
expectation to be bounded in this manner, there must

1 N
V2l

0
1//I><1(ipR><1)_

2
‘ } / w'. For the mathematical

be {g,‘:}‘k:l%, for which

<— [bz
y'

B (iPra)= B, (i Pra)

‘ﬂw o (Pra)

the choice of a sufficiently small 6.

p,/, o ( pr]) /”,/, x1 (prl)

2
}. Because

|<ofy' and C,>b’-

2
‘ , the proof of Lemma 2 is completed by

_r=l)2
Furthermore, let C; = (C s

tically estimated regularization item —Ry'logS/S
(Barron, 1993) to the restricted condition on the ap-
proximation error of an FBPNN formulated in
inequality (51), given as

)2 and add a statis-

2
1 ES : (G
S — ﬂ(// Ix1 ( prl) ﬂ‘// I ( prl) S ( l/fl)

Ry
——1log S,
S g

(52)

where R is the number of input nodes. Inequality (52)
indicates that if the approximation error

s
Z ﬂ;lxl (iprl)_ B
i=1

174
of neurons of the hidden layer in an FBPNN can be
derived as

lxl(iprl

)‘Z/S =0, the number

v'=C;[S/(Rlogs)]"” (53)

Eq. (53) indicates that when the number of
neurons of the hidden layer y' = C};[S/(Rlog S)]l/ ?
the size of an FBPNN is sufficient such that at least
one fractional-order minimum exists.

3.5 Fractional-order multi-scale global optimiza-
tion of an improved FSDM-based FBPNN

In this subsection, the fractional-order multi-
scale global optimization of an FBPNN that is trained
by an improved FSDM is analyzed.

Egs. (25)—(28) indicate that the variation of the

fractional order v of D‘:mﬁ and ﬁb”,nl:" can actually

nonlinearly influence the learning process of an
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FBPNN to a certain degree. We restrict the square
error F (k) to be a nonlinearly increasing function of

fractional order v(k). Furthermore, to simplify the
calculation, we restrict 0<y<2.

First, Egs. (5), (25), and (26) indicate that on a
given local extreme point and in its neighborhood,

we have 0<o; <F(k)=e’(k)<oy,D’, F=0 and
ﬁ;mﬁ # (0, where op and oy are a sufficiently small

positive scalar and a sufficiently large positive scalar,
respectively. To enable escape from a local extreme
point and its neighborhood, the iterative search pro-
cess of an FBPNN that is trained by an improved

FSDM should have climbing capacity on F (k) by
itself; i.c., [);,n/ﬁ and [);",13“ should be in nearly
opposite directions of Di_’mjﬁ and D;’,,,I:“ , respec-
tively. On the one hand, if Djmﬁ >0 or Dlml:" >0,

we should restrict D” F <0 or DV F <0 corre-

spondingly. Thus, from Eqs. (25)—(28), we can derive

(Wl =wye |
r(1-v) F@®

D', F(k)=

2 ([ (k) - } .
+z(n] T(n-v+1) " ") <

n=1

(54)
Y F |: " (k) - mf:| A
D@mF(k) F(l——v)F(k)
-]
+ZUW Pl (k) <0.
(55)

If restricting 0<v<1 in this case, we have 0<
1/T(1-v)<l. Thus, if 0<v<l, inequalities (54) and (55)
can be simplified as

F(k) < —F(l—v)i[:j%” ()
(56)

(k) = b,
Fk)<-T(1- V)Z(nj%npf’(k). (57)

<F(ky=é(k)<o}, to enable ine-
qualities (56) and (57) to be set up, a necessary con-
dition is given as

0<-T'(1- V)ZS:(VJ [W il mf]

I'(n-v+1)

For 0<o;

WAV

n=1

~T(1-v) im—[w’ )~ |

n) Tn-v+1) 2O}

(58)

(b (k)= b, |

0<-T(l- V)ZU A

(k)= b, |

e o0 ]
=Id v);(n] I'(n—v+1) pi (R

(39)

v 1
n)'(n—v+1) el

obtains its maximum value when n=1. Thus, ac-
cording to the properties of inequality, if 0<v<1, from
inequalities (58) and (59), inequalities (56) and (57)
can be further simplified as inequalities (60) and (61),
respectively. From inequalities (60) and (61), one can
further derive inequalities (62) and (63).

