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Abstract: Generally, the distributed bundle adjustment (DBA) method uses multiple worker nodes to solve the
bundle adjustment problems and overcomes the computation and memory storage limitations of a single computer.
However, the performance considerably degrades owing to the overhead introduced by the additional block parti-
tioning step and synchronous waiting. Therefore, we propose a low-overhead consensus framework. A partial barrier
based asynchronous method is proposed to early achieve consensus with respect to the faster worker nodes to avoid
waiting for the slower ones. A scene summarization procedure is designed and integrated into the block partitioning
step to ensure that clustering can be performed on the small summarized scene. Experiments conducted on public
datasets show that our method can improve the worker node utilization rate and reduce the block partitioning time.
Also, sample applications are demonstrated using our large-scale culture heritage datasets.
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1 Introduction

The digitized three-dimensional (3D) model
is an important medium for analyzing real-world
scenes. It can be used in various fields, including
cultural heritage protection (Dhonju et al., 2018;
Rahaman and Champion, 2019), city reconstruction
(Zhu et al., 2018; Han and Shen, 2019), and cross-
media retrieval (Zhai et al., 2014; Peng et al., 2016,
2018; Huang et al., 2020).

Large-scale data pose great challenges to current
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multi-view 3D reconstruction methods (Fuhrmann
et al., 2014; Schönberger and Frahm, 2016; Schön-
berger et al., 2016). A massive number of images can
be captured by unmanned aerial vehicles or digital
cameras in a short period of time for reconstruction.
However, the reconstruction pipeline exhibits a high
computational complexity. With an increase in the
number of images, the demand for computation time
and memory space drastically increases.

Bundle adjustment (BA) (Triggs et al., 1999),
which is a nonlinear least-squares (NLS) prob-
lem, is a considerably time-consuming and memory-
demanding step in the reconstruction pipeline. The
classical Levenberg-Marquardt solver for BA ex-
hibits a time complexity of O(n3) and a space com-
plexity of O(n2), where n denotes the number of
images. Furthermore, the prevalent incremental
structure-from-motion (SfM) method runs BA every
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time new images are registered, adding another
factor n to the complexity of the reconstruction
pipeline. The efficiency of BA has received signif-
icant research attention in the field of computer vi-
sion. In-core parallelization (Wu et al., 2011) and
specialized algorithms (Lourakis and Argyros, 2005;
Konolige, 2010) were proposed to alleviate the afore-
mentioned situation. However, various problems are
still observed with a further increase in the scale of
reconstruction.

Traditional distributed bundle adjustment
(DBA) methods use separate memory and break the
computation power bottleneck associated with a sin-
gle computer. They convert the original problem
into multiple smaller BA subproblems. However,
we cannot obtain an optimal solution to the origi-
nal problem by separately solving the subproblems
(Zhu et al., 2014). Consensus-based distributed bun-
dle adjustment (CDBA) methods (Eriksson et al.,
2016; Liu et al., 2019; Zhang RZ et al., 2020) as-
sign overlapping parameters to the local subprob-
lems. The information of subproblems is passed
to each other with the overlapping parameters be-
ing fused and distributed via an iterative process,
which can result in an optimal solution to the orig-
inal BA problem. However, considerable computa-
tion cost is associated with the manner in which the
CDBA methods handle the large-scale BA problem.
They introduce an additional overhead when com-
pared with directly solving the BA problem. The
actual increase in convergence speed obtained using
multiple computation nodes barely meets the ex-
pectations. The overhead originates mainly from
three sources, network transmission, synchronous
waiting for consensus, and block partitioning. Net-
work transmission is required to achieve the initial
deployment of subproblems and consensus with re-
spect to communication in each iteration. The time
is related to the transmission bandwidth and the
amount of data to be transferred. In BA problems,
the number of cameras is considerably smaller than
the number of points. Therefore, camera consen-
sus (Zhang RZ et al., 2020) that uses only overlap-
ping cameras minimizes the transmission overhead
when the bandwidth is kept unchanged. However,
the method in Zhang RZ et al. (2020) does not fully
take the latter two sources of computation overhead
into consideration.

Synchronous waiting occurs because the existing

CDBA methods achieve consensus only after the op-
timal results are obtained by solving all the subprob-
lems. The optimization time of the subproblems may
vary considerably. Owing to the difference between
the subproblem sizes and the properties of the lo-
cal solvers, it is difficult to practically determine the
time required to solve the local subproblems. Also,
the differences between worker nodes in computa-
tional power and network transmission rates lead to
different times for solving local subproblems. Mul-
tiple iterations are required from an initial guess for
CDBA, and the typical straggler problem will arise in
synchronously distributed systems. Then, all worker
nodes must wait for the slowest one in each itera-
tion. The computing resource is wasted while many
worker nodes are idly waiting.

Block partitioning in CDBA divides the origi-
nal BA problem into multiple BA subproblems with
overlapping parameters for consensus. It is a non-
trivial task because the cameras and points are in-
terdependent. Also, to solve the local problems,
the visibility constraints of BA should be satisfied
as much as possible. When using only the spatial
coordinates of points and cameras, visibility infor-
mation is lost because spatial adjacency does not
necessarily correspond to associations in the visibil-
ity graph. Alternatively, the problem can be solved
using graph-cut algorithms. Performing graph-cut
directly requires eigendecomposition on a large ma-
trix of the bipartite visibility graph, and the compu-
tation time can be even longer than that for running
consensus iterations.

2 Related works

2.1 Bundle adjustment in SfM

In the multi-view 3D reconstruction pipeline,
accurate camera pose is the basis for the subsequent
high-quality dense stereo and texture mapping step.
SfM recovers the camera parameters of images that
are taken from multiple angles, and BA serves as the
core optimization step in various SfM methods. In
the prevalent incremental SfM method (Schönberger
and Frahm, 2016), images are sequentially added to
the scene, and the noise and outliers can be handled
during the reconstruction process. BA is employed to
obtain an optimized estimate each time new images
are registered to the scene. In the global SfM method
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(Cui and Tan, 2015), a rough estimate of the absolute
camera pose can be obtained from the relative pose.
Thus, BA refines the camera parameters and the
triangulated 3D points. The hierarchical SfM com-
bines the global and incremental methods, in which
the local reconstructions and the final merged scene
are optimized using BA. For a detailed review and
comparison of various SfM methods, refer to Özyeşil
et al. (2017).

BA optimizes the coordinates of 3D points and
the parameters of cameras based on two-dimensional
(2D) observations and visibility information. It is
formulated as an NLS problem to make the repro-
jection coincide with the 2D observations as much
as possible. A direct method for solving BA is
the Levenberg-Marquardt algorithm, which requires
to solve the normal equation and has O

(
(m+ n)

3)

time complexity, where m and n are the numbers of
points and cameras, respectively. The Schur com-
plement technique (Triggs et al., 1999) can achieve
O(n3) time complexity by solving the reduced equa-
tion system. Based on the fact that only a small
portion of points are visible to each camera, Lourakis
and Argyros (2009) exploited the sparsity of the Ja-
cobian matrix and saved considerable computation
time. Wu et al. (2011) implemented a parallel bun-
dle adjustment (PBA) solver based on the inexact
Newton-type algorithm to take advantage of in-core
parallelism of CPU and GPU.

2.2 Distributed bundle adjustment

DBA seeks to parallel the BA solving process,
which is similar to PBA. The difference is that DBA
requires independent optimization of each subprob-
lem, and thus the subproblems can be dispatched
to multiple computing nodes that are physically
separated.

Existing DBA methods fall mainly into two cat-
egories. One category decomposes the NLS solv-
ing