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Abstract: We investigate the solution and stability of continuous-time cross-dimensional linear systems (CCDLSs)

with dimension bounded by V-addition and V-product. Using the integral iteration method, the solution to CCDLSs

can be obtained. Based on the new algebraic expression of the solution and the Jordan decomposition method of

matrix, a necessary and sufficient condition is derived for judging whether a CCDLS is asymptotically stable with a

given initial state. This condition demonstrates a method for finding the domain of attraction and its relationships.

Then, all the initial states that can be stabilized are studied, and a method for designing the corresponding controller

is proposed. Two examples are presented to illustrate the validity of the theoretical results.
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1 Introduction

The cross-dimensional system, also known as
the dimension varying system, is an extension of the
classical linear system. It is often used to study
complex systems such as departure and joining of
spacecrafts, vehicle clutch systems, and modeling
of biological systems (Pan et al., 2014). Because of
the change of state dimension, a cross-dimensional
system is usually regarded as a switching system
with more general state jump behaviors. There-
fore, switching is usually used to deal with cross-
dimensional systems (Yang H et al., 2014).
some states with different dimensions may be closely
related or completely independent of states with
other dimensions, the factors affecting the dimen-
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sion change need to be considered when building
the model. This provides the switching system, to
some extent, with the ability to reflect some proper-
ties of the cross-dimensional systems. However, this
method does not fully consider the dynamics of the
system in the process of dimension change. The pe-
riod of state transition may occur quite frequently
in practice, so the dynamics in this process cannot
be ignored. For this reason, it is necessary to estab-
lish a theory to describe and study cross-dimensional
linear systems.

Semi-tensor product is an extension of the tradi-
tional matrix product (Cheng et al., 2011). It breaks
through the dimension limitation of matrix product
such that many systems can be modeled as a bilinear
dynamic equation:

z(t+ 1) = Au(t)z(t),
such as game theory (Cheng, 2014; Zhao and Wang,
2016), Boolean networks (Lu et al., 2016; Liu et al.,
2017), logical systems (Wu and Shen, 2018a, 2018b;

Li HT and Ding, 2019; Li YL et al., 2020), and asyn-
chronous sequential machines (Wang B et al., 2017,
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2019). Then two other operations, V-addition and
V-product, which break through the dimension lim-
itation, are put forward one after another. The for-
mer is an extension of the traditional vector addi-
tion, and the latter is an extension of the traditional
product of matrix and vector (Cheng, 2019). The-
oretically, these three operations not only maintain
some properties of traditional operations, but also
provide a new research framework for the analy-
sis of dimension-free matrix theory. Then, cross-
dimensional linear systems have been studied based
on this theory (Cheng et al., 2017; Cheng, 2019).

Cross-dimensional linear systems are usually
divided into two types:
dimension-unbounded. The controllability and ob-
servability of the former were studied in Cheng et al.
(2017). The least-dimension projective realization of
the latter was introduced in Cheng et al. (2018), and
more detailed properties of the projection were given
in Feng et al. (2019a). Zhang KZ and Johansson
(2018) investigated long-term behavior of cross-
dimensional linear dynamical systems. Feng et al.
(2019b) discussed the variation of cross-dimensional

dimension-bounded and

linear dynamical systems’ dimensionality.

In a system, its trajectory can not only ex-
press the dynamic evolution law, but also serve as
an important tool to study controllability, observ-
ability, and stability (Zhang Y and Zhou, 2017; Li
XD et al., 2018; Yang XY et al., 2018; Wang ZC
et al., 2019) . Stability, as an important property
of the system, is the ability to describe whether a
system can operate stably. Thus, trajectory de-
scription and stability analysis are crucial research
topics. Cheng et al. (2017) obtained the trajectory
of continuous-time cross-dimensional linear systems
(CCDLSSs) using the integration method. The math-
ematical expression of the CCDLS trajectory con-
tains a multi-integral term, which makes it difficult
to calculate the expressions. This term is difficult
to deal with when analyzing the characteristics of
the system. Therefore, it is necessary to simplify
the trajectory of CCDLSs. In this study, based on
the calculation formula of the trajectory given in
Cheng et al. (2017), we find the inhomogeneous lin-
ear differential equations that the trajectory satisfies
using the integral iteration method. A trajectory
formula without multi-integral terms is obtained by
solving the equations. This process is actually a
variation of the process obtaining previous results,

so the mathematical expression of the trajectory is
convenient for theoretical study. Then, asymptotic
stability and stabilization of CCDLSs are analyzed
according to this trajectory.

The main contributions of this paper are as
follows:

1. The trajectory of CCDLSs is described in the
form of a single integral. Compared with previous
results (Cheng et al., 2017; Cheng, 2019), its math-
ematical expression is simpler and is more suitable
for analyzing the stability of CCDLSs.

2. A necessary and sufficient condition is given
for judging whether a CCDLS is asymptotically sta-
ble. With this condition, the domain of attraction
for CCDLSs in a given initial space can be obtained.