Furthermore, when 0<v<lI,

" (k) — - " .
F(k)<T(1- V)Z (}J[r(()—wj )8

n=1 +1)

i[w"’ D= ] o 08 ) | =70,
(60)

. LN [Br B -b, ]

F(k)<T(1- v); (n]m Jpi (k)

(-] =3
(61)
[, () = i ]np,-’”(k)(ﬁ;”‘l)"‘ﬂ}

v i
4 n=1

3
{2l
<v<l,

(62)
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1 3
0<v, =3=—
" {F(k)nl

<v<l.

GRS (k)\ = 1}

(63)
In inequalities (60) and (62), o} =min(a} (v),
o} (vT1 )) and o) = max(al2 v),0] (le )) In inequali-

ties (61) and (63), a§=min(a§(v),a§(v,z )) and

o, = max(af v),0; (sz )) .

In addition, if restricting 1<v<2 in this case, we
have —0.3<1/T'(1-v)<0. Thus, if 1<v<2, inequalities

(54) and (55) can be simplified as

i"f:|n m m-1
; ﬁn L(k)(ﬁ )

F(k)>-T(1- V)Z[ j[w (0w

n=1

(64)

Pl (k). (65)

. : b" (k) = by
F(k) > —F(l - V)Z(nj%

n=1

For 0<o’ < F(k)=e’(k) <o}, to enable ine-

qualities (54) and (55) to be set up, a weak restriction
is given as

-I'(l-v
( )n:l n +1)

(v k inf n
Z[ ]anf’(k)(ﬁ;”') ‘

=-Ta- v)Z[ j—[ o P(B) >0,

o +1) !
(66)
3 v [ ( ) l“fJ m
—m—v);(n]—r(n_m) 0 (k)
B [ -by |
__F(l_v);[nj Fn—-v+1) " F (>0
(67)

Furthermore, when 1<v<2,

v 1
n)(n—v+1) o

obtains its maximum value when n=1. Thus, if 1<v<2,
from inequalities (66) and (67), inequalities (64) and
(65) can be further simplified as inequalities (68) and

we should restrict DV
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(69), respectively. From inequalities (68) and (69),
one can further derive inequalities (70) and (71).

3

F(k)>o2(v)= Z

-V

) ERCR ARG

g[:j[ww( )- mf] Pk )(ﬁm 1) ‘

C(n—v+1)

>-T'(1-v)

(68)
F(k)> o> (v)=—— Z[bm(k) by |00 (k)
| Vs

3 b" —b,
>-I(1- )Z(’JM

"(k)|.
D W Pi (k)
(69)
1 2 mn n m—1 B
1<vT=—{ﬁ(k);[w,,,-(k>—mn] ARGV )—1}
<v<2,
(70)
1<y, = { D) LACRRVICR }
nl
<v<2.
(71)
In inequalities (68) and (70), o) =

min(¢732 v),0: (VT} )) and o} —max(a3 v),0; vT )
In inequalities (69) and (71), 47 = mln(a4 ), 04( ))

and o7, :max(af(v),af (Va ))

On the other hand, if D'/”,_I:“<O or Dl_ml:*<0,

F>O or DVF>0 corre-

spondingly. Thus, from Eqs. (25)—(28), we can derive

[wr o —wye |

b, £ k)= r(1-v) &)
GRS .
W mt m—=1
@@ el i
F(k)= —[ (F)_ o F (k)
(1-v)
EXGEI N 7
(v inf m
+;(’J Tyl (k) >0.
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In a similar way, if we restrict 0<v<1 in this case,
inequalities (74) and (75) are true.

In addition, if we restrict 1<y<2 in this case,
inequalities (76) and (77) are true.

0<v<{f i[w:fm—wmf]”nﬂ?‘<k><ﬂf"‘)n‘“}

F(k) ™
=v; < 1,
(74)
1 &Slpym . i
0<v< {ﬁ(k) ;‘[bi (ky-b | p (k)‘ + 1}
=v, <1
(75)

- st

(76)

1<v<—{ 1 i[b;"(k)—bmf]" mf’(k)\—l}

F(k)
=v, <2
(77)

Second, when 0<F (k)< af, the iterative

search process of an FBPNN is in the neighborhood
of a fractional-order optimal minimum point. Ine-
qualities (62), (63), (74), and (75) further show that,
to encourage the iterative search process of an
FBPNN to converge to this given fractional-order

optimal minimum point, the square error F(k)
should decrease until it is equal to zero. Thus, when
0<F(ky<o;, if D!, F>0 or D\,F>0, we re-

strict 0<v<vr<I for w/"; or O<v<vr<I for b/". Note

that from Eq. (1), D!

. is an identity operator,

which implements neither differential nor integral.
Thus, we have D!0=0. Egs. (22) and (23) restrict
v=0 on a fractional-order optimal minimum point
with F (k)=0. When v=0, the iterative search pro-

cess of an FBPNN can be terminated on a fractional-
order optimal minimum point of the square error

F(k) by itself; if D, F<0 or D;_",I:“ <0, we set

0<vr<v<1 for w;", or 0<vr<v<1 for b".

Third, when F(k)> o2, we can directly set v=1.

Note that first, when 0<o <F(k)<oy, D', F
and [)hvl:“ are restricted in the near opposite direc-

tions of D:V,,l_l:" and D}i_,,,l:" , respectively. As we know,

the first-order gradient of a point is in the direction of
the fastest growth of the scalar field, and its module
value is the maximum rate of change. In numerical

implementation, the directions of D‘lwﬁ and D;,,,I}

are those of their maximum module values, respec-
tively. For example, on the two-dimensional discrete
plane, there are eight directional derivatives (their

interval is 45°) of a point (w’" b.’”) in its neighbor-

i,j27i
hood. We select the maximum directional derivative
of a point (W.’” b.”’) tobe D', F and D,, F. Second,

i,j270

to enhance the multi-scale search capability, we
should also set the learning rate, u(k), of an FBPNN to

be an appropriate correlation function with D‘: F,
15;1:" ,and F (k) . Third, to guarantee to escape from
the domain of attraction of a given local extreme
point, as long as ﬁ:’_ﬂ, F and D~b”ﬁ begin to climb,

they should keep climbing until arriving at the top of
the hill in the neighborhood of this local extreme
point. On the top of the hill, we should restrict the
downward direction to be different from the previous

uphill direction of é: F and ébv F.

4 Experiment and analysis

4.1 Example function approximation of an im-
proved FSDM-based FBPNN

In this subsection, we discuss an example of
function approximation of an FBPNN that is trained
by an improved FSDM, and it will be used for the four
examples in the next subsection.

As we know, multi-layer networks can be used to
approximate virtually any function if we have a suf-
ficient number of neurons in the hidden layers. We
choose a network for an FBPNN and apply it to a



824 Pu and Wang / Front Inform Technol Electron Eng 2020 21(6):809-833

particular problem. Without loss of generality, we
illustrate the characteristics with a 1-y'-1 improved
FSDM-based FBPNN (Fig. 2).

In Fig. 2, ' denotes the number of neurons in
the first layer (hidden layer) of an FBPNN. The ac-
tivation functions for the first and second layers are
log-sigmoid, and can be expressed as follows:

1
1+e

f'0)=f*(x)= (78)

—x '

To simplify the analysis, we assign a specific
problem to an FBPNN. We know the global optimi-
zation solution to this problem. In Fig. 2, we set y'=2.
It is also assumed that the function to be approxi-
mated is the response of a 1-2-1 improved FSDM-
based FBPNN, with the following values for the
w, =10, w), =10, b} =-5,

weights and biases:

by =5, w, =1, w},=1, and b*=—1. The response
for these parameters is displayed in Fig. 3, which
consists of the plot of this improved FSDM-based
FBPNN output /4 as the input p varies over the range
[-2,2].

Log-sigmoid layer Log-sigmoid layer

Input

B'=logsig(W'p+b") B=logsig(W’B'+b?)

Fig. 2 An example of function approximation of an
FBPNN

0.9
0.8
0.7

% 06
05"

0.2
-20 -15-10 -05 0 05 10
p

Fig. 3 Function to be approximated

15 20

The improved FSDM-based FBPNN described
in Fig. 2 must be trained to approximate the function

displayed in Fig. 3. The approximation is exact when
the parameters are set as in the previous paragraph.
We assume that the function to be approximated is
sampled at the values p=—2.0, —1.9, ..., 2.0 with an
equal probability. The mean square error of this im-
proved FSDM-based FBPNN is equal to the average
sum of the square errors at these 41 points. To plot the
mean square error of this improved FSDM-based
FBPNN in a three-dimensional space, we vary only
two parameters at the same time. Fig. 4 illustrates the
mean square error of this improved FSDM-based

FBPNN when only two parameters, w;, and w;,
are adjusted; the other parameters are set to their

aforementioned optimal values.
It is observed that the optimal minimum error

occurs when w, =10 and w;, =1, as indicated by

the solid green circle in Fig. 4.