3. For stabilization, we give all the initial states
that can be stabilized. Inspired by the results of
classical linear systems, a method for computing the
corresponding controllers is provided.

Some notations mentioned in this paper are
listed as follows:

1. R/C: the set of real/complex numbers.

2.1, :=[1,1,...,1]T e R™.

t2 t’n,fl T
4. m V n: the least common multiple of m and

e R™.

5. Re(A)/Im(A): the real/complex part of A €

6. Opxn: the m x n null matrix, especially

Om = Om><1-

matrix A.

the i*™® row/column of

8. V,: the r-dimensional column vector space,
especially V := (J;cz+ Vi

9. Z22 := [z21,22) NN and Z := [1,400) NN,
where N is the set of integers.

10. 8': the i column of identity matrix I,
especially 8" := [0,0,...,0]T € R".

11. For [§7,62,...,687] € R™ ", it is briefly
denoted by 8, [i1, 2, ..., ]

12, |lz(¢)|| — 0 means the limit of z(¢) as ¢
approaches infinity, i.e., tl}ir_{looa:(t) =0, wherez(t) €
R™, and ||z(¢)|| represents the standard norm on R™.

13. Let A = (a;;) € R™*™ and B € RP*9. The
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Kronecker product of matrices A and B is defined as

a1 B a12B a1, B

an B axB aonB
A®B:= : } }

am1B  a,oB AmnB

2 Preliminaries and system description
2.1 V-product and V-addition

First, the definitions of V-product and V-
addition are introduced.
Definition 1 (Cheng et al., 2011)
and B € RP*q,
matrices A and B is defined as

Let A € Rm*"
The semi-tensor product of two

Ax B :=[A® 1,y m][B @Il

where “®” represents the Kronecker product.
Clearly, if n = p, then Ax B = AB. Thus, it can
be seen that the semi-tensor product is an extension
of the traditional matrix product. In this paper, we
omit the symbol “ix” if there is no confusion.
Using semi-tensor product, we can construct the
swap matrix, denoted by W, ], as follows:

W[m,n] :[61116;17631611717 v 7626:7176;612717612163717 LR
8782 ... 88T 828, ... 81T,
Lemma 1 (Cheng, 2019)
following properties:
(1) Wiy, ) is an orthogonal matrix and

The swap matrix has the

—1 T
(2) Let A € R™ " and B € RP¥4. Then
W[m’p] (A & B)W[q,n] =B®A.

Definition 2 (Cheng, 2019)
R™¥4, ¢ € R", and y € R®.
(1) V-product of A with z is defined as

Let A e R™*" B €

Axz = [AR Iy /0]l ® Linyry ]
(2) V-product of A and B is defined as

AXB :=[A® I (nyy)/n][B® Linyr) ]
(3) V-addition of  and y is defined as

THy =z ® Love)yr Y Lirvs /s

Semi-tensor V-product, and V-
addition have the following properties:

Lemma 2 (Cheng, 2019) Let A € R™*", B ¢
RP*4 ¢ € R", and y € R®.

(1) AX(BXx) = (A x B)Xz.

(2) AX (azby) = aAXz{bAXY, a, b € R.

Next, the definition of a dimension-bounded op-
erator is introduced.

Definition 3 (Cheng et al., 2017) Let A € R™*",

(1) V. is A-invariant if for any x € V,, Az €
V.

(2) A is called a dimension-bounded operator if
for any x € V., there exist tg > 0 and r € Z* such
that for any t > to, A'Xx € V, holds.

This definition shows that V), is A-invariant if
and only if rvVn = (rn)/m, and that A is a dimension-
bounded operator if and only if m|n. If V, is A-

product,

invariant, then A|y, is a linear mapping on V,.. Thus,
we can find a square matrix, denoted by A,., such
that Aly, = A,. According to Cheng et al. (2017),
it is easy to calculate

A= (AT, )T, @1, ).

2.2 Continuous-time cross-dimensional linear
system

A CCDLS can be described as (Cheng et al.,
2017)

&(t) = AXz(t),

{ (1)

A ER™" 2(0) =x0 € Vy,

where z(t) represents the trajectory of CCDLS (1).
Then the solution to CCDLS (1) starting from the
initial state g is expressed as

Assume that A is a dimension-bounded opera-
tor. That is, CCDLS (1) is a dimension-bounded
system.

To better understand CCDLSs, we briefly intro-
duce the formal derivative of z(t), defined as

o Lk
- t -
3 A k+1
&(t) = At Ko = ) A k],
k=0
where AeA? is the principal formal polynomial.
Clearly, if A is a square matrix, then &(t) = z'(¢),
where z’(t) is the classical derivative of z(¢).
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Remark1l ForA € R™*" P(A)=>7", crAFtF s
called a principal formal polynomial. Note that this
addition is not a concrete operation. In other words,
the above addition has no practical meaning, just
formal addition. Details can be found in Cheng et al.
(2017).