20

-20-10 O 10120 30 40 50
Wia

(c)

Fig. 4 Mean square error of an FBPNN: (a) front view;
(b) back view; (c) lateral view; (d) contour map (Ref-
erences to color refer to the online version of this figure)

4.2 Fractional-order multi-scale global optimiza-
tion of an improved FSDM-based FBPNN

In this subsection, we analyze the fractional-
order multi-scale global optimization of an FBPNN
that is trained by an improved FSDM.

Inspired by the aforementioned mathematical

analysis, the fractional order v(k) of D~:v F (k) and

DbV‘mF (k) of an FBPNN can be self-adaptively de-

termined. To simplify the multi-scale search process
in the following simulations, we construct an
imperfect adaptive kernel function of the fractional
order v at the k™ iteration of an FBPNN as follows:
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1—@®

|t e

(k) = 2‘ (79)

2+e(k)

y
where @ =|p"["", e(k) = ¢ (k) /y" is the av-
i=1

WM
erage error at the k™ iteration, and p" = >t / w
i=1
is the first-order average sensibility in the M" layer
(the last layer) of an FBPNN.
From Egs. (3), (5), (10), (24), and (78), we can
derive the first-order average sensibility in the output
layer of the improved FSDM-based FBPNN in Fig. 2,

PP = i) ==2e(k) (1= 7). The out-
put B} = ﬁfLHl of an FBPNN changes dynamically

with the initial condition, weight matrices, bias ma-
trices, and average error e(k). For convenience
of illustration, we analyze the multi-scale adjustment
of the adaptive kernel function of v(k) by assuming

the  output ﬁf:ﬂﬂ#H1:1+eﬁﬂ,ﬁHFH2:L

W), (k)|i =1, and b} (k)|l_:Hl =1 in Eq. (79),

=1-1, j=lI-

which is displayed in Fig. 5.

4.0
35+
3.0+ 4
i
25 ¢ /
<20 /
15¢ /
:I
1.0 H
/
0.5 -
0 L . . H . . .
-20 -15 -1.0 -05 0 0.5 1.0 1.5 2.0
e(k)

Fig. 5 Adaptive kernel function of fractional order v(k)

From Fig. 5 and Eq. (79), we can observe that the
fractional order v(k) adaptively varies with the error
e(k) during the entire iterative search process of an
FBPNN. As in the previous discussion, if the mini-

mum value of the square error F(k) is equal to zero,

the fractional order v(k) approaches zero on a
fractional-order optimal extreme point (global opti-
mal minimum point) with zero average error e(k)=0.

Example 1  In this example, we select an initial
condition in the specific zone from a random sample
of cases, where the reverse incremental searches of an

FBPNN and a classic first-order BPNN can both
converge to the global optimal minimum point of the
square error F (k) at the K™ iteration. We set the same

parameters, the rate of convergence x#=5.50 and the
number of iterations 2000, for both the FBPNN and
first-order BPNN in this simulation; the initial con-
dition is at the point where wll,1 =-4 and wﬁl =—4.
From Egs. (27)—(30), (78), and (79), the iterative
search processes of the FBPNN and first-order BPNN
can be represented as in Fig. 6.

In Fig. 6a, we observe two convergence trajec-
tories of the FBPNN and first-order BPNN (batch
mode) when only two parameters (WI]!] and wf ,) vary.

Figs. 6a and 6b indicate that regarding the

\ + BPNN
+ FBPNN

(b)4.0
~35]
©30f
X,5l

=

c20
L 15, '
®©

g1or ,
05 L \L
09 500 1000 1500 2000

Number of iterations

(ch.4 A
12F
107
0.8
0.6
0.4

00 500 1000 1500 2000
Number of iterations

>

Fig. 6 Comparison of iterative search processes of an
FBPNN and a first-order BPNN in Example 1: (a) con-
vergence trajectories; (b) convergence patterns of the
square error of the k™ iteration; (c) fractional order v of
the FBPNN
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aforementioned initial condition (w, =—4 and
w;, =—4), the FBPNN and first-order BPNN even-
tually converge to an optimal point (wi1 =10 and

wfl =1). The square errors F (k) of the FBPNN and

first-order BPNN on an optimal point are equal to
zero. The two convergence trajectories of the FBPNN
and first-order BPNN bypass an initial flat surface
and then fall into a gently sloping valley, as observed
in Fig. 6a. From Fig. 6b, we can observe that the
FBPNN requires fewer iterations than the first-order
BPNN to converge to the optimal point. Fig. 6¢ in-

dicates that as the value of F' (k) changes over the

convergence trajectory of the FBPNN, the fractional
order v(k) of the FBPNN varies according to the
adaptive kernel function in Eq. (79). Thus, the frac-
tional order v(k) of the FBPNN in its entire iterative
search process is not constant, demonstrating the
fractional-order multi- scale global optimization of
the FBPNN trained by an improved FSDM.

Example 2  In this example, we select an initial
condition in the gently sloping zone of the square

error F (k) from a random sample of cases. We set

the same parameters, the rate of convergence 1=5.50,
the number of iterations 9000, for both an FBPNN
and a first-order BPNN in this simulation; the initial

condition is at the point where wj, =5 and w}, =30.

From Egs. (27)—(30), the iterative search processes of
the FBPNN and the first-order BPNN can be repre-
sented as in Fig. 7.

In Fig. 7a, the convergence trajectory of the first-
order BPNN illustrates the manner in which it can

converge to a local extreme point (w;, =0.7003 and

w;, =35.2626). The convergence trajectory of the

first-order BPNN is trapped in a valley and diverges
from the global optimal solution. However, the con-
vergence trajectory of the FBPNN illustrates the
manner in which it can converge to a global optimal

minimum point (wj, =10 and w}, =1). The conver-
gence trajectory of the FBPNN passes a valley and
converges to the global optimal solution. Fig. 7b in-
dicates that when the number of iterations of the
first-order BPNN is approximately 6500, the square

error F(k) of the first-order BPNN reduces to a

nonzero minimum, which is approximately 0.25% 107,
As the number of iterations increases, this nonzero
minimum cannot continue to decrease. Thus, the first-
order BPNN can be trapped in a local extreme point.
Fig. 7b also indicates that when the number of itera-
tions of the FBPNN increases from 1 to 10, its square

error F (k) decreases sharply from 3.4x107° to
0.35x10°. When the number of iterations increases
from 11 to 3000, its square error F (k) does not de-

crease; instead, it increases gradually from 0.35x10°°
to 0.82x10°°. Furthermore, when the number of iter-
ations increases from 3001 to 4000, its square error

F(k) decreases sharply from 0.82x107 to a zero

minimum. As the number of iterations increases, this

(@)
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20/
15}
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Number of iterations
Fig. 7 Comparison of iterative search processes of an
FBPNN and a first-order BPNN in Example 2: (a)
convergence trajectories; (b) convergence patterns of
the square error of the k™ iteration; (c) fractional order
v of the FBPNN
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minimum remains at zero. Thus, the FBPNN con-
verges to a global optimal minimum point. From
Egs. (1), (27), (28), and (79), we observe that when

0<v<1, the square error F (k) of the FBPNN may not

always decrease; it can increase at certain points,
which helps the FBPNN bypass the first-order local

extreme points of F (k). Fig. 7c indicates that when

the number of iterations of the FBPNN increases from
1 to 10, its fractional order v decreases sharply from
2.30 to 0.51. When the number of iterations increases
from 11 to 3000, its fractional order v increases
gradually from 0.51 to 0.80. Furthermore, when the
number of iterations increases from 3001 to 4000, its
fractional order v decreases sharply from 0.80 to zero.
From Eq. (79), we can observe that the fractional
order v of the FBPNN varies with its average error e(k)
changing during the entire iterative process. Thus, the
fractional order v of the FBPNN in its entire iterative
search process is not constant, demonstrating the
fractional-order multi-scale global optimization of the
FBPNN trained by an improved FSDM.