The corresponding
dimensional linear control system (CCDLCS) is de-
fined as

continuous-time cross-

{:t(t) = AXz(t){Bu(t), )

y(t) = Cxa(t),

where A € R™*" B € R™*P C € R?™ and
u(t) € RP and y(t) represent the input and out-
put of CCDLCS (3), respectively. The trajectory
of CCDLCS (3) starting from the initial state o can
be expressed as

> 1k

t ot .
x(t) = E[A’“ XZo]HF /0 A=) Bu(r)dr,
k=0

where eA(*=7) is the principal formal polynomial.

3 Analysis of continuous-time cross-
dimensional linear systems

In this section, we propose a new method to
analyze the trajectory of CCDLSs. First, two prepa-
rations are made for the following discussion:

Let k € Zt, A € R™*" and
B € R"*P. Then, the following statements are true:

(1) AB = %(A ©17)(B ® 1,).

(2) (AB)® 1} = A(B®1}).

(3) (AB) ® 1 = (A® 1)B.

Proof =~ We prove only statements (1) and (2).
The proof of statement (3) is quite similar to that of
statement (2), so it is omitted here.

1
1. Let C = E(A@l;g)(B@lk). Then we obtain

Proposition 1

()i = 7 [Rowi(4) © 1]][Col;(B) @ 1,

= Row,(A)Col;(B)
= (AB);;.
Clearly, this is true for any ¢ € Z" and j € Z}.

Consequently, statement (1) holds.
2. It is easy to see that

Row;[A(B ® 17)] = Row;(A)(B® 1})
= Row;[(AB) ® 1}].

Clearly, this is true for any ¢ € Z7*. Thus, state-
ment (2) holds.

According to Lemma 1, we can obtain Proposi-
tion 2 about the similar decomposition of a square
matrix.

Proposition 2  Given two positive integers k and
n, there exists a nonsingular matrix P € R™*nk
such that for any A € R"*",

PE(A@ 1) ® 1}5]131 = diag(A, 0pxns -, Onxn).
N————

k—1
Proof By Lemma 1, we have
Wi, E(A O 1) ® 1;5]w[,€,n]
= %W[n,k] [A® (1, @ 1)]W
- o) oA (®)

Let P = UQ 'Wy, 4, where @ = (I, — L) ® I,,,
1

U= (- ELT) @I,,and L = 6,[0,1,...,1] € RF*F,

Then from Eq. (4), we can obtain

P E(A ® 1) ® 15]131
=UQ™ [%(1;@ ®1}) ®A} QU™!

1
= UQ‘l{E[(J}C)T @ 1] ®A}
= diag(4, Opxn, - - -

k—1

7On><n)-

From the proof above, it can be seen that P
is dependent on n and k, denoted by P, . Then,

1 1
P[n,k] = [<Ik + L — ELE — ELEL’C) ®In]W[n,k]
with Ly :Jk[O,l,...,l] € RFXk,

Propositions 1 and 2 play a foreshadowing role
for the subsequent discussion. The former shows that
if some conditions are satisfied, the operation order of
the Kronecker product and traditional matrix prod-
uct can be commutative. The latter indicates that
the square matrix is similar to a quasi diagonal ma-
trix after taking the Kronecker product. Based on
this, we can use Proposition 2 to simplify the square
matrix that satisfies some specific conditions.

Next, the solution to CCDLS (1) is preliminarily
analyzed based on Propositions 1 and 2.
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For CCDLS (1), given its initial state g € V,,,
r; denotes the dimension of A7 XZo, that is, A7 Xz €
Vr,. Since A is a dimension-bounded operator, there
exists an integer s such that for any j € [s, +00) NN,
rj = rs. This means that V,  is A-invariant. Then

we can find a square matrix, denoted by A,_, such
that A|Vr3 = ATS.

According to Cheng et al. (2017), the solution
to CCDLS (1) is as follows:

T
z(t) =xoHtAXToH-. .. H—mAS X

t T1 Ts—1
|-T—/ dTl/ dry .. / eATSTS (AS Dz.’llo)de.
0 0 0
(5)

However, its mathematical expression is compli-
cated and computational complexity is high. There-
fore, we present a new method to calculate it. Com-
pared with Eq. (5), it is more convenient to obtain
the solution by this method and this solution is suit-
able for studying asymptotic stability.

Theorem 1  If the initial state of CCDLS (1) is
xo € Vy,, then the solution to CCDLS (1) is

[
z(t) =e [’S'H]t(z()@l%)

t
D, ay(t—7) o
+A [§ [rs> 7] .:f[s](T)dT, (6)

where
a=Vigrj,
,
Bpp. 2= (A, ®12) @1k,

(AS szo) ® 1% —Q[TS’%][(A571IQZII0) ® 17‘: ]}

Proof Letz; = A’Xz € Ve,and 2; =2; @1 o,
7
j=0,1,...,s. By the definitions of V-product and

V-addition, Eq. (2) can be expressed as

s—1

x(t) =woHtAXTOH-. .. H-(S —;

[t 4oz st A2
|-|—§ ><:1:0+(5+1)! XZo + ...
B . —»t2 . . tsfl . tsI
—il:ol-l—tﬁ:ll-l-il‘zl-l-. .. H-m
ts+1 ts+2
+ A+
(s+1)!