Example 3  To further verify the fractional-order
multi-scale global optimization of the FBPNN trained
by an improved FSDM, we select another initial
condition in the sharply sloping zone of the square

error F (k) from a random sample of cases. We set

the same parameters, the rate of convergence y=5.50,
the number of iterations 6000, for both the FBPNN
and first-order BPNN in this simulation; the initial

condition is at the point w;, =—8 and w;, =9. From

Egs. (27)—(30), the iterative search processes of the
FBPNN and first-order BPNN can be represented as
in Fig. 8.

In Fig. 8a, the convergence trajectory of the
first-order BPNN illustrates the manner in which it

can converge to a local extreme point (wll,1 =0.7003

and w;, =35.2626). However, the convergence tra-
jectory of the FBPNN illustrates the manner in which
it can converge to a global optimal minimum point
(w;, =10 and w}, =1). Fig. 8b indicates that when
the number of iterations of the first-order BPNN is
approximately 2000, the square error F(k) reduces

to a nonzero minimum, which is approximately
0.25%107°. Thus, the first-order BPNN can be trapped
in a local extreme point. However, when the number

of iterations of the FBPNN is approximately 2300, the
square error F (k) reduces to a zero minimum. Thus,
the FBPNN converges to a global optimal minimum
point. Fig. 8b also indicates that when 0<v<1, the
square error F (k) of the FBPNN may not always
decrease; instead, it can increase at certain points,
which helps the FBPNN bypass the first-order local
extreme points of F (k). Fig. 8c indicates that the

fractional order v of the FBPNN in its entire iterative
search process is not constant; instead, it varies ac-
cording to Eq. (79), demonstrating the fractional-
order multi-scale global optimization of the FBPNN
trained by the improved FSDM.

Example 4 We present an extreme example where
the initial condition is directly on a local extreme
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Fig. 8 Comparison of iterative search processes of an
FBPNN and a first-order BPNN in Example 3: (a) con-
vergence trajectories; (b) convergence patterns of the
square error of the k™ iteration; (c) fractional order v of
the FBPNN
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point of the square error F (k). Assume that we have

set the same parameters, the rate of convergence
£#=5.50, the number of iterations 9000, for both the
FBPNN and first-order BPNN in this simulation, and
the initial condition is directly at the local extreme
point (wllyl =0.7003 and wf] =35.2626) of F(k).
Thus, from Egs. (27)—(30), the iterative search pro-
cesses of the FBPNN and first-order BPNN can be

represented as in Fig. 9.
Figs. 9a and 9c indicate that if the initial condi-

tion is directly at a local extreme point of F (k), the

convergence trajectory of the first-order BPNN is
trapped at this local extreme point and the square

error F (k) remains unchanged. Fig. 9b indicates that
even if the initial condition is directly at a local ex-
treme point of F (k), the convergence trajectory of
the FBPNN can converge to a global optimal mini-
mum point (w}, =10 and w;, =1). Fig. 9d indicates
that as the number of iterations of the FBPNN in-
creases from 1 to 3500, its £ (k) does not decrease;

instead, it increases gradually from 2.5x10* to
7.4x107*, Furthermore, when the number of iterations
increases from 3501 to 5200, F(k) decreases sharply
from 7.4x10~* to a zero minimum. As the number of
iterations increases, this zero minimum remains at

zero. Thus, the FBPNN converges to a global optimal
minimum point. Fig. 9¢ indicates that the fractional
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order v of the FBPNN in its entire iterative search
process is not constant; instead, it varies according to
Eq. (79), demonstrating the fractional-order multi-
scale global optimization of the FBPNN trained by an
improved FSDM.

4.3 Comparative performance of an improved
FSDM-based FBPNN with real data

In this subsection, to further verify the fractional-
order multi-scale global optimization, we compare
the global search and error fitting abilities of the
FBPNN and a classic first-order BPNN with real data.
Example 5 In this example, the data presented in
Table 1 display the output as a transfer function of the
input of a nonlinear signal processing filter.

We choose an FBPNN and a Levenberg-
Marquardt algorithm based first-order BPNN (Hagan
and Menhaj, 1994) to provide two nonlinear least-
square approximations to the data in Table 1. We
illustrate the characteristics with a 1-1//1-1 improved
FSDM-based FBPNN and a same structure first-order
BPNN. The numbers of neurons in the first layer
(hidden layer) of the FBPNN and first-order BPNN
are both y'=15. The activation functions for the first
and second layers are tan-sigmoid f*(x)=2/(1+e *)—1
and pure linear function fz(x)=x, respectively. Wis.,=

[w,, 20.8597,21.2543,-21.0232,-21.3975, 21.0826,

—21.0743, 21.0052, 21.0272, 20.9446, w}, ,, —21.1307,

21.2419, 20.9357, 21.0157]' and W3.;=[—0.7629,
—0.7168, 1.1592, 0.4330, 0.9470, 0.5903, —1.1983,

\_ @®FBPNN

®FBPNN

5 6 7 8 9 007 2 3 4 5 6 7 8 9
Number of iterations (x10°)

Number of iterations (x10%)

Fig. 9 Comparison of iterative search processes of an FBPNN and a first-order BPNN in Example 4: (a) convergence
trajectory of the BPNN; (b) convergence trajectory of the FBPNN; (c) convergence patterns of the square error of the x™
iteration of the BPNN; (d) convergence patterns of the square error of the k™ iteration of the FBPNN; (e) fractional

order v of the FBPNN
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—0.7002, -0.3756, —1.0144, —-0.2451, —1.3834,
0.4546, 0.2460, 0.3230] are randomly selected as the
weight matrices of the first and second layers of the
FBPNN and first-order BPNN, respectively.

by, = [-21.0070, —18.1627, —14.6449, 11.9684,

8.0087, —5.7329, 2.0816, 0.7399, 2.7071, 6.1967,
—8.9802, —11.7774, 14.6532, 18.0707, 20.9846]" and

b, =—0.4954 are also randomly selected as the biases
of the first and second layers of the FBPNN and first-
order BPNN, respectively. For convenience of illus-

tration, we simultaneously vary only two parameters
of the FBPNN. Fig. 10 illustrates the mean square

error of the FBPNN when only two parameters, w;,

and wy,,, are adjusted; the other parameters are set to
their aforementioned randomly selected values.

It can be observed that a near optimal minimum
error occurs when w,=19.3065 and w,,=
—20.4575, as indicated by the solid green circle in

Fig. 10. We set the same parameters, the rate of con-
vergence u=3.50, the number of iterations 3000, for
both the FBPNN and first-order BPNN in this simu-
lation, and the initial conditions are at the points

w,=—-110 and
w,,=—106, and w;;=-95 and w,,=100. From

Egs. (27)—(30), the iterative search processes of the
FBPNN and first-order BPNN can be represented as
in Fig. 11.

In Figs. 11a, 11d, and 11g, the convergence

where w;,=108 and w,,=116,

trajectories illustrate that the first-order BPNN can
converge to three local extreme points, w,,=86.0196

and w,,=84.169, w ,=-83.8969 and w| =
—74.0297, and w,=-94.9789 and w ,=74.0876.

However, all convergence trajectories illustrate that
the FBPNN can converge to a near optimal global
minimum (w;,=19.3065  and
—20.4575). Figs. 11b, 11e, and 11h display that first,
when the number of iterations increases, the square
error F(k) of the first-order BPNN reduces to a

nonzero minimum, which is clearly greater than that
of the FBPNN. Second, because we vary only two

. (R
point W=

parameters (w;, and w,,) simultaneously, the
maximum adjustment of the FBPNN converges to the
near optimal global minimum point (wll’1=19.3065

and wj,,= —20.4575), where its minimum square
error F (k) (Is'mm =0.001115) approaches zero (but

not equal to zero). If we vary all the parameters sim-
ultaneously, the convergence trajectory of the FBPNN
can converge to a global optimal minimum point,

where its minimum square error F (k) is equal to
zero. Figs. 11c¢, 11f, and 111, and Eq. (79) indicate that

the minimum square error F (k) (1:“ =0.0011 15)

approaches zero and that the minimum of the frac-

tional order v of the FBPNN trained by an improved
FSDM approaches zero (but not equal to zero).