Y V]

(s + 2)!A”

Ale.

+}z
s—1 5 00 ts+j

t) .
‘Zﬁwm(sﬂ)!

Jj=0 Jj=

Then, it can be seen that z(t) is invariant given the
initial state y. Hence, computing the s-order deriva-
tive of Eq. (7), we have

.
o
2(t) = <Z ﬁALxs) Olg = ('O le)as
7=0""

(8)
Computing the derivative of Eq. (8), we obtain
() = [(Ar, ") @ 1oz,

- [%(ATS ® 1%) ® 1?] (eATst ® 1%)-'1:3

= Q[rs,%]m(s) (t).

Then we have

t
z(s)(t):/ 2TV (7)dr + &,
0

t
=8 [ 200N +8s -0 42,
s 0
= Q[rs,%y’ﬂ(sfl) (t) + (&s — Py, 2 )85-1)-

Furthermore, we can obtain

t
27D (1) :/ e (r)dr + &,
0

t
:¢[Ts’%] (/ m(s_l)(T)dT +Zs-2— "is—2>
° 0

+ t(ﬁ:s - Q[TS7%]I§:S,1) + T
:@[TM%]:[:(S*?) (t) + (13571 — Q[Ts,%]:i572)
+ t("is - Q[rs,r‘]—s]-’is—l)'

Repeating the above integral iterative process, it can
be concluded that

S t‘]71

T'(t) = Py, 212 (t) + Zl m@j =P, 2 1Ej1)-
j:
(9)
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In addition, Eq. (9) can be expressed alternatively

as
t) =&, o 12(t) + Ef(4(t),

(t)
IL‘(O) = (i‘() = (.’L'() ® 1%)
Eq. (10) is an inhomogeneous linear differential equa-

tion. Thus, we can calculate its solution as Eq. (6).
Divide P[T a](mo ® 1&) and P[TS,%]E into

[21(0), 22 (0)] iy

and [‘—‘17 :2

(10)

, respectively, where

(0) € R", 25(0) e R* ", By € R™=* and =5 €
R(@=7s)%s By combining Theorem 1 with Proposi-
tion 2, the following corollary can be obtained:
Corollary 1  If the initial state of CCDLS (1) is
xo € Vy,, then the solution to CCDLS (1) is

exp(A,,t) (:El (0)

z(t) =P}

[Tsw%]

exp(—A, 7)E1fq(7)dT
+ [ ew(-a,nz1000)
_572(0)+52/0 fla(r)dr |

(11)

In this section, we analyze the solution to
CCDLSs from a new perspective. By integral itera-
tion, it can be found that CCDLS (1) is equivalent to
the inhomogeneous linear differential Eq. (10) given
the initial space V.
pression of the solution can be found that does not

Based on this fact, a new ex-
contain multi-integral terms. This is crucial to the
subsequent discussion of asymptotic stability.

4 Asymptotic stability

In this section, the asymptotic stability of
CCDLS (1) is studied based on the solution in Theo-
rem 1. First, to facilitate the research, some prepara-
tory notes are given.

Proposition 3 Let v # 0, € C?” and B € CP*%.
J =M, + 2 € CP*? is a Jordan black, where A €
C and 2 = §,[0,1,...,p—1]. If V() = et +
[5e? =B (r)dr, then |V (t)|| — 0 if and only if
Re(A\) < 0 and B = 0,x.

Proof (Sufficiency) If Re(\) < 0 and B = 0Opys,
then [V (¢)| < |le”t||||v]| — 0. Therefore, the suffi-
ciency is proved.

(Necessity) Let V (t) = [v1(t), va(t), ..., v, (t)]T
and Bf4(t) = [fi(t), fa(t),..., [fp(t)]", where
fi(t) = Row;(B)f4(t) is a polynomial function.

We will prove the necessity in three steps:

Step 1: prove f,(t) = 0.

It is easy to calculate

vp(t) = eM [vp(O) + /O t e T fp(T)dT:| )

When X # 0, we have

t s (1) (7) -\t
o fp7(0) = fp'(t)e
/Oe Mip(r)dr =y L ()Mflw . (12)
i=0
Then we conclude that
t
0 +/ fp(r)dr, A =0,
200
vp(t) = { Z )\1+1 (13)
G
Z wl , A#0.
£7(0)
Let k, = v,(0) + >0, S Based on
Eq. (13), it is easy to see that
pleRe §j” <l (14)
N+l | — p
and that
5 e
Z §1+1 < Jple®N 4w, (1) (15)

Then, there are five cases to discuss:

(a) Re(A) > 0 and k, = 0. Assume that f,(t) is
not always zero; that is to say, f,(¢) has at least one
coefficient that is not zero. Without loss of general-

ity, it can be denoted as
fp(t) = apt” + -+ + ait + ag,

where a, # 0,0 <r < s — 1. Then we have

SRl
)\z+1

where the degree of g(t) is r — 1.

Using the absolute value inequality, it is not dif-
ficult to find that

+g(t>‘7 % # 0,

Qr

By

T

£
Z §z+1

Clearly,

: ar |, B
Jm (|5l taco) = +oc.
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Thus, the limit on the left side of inequality (15) is
not zero as t approaches infinity. However, the limit
on the right side is zero. This is impossible. Hence,
fp(t) = 0. In addition, as k, = 0, we have v,(0) = 0.

(b) Re(A) > 0 and k,, # 0. In this case, the limit
on the left side of inequality (14) is positive infinity;
however, the limit on the right side is zero. This is
also impossible.

(c) Re(A) = 0 and Im(\) # 0. As the limit on
the right side of inequality (15) is |k,|, we know that
fp(t) is constant. So, we can assume that f,(t) =
¢ € C. According to inequalities (14) and (15), if ¢
approaches infinity, then we have

c
vp(0) + by

< and < |vp(0) + ;

<
A

> o

It is easy to see that v, (0) = 0, and then v, (t) =
c(e* — 1)/\. Furthermore, we can calculate that

sin< Imy) t) ‘

Consequently, f,(t) = ¢ =0 by |v,(t)| — 0.

(d) Re(A) = Im(\) = 0. Based on Eq. (13),
fp(t) = 0and v,(0) = 0 due to the fact that |v,(t)| —
0.

(0] = 2|

(e) Re(M\) < 0. Since the limit on the right side
of inequality (15) is zero, we deduce that f,(t) = 0.

From the analysis above, we know that for any
A € C, fp(t) = 0 holds. Furthermore, if Re(A) > 0,
then v,(0) = 0.

Step 2: prove fp_1(t) = 0.

According to f,(t) = 0, it is easy to calculate
that

vp—1(t) = [vp(0)t + vp—1(0)]

t
+ / AT f i (r)dr. (16)
0
Similar to step 1, there are two cases to discuss:
(a) Re(A) > 0. Under this case, we have v,(0) =
0 based on step 1. Similar to the analysis process of
step 1, we can obtain f,_1(t) = 0 and v,—1(0) = 0.
(b) Re(A) < 0. Let kp—1(t) = vp(0)t +vp—-1(0) +
el
i=0 2it+l
that

. From Egs. (12) and (16), it follows

s (2)
19 (0)
vp1(t) = Mhyi () = Y B
1=0

Then we can obtain

=) ‘
5 oD < s 0 + o). (1)
=0

As the limit on the right side of inequality (17) is
zero, we have f,_1(t) = 0.

From the analysis above, we know that for any
A € C, fp—1(t) = 0 holds. In addition, if Re()\) > 0,
then v,_1(0) = 0.

Step 3: prove f;(t) = 0 for any i € ZV 2.

Fori=p—2,p—3,...,1, repeating the analysis
similar to that in step 2, we can obtain that for any
A € C, fi(t) = 0 holds, and that if Re(\) > 0, then
v; (O) =0.

Combining the results of steps 1-3, for any i €
78, we have v;(0) = 0 and f;(t) = 0; i.e., V(0) =
v =0, and B = 0, if Re(\) > 0. This contradicts
v # 0, so Re(\) < 0. Furthermore, for any i € Z7,
fi(t) = 0 holds, i.e., B = 0pxs,.

Then, we take the Jordan decomposition of A,._.
Based on Proposition 3, a more general result is
obtained.

For A,, € R™*"s there exists an invertible ma-
trix N such that

OVz X1 J72 X2

NA N—l _ [371X71 971><721

where J represents the Jordan matrix generated by
the eigenvalues of A,., with a negative real part and
J generated by the eigenvalues of A,, with a non-
negative real part, v; is the sum of the geometrical
multiplicities of eigenvalues with a negative real part,
and 2 =75 — 7.

Proposition 4 Let v € R™ and B € R"*5,
If V(t) = eArsty + fot eArs(=T)Bf (. (T)dT, then
IV(t)]] — 0 if and only if the following conditions
hold:

(1) B = Ors><s~

(2) [Oumax(yz,1) 71> T2 [NV = Omax(yz,1)-

Proof We divide the proof into two cases:

(a) v # 0. Let V(t) = NV({) =
Vi), V)T and NB = [BT, BT, where
Vi(t) € R, Vo(t) € R™, By € R™*5 and
By € R72%5, Thus, we have

_ t o
‘_/1(75) = eJtVl (O) + / eJ(t_T)Blf[TS] (T)dT,
0

o t
Vz (t) = eJtVQ (O) + / eJ(t_T)Bgf[Ts] (T)dT.
0
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It follows from Proposition 3 that
[V1(t)|| — 0if and only if By = 0., x5

and that

[V2(t)|| — 0if and only if V2(0) = 0,, and By = 0., .

Therefore, ||V (t)|| — 0 if and only if B1 = 0., xs,
B; = 04,5, and VQ(O) =0,,; i.e., B =0, x5 and
(055715 L |[NU = 0.

(b) 72 = 0. From Proposition 3, it can be
seen that ||V (¢)|| — 0 if and only if B = 04«5 and
OersN'v =0.