Table 1 Input and output of a nonlinear signal processing filter

Input -1.0 -0.9 -0.8 -0.7 —0.6 -0.5 -0.4 —0.3 —0.2 -0.1
Output -0.832 —0.423 -0.024 0.344 1.282 3.456 4.020 3.232 2.102 1.504
Input 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Output 0.248 1.242 2.344 3.262 2.052 1.684 1.022 2.224 3.022 1.984
20 T “\\H L\\‘
15 M LL
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Fig. 10 Mean square error of an FBPNN: (a) left side view; (b) right side view; (c) contour map (References to color

refer to the online version of this figure)
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In the following extreme example, the initial
condition is directly on a local extreme point of the

Fig. 12 indicates that if the initial condition is

directly at a local extreme point of F (k), the con-

square error F'(k). We set the same parameters, the  yeroence trajectory of the first-order BPNN is trapped

rate of convergence x=3.50, the number of iterations
3000 for both the FBPNN and first-order BPNN in
this simulation; the initial condition is directly at a
local extreme point (w},=—9.00 and w;,,=8.2676) of

F (k). Thus, from Egs. (27)—(30), the iterative search

processes of the FBPNN and first-order BPNN can be
represented as in Fig. 12.

at this local extreme point and the square error F (k)
remains unchanged. Conversely, even if the initial
condition is directly at a local extreme point of F (k),

the convergence trajectory of the FBPNN can con-
verge to a near optimal global minimum point
(w1,=19.3065 and w;, ,=—20.4575).
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Fig. 11 Comparison of iterative search processes of an FBPNN and a first-order BPNN in Example 5: (a) convergence
trajectories (wi,=108 and w;,,=116); (b) convergence patterns of the square error of the k™ iteration (w},=108 and w}, =
116); (c) fractional order v of the FBPNN (w;,=108 and w;,,=116); (d) convergence trajectories (w;,=—110 and w;,,=
—106); (e) convergence patterns of the square error of the k™ iteration (w},=—110 and w},,=—106); (f) fractional order v of
the FBPNN (w;,=—110 and wi,,=—106); (g) convergence trajectories (w;,=—95 and w},,=100); (h) convergence patterns of
the square error of the k™ iteration (w},=—95 and w},,=100); (i) fractional order v of the FBPNN (w},=—95 and w},,=100)
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Fig. 12 Comparison of iterative search processes of an FBPNN and a first-order BPNN: (a) convergence trajectory of
the BPNN; (b) convergence trajectory of the FBPNN; (c) convergence patterns of the square error of the k™ iteration
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The responses of the FBPNN and first-order
BPNN for the convergence parameters in Fig. 11 are
displayed in Fig. 13, consisting of the plots of the
outputs of the FBPNN and first-order BPNN as the
inputs vary over the range in Table 1.

Fig. 13 indicates that for the convergence pa-
rameters in Fig. 11, the sample data in Table 1 can be
fitted well by the FBPNN. The fitting error of the
first-order BPNN is clearly greater than that of the
FBPNN trained by an improved FSDM.
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Fig. 13 Responses of an FBPNN and a first-order
BPNN for the convergence parameters in Fig. 11a (a),
Fig. 11d (b), and Fig. 11g (¢)

5 Conclusions

The application of fractional calculus to neural
networks and cybernetics is an emerging field of
study and only a small number of studies have been
conducted in this area. The properties of the fractional
calculus of a signal are considerably different from
those of its integer-order calculus. Fractional calculus
has been applied to neural networks and cybernetics
primarily due to its inherent advantages of long-term
memory, non-locality, and weak singularity. There-
fore, to improve the optimization performance of the

ordinary first-order BPNNS, it is logical to generalize
a first-order BPNN to an FBPNN by applying a
state-of-the-art application of a promising mathe-
matical method, fractional calculus. From this inspi-
ration, in this study, an FBPNN trained by an im-
proved FSDM was achieved, whose reverse incre-
mental search was in the negative directions of the
approximate fractional-order partial derivatives of the

square error F (k). The higher optimal search ability

of'an FBPNN to determine the global optimal solution
is the major advantage that makes the FBPNN supe-
rior to a classic first-order BPNN.

From the aforementioned discussion, we also
observe that there are other problems that must be
further studied. For example, the imperfect adaptive
kernel function of the fractional order v at the k™ it-
eration of the FBPNN, v(k), is not sufficient for an

arbitrary quadratic energy norm F(k). Therefore, it

is evident that other topics, such as how to construct
an efficient appropriate correlation function of u(k)
and how to construct a more efficient adaptive kernel
function of fractional order v(k) of the FBPNN trained
by an improved FSDM, must be studied further.
These topics will be discussed in our future work.
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