Hence, ||V (t)|| — 0 if and only if conditions (1)
and (2) in Proposition 4 are established.

The equivalent condition given by Proposition 4
is actually a generalization of Proposition 3. There-
fore, it is applicable to a general case.

Next, the definition of asymptotic stability and

some corresponding results are given.
Definition 4 Given an initial state £g € V.,
assume that z(t) is the solution to CCDLS (1).
CCDLS (1) is said to be asymptotically stable with
xo if [|z(t)]] — 0.

Denote M,,, as the domain of attraction for
CCDLS (1) in V,,; that is,

M., ={z¢ € V,, | CCDLS (1) is asymptotically
stable with ¢ }.

Then, there are some issues to discuss:

(1) What conditions does the initial state z¢ €
V,, satisfy for CCDLS (1) to be asymptotically stable

(2) How to calculate M,.,?

(3) What is the relationship between M, and
M, forany j € /-

If V,, is A-invariant, then we have @, 1 =
A,, = A|,,. Hence, in this case, the solution to
CCDLS (1) is z(t) = eAro’xy. In addition, as can be
seen from the proof of Theorem 1, CCDLS (1) can
be transformed into the following linear system:

'(t) = Ar,z(t),
z(0) € V,,.

Therefore, we always assume that V,., is not A-
invariant.

By combining Corollary 1 with Proposition 4,
we give an equivalent condition for CCDLS (1) to be
asymptotically stable with x.

Theorem 2  If the initial state of CCDLS (1) is
xy € V,,, then CCDLS (1) is asymptotically stable
with ¢ if and only if the following conditions hold:
E = OQXS, F.’Eo = Oa_rs, and T:IJO = Omax(,m,l),
where

r :[O(afrs)xrs ’ IO‘_TS]P[TS’%] (ITO ® 1%)7

T :[Omax(vz,l)xm 7172]N[IT570T5><(0¢—T5)]
XPpp oIy ®1a).

Proof  To simplify z(t), let Z(t) = P},  «jz(t) =
[ZT(t), 23 (t)]T, where Zz1(t) € R™ and Z1(t) €
Re~"=. By Eq. (11), we have

t
z1(t) = etr:13,(0) + / eArs =13, f 1 (7)dr,

0
Ea(t) = £2(0) + /0 frg(r)dr.

From Proposition 4, it follows that ||Z1(¢)|] — 0
if and only if £y = 0, xs and T2y = Opax(ys,1)-
It is obvious that ||Z2(t)]] — 0 is equivalent to
Z9 = 0(q—p,)xs and Z2(0) = I'tog = 0,_,,. Hence,
llz(®)|| — 01if and only if the conditions in Theorem 2
are established.

Now, we can calculate M., based on Theorem 2.
Corollary 2  If the initial space of CCDLS (1) is
V,,, then

Mro = {C € VT0|WC = O(s+1)a+max(7'yl,lfrs)}7

where & = [['V, X" I I;,... II]]" with IT; =
(AVKI,,) ® L —@frs’%]bzIro, j=1,2,...,s.

Proof = =0, if and only if, for any j € Z7,

COL(E) :(Aj D?$0) ® 1%

—@[TMT%][(AJ;ID—('.’L'()) ® 17‘ a ]

j—1

—0,. (18)

Then for any j € Z3, (AT Xzp) ® lo = @{TS %](:1:0 ®
1) holds. Thus, Eq. (18) is true if and only if, for
any j € 73,

[Tsy
= [(AKI,)®1a —@{TS
= Hjmo

=04.

(A Kzo) ® 1o — & o XTo

i]l><Ir0]:1:0
Ts

By Theorem 4, CCDLS (1) is asymptotically stable
with zg if and only if ¥Zo = 0(s41)atmax(—y1,1-r.)-
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Remark 2 Given the initial space V,,, we
can derive from the composition of I' that for any
A € R™Fm I does not change. According to
Corollary 2, it can be found that for any A € R™**m
M, C F,, holds, where F,, is the solution space of
I'z = 0,_,_, which is critical for further discussion
about stabilization.

Remark 3 If V,, is not A-invariant, then M, C
V,,. This means that for any dimension-bounded
operator A, the domain of attraction for CCDLS (1)
in V,, is not equal to the entire initial space V.
Theorem 3 Let H = {¢ €V, |[[", YT, I|"¢ =
020 4max(—y1,1—r.) - 2o € H, then zg € M, if and
only if AXzg € M,.,.

Proof  (Necessity) Let g = AXz € V,,. Then,
the solution to CCDLS (1) starting from the initial
state xg is

—

— — — — —'ts —
z(t) = AXZoHtA® Ko .. H—;ASle KToH. . ..
By Theorem 1 and Eq. (10), we conclude that
2(t) = 2() © 15 = By, 2 10(t).

Then from |lz(t)| — 0, it follows that ||Z(¢)| — 0.
(Sufficiency) Since AxXzo € M., we know that
for any j € Z3,

(Aj71§50)®1£ :Q[rq ﬁ][(Aj72l>_<'.’l_,'0)®1L],
7‘]' ‘7’7‘3 Ti_1

J

where 8 = V;_;r;. Then for any j € Z3, we have
(Aj szo) ® 17%

:(Q[r“%] X 1%)[(14].71&120) X 1%]

zg [(Q[rs,%] ®1g)® 1"%] (AT 'Kzo) ® 1”;11]
=&}, o)[(A7 ' Kzo) ® 1o ]

It follows that for any j € Z3, Il jxy = 0,. Since
o € H, we know that zg € M,,.

From Theorem 3, we can obtain some more gen-
eral results which reveal the relationship between
M, and M, , for any j € fol.

Corollary 3 For CCDLS (1), the following state-
ments are true:

(1) If zg € M., then for any j € Z3, AT Xz, €
M., holds.

(2) If M,, # @, then for any j € Z5 ', @ #
AXM,, C M., ,, where AXM,, = {AX( | ¢ €
M,,}.

5 Stabilization

Consider CCDLCS (3). Given the initial space
V,,, the dimension of its solution is invariant. Thus,
under the feedback w(t) = Kz(t), the following
closed-loop system can be obtained:

&(t) = AXz(t), 2(0) =z € Vy, (19)

y(t) = Cia(h),
where A = AXI, + (B ® 15),,)K € R®*® and 8 =
v§:17:j~

A is a dimension-bounded operator. Given the

initial state Zy € Vp,, it can be easily verified that for
any j € Z*, A’Kzy € Vg holds. Thus, V,, = Vg is
A-invariant, and in this case, we have Aly, = Ag =
AIs® 1,/3). Similar to CCDLS (1), the closed-loop
system (19) can be transformed into the following
inhomogeneous linear differential equation:

>

.’L'/(t) = [B@/B]x(t) + tEJ:(),
z(0) = o,
where @[[3’ (a/B)] = (B/a)(Ag ® 1(1/3) & 1:5/3 and
E = (AxIy) @ Layp = g, (a/8) ¥ ro-
Then, the definition of stabilization and some
related results are given.
Definition 5 Given an initial state zo € V,,,
assume that z(t) is the solution to the closed-loop
system (19). CCDLCS (3) is said to be asymptoti-
cally stabilizable with g by feedback u(t) = Kz(t) if
closed-loop system (19) is asymptotically stable with
Zo.
Denote Mg . as the domain of attraction for
closed-loop system (19) in V,.; that is,

M[K,ro] ={zy € V,,, | CCDLCS(3) is
asymptotically stabilizable with x by
feedback u(t) = Kz(t)}.

Inspired by the Jordan decomposition of A, _,
we can assume that

NA[;N*l _ |‘Jﬁ’1 X1 9% ><’AY2‘| 7
05, x4, J’?2 X2
where 44 is the sum of the geometrical multiplicities
of eigenvalues with a negative real part, 3o, = 5 — 41,
and J represents the Jordan matrix generated by
the eigenvalues of Ag with a negative real part and
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J generated by eigenvalues with a non-negative real
part.

Given the initial space and the corresponding
controller, the closed-loop system (19) is determined.
In this case, the computing method of Mg . is
obtained based on the Jordan canonical form of Ag.
Proposition 5 If the initial space V,, of
CCDLCS (3) and the corresponding feedback con-
troller K € RP*® are given, then

Mk ro) = {C € Vr0| [fT,f'T]TC = chr,,}7

where
7 =max(—91,1 — ),
I =[0(a—p)xs,Ta—p)Pis,5)(Iry @ 12),
T =[Omaszo ) Laal N T 5, 0 o))

X Prgai(Ip®1g).
Proof By Corollary 2, we have

2T AT T.T
Mk o) = {C € VTOH.: I .T ] ¢ = 02a+.,,}.
(20)
As can be seen from Eq. (20), we need only to prove
Fro = Q, where Fy = {¢ € V,y | I'( = 04—_3}
T ST
and Q = {C € VroH:' , I ] (¢ = Oga_ﬁ}. Clearly,
Q C F,,, so we need only to prove F,., C Q.
Since Ag = A(Ig ® 1), we can obtain

=(A®1s — &g eI, ®1z)

=(A® 1;)[& - é(IB ®1ls)® 1;} Iy ®12)

- _ Osx5 O
= (A®1s)P} [ pxp

(8,51 IH} PpgoIy, ®12)

70

- 0
_ -1 Bxro
—(A®1%)P[[3’%] l f ]
For any ¢ € }A}O, we have é( = 0,. Therefore, .7:"T0
co.
For the given V., Mg ;) depends only on con-
troller K. If K varies, then Mg ..} may also vary. It

can be seen from Proposition 5 that Mg .} € ]:}0
can be obtained regarding the choice of K € RP*¢
after V,, is given. In this situation, there are two
problems to discuss in the following:

(1) What conditions does K satisfy for Mg,
to be equal to F;,,7

(2) How to design K such that Mg ..} = Fro?

According to Proposition 5, we give the follow-
ing theorem:
Theorem 4 If there exists K such that all
eigenvalues of 121[3 have a negative real part, then
M[K,’r‘g] = ]:-To'
Proof If K satisfies the condition in Theo-
rem 4, then T = O1xr,- Under this circumstance,
Mk rg) = Fro.-

Note that Theorem 4 is necessary and sufficient
if rog = a.

Using Theorem 4 and the Lyapunov theorem, an
algorithm for designing the corresponding controller
K is obtained (Algorithm 1).

Algorithm 1 Tterative algorithm f(zr computing
the controller K satisfying Mg ., = Fr,
1: Let A= (AXI,)(Is ® 1%) and B=B® 1%
2: Find K and a positive definite matrix W to satisfy
WA + AW + K'B" + BK < 05,5

3: for i=1tof do

4. Find K, € RP*7 satisfying Kils = Col;(KW™1)
5: end for

6: Set K = [}'{17 K,..., Kﬂ]

6 Examples

In this section, we give two examples to illus-
trate the validity of the theoretical results.
Example 1 Consider CCDLS (1) with

-9 1 -6 4
A= d R®.
[ 74 1 10}&m o €
It follows that AXzy € R* and A%2Kzy € RZ. We
can verify that R? is A-invariant. Therefore, we can

calculate that
-8 =2
Ar, = Az = [ 11 11 ] ’
and that its eigenvalues are —9973/1475 and 859/88.
Furthermore,

—1322/1555

N— 269,/2404
B 1469/2790

—633/637
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and
Py
i 1 1 1 1 0 0 0 0 7
0 0 0 0 1 1 1 1
I T L T S
4 4 4 4
1 3 1 1
o 0 0 0 —- = —— =
4 4 4 4
= 1 1 3 1
-~ = 2 - 0 0 0 O
4 4 4 4
o o o o -+ -1 3 _1
4 4 4 4
1 1 1 3
-~ = = 2 90 0 0 0
4 4 4 4
o o o o -+ -1 13
= 4 4 4 4 -

By the definition of ¥, it is easy to calculate that
rank(W) = 7 < 8. To solve ¥z = 0, it can be seen
that ¢ = [134/71,134/71,134/71,134/71,1,1,1, 1]*
is the fundamental solution. By Theorem 1, the
solution to CCDLS (1) with the initial state ¢ is
z(t) = e®ra’¢. According to Corollary 2, we have
Ms = {k(|k € R}.

Example 2 Considering CCDLCS (3) with

2 1 53 -1
A= —1 —533]’3_{ 1]’
1 -2
C=| -3 4],
2 -5

and o € R*, we have AXzy € R%. Clearly, R? is
A-invariant. Then we can obtain

3 8
A”:A'Rz:[—G 6}’

11

. -~ = 0 0
r=| 22 . 4,
0 0 —= =

2 2

and

1 1.0 0

00 1 1
Peg=|_L 1 ¢
2 2

00 = —=

2 2

To solve I'z = 0, we know that £ =11,1,0,0"
and ¢ = [0,0,1,1]T are the fundamental solutions.
Then, Fy = {k1€+kollk1, ko € R}. X (t) = ePr221%¢
is the solution to CCDLCS (3) starting from £, and
Xo(t) = e?e2t¢ is the solution to CCDLCS (3)
starting from (.

It is easy to calculate that K =
[3.2948, —7.2214]. There are many corresponding
controllers, such as K’ = [1.1393, 2.1555, —5.5225,
~1.6989], K" = [~0.5, 3.2948, —3.5, 3.7214], and
K" =1, 2.2948, 1, —8.2214]. That is to say,

Mg g = Migra) = Mg q) = Fu.

Therefore, CCDLCS (3) is asymptotically stabiliz-
able with F, by feedback u(t) = K'z(t) (u(t) =
K'"z(t), u(t) = K"z(t)).

Through the analysis of this study, we know that
there are many corresponding controllers. However,
here, only three kinds of controllers are given to ver-
ify the effectiveness of the method in this study.
Remark 4 Fig. 1a shows the variation of the norm
of X1(t) and X5 (¢t) under the case of u(t) = 0, and
Fig. 1b shows them under the case of closed-loop
control.

1.5

x,(t)
x(t)

-
o

Norm (x10%)

o
[3)

(a)
0 02 04 06 08 10 12 14 16 18 20
Time

0

X0
200/ X |

Norm

0 05 10 15 20 25 30 35 40
Time

Fig. 1 Norm of the trajectory (Example 2): (a) open-

loop system; (b) closed-loop system

7 Conclusions

In this study, the solution to continuous-time
cross-dimensional linear systems has been proposed
through integral iteration. This solution has a sim-
pler algebraic form than that in Cheng et al. (2017).
Based on this, an equivalent condition has been ob-
tained when a CCDLS is asymptotically stable with a
given initial value. Then we have analyzed which ini-
tial state can be stabilized, and provided a method to
calculate the corresponding controller. In the future,
the controllability and observability of CCDLCSs
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may be studied with the solutions obtained in this
study.
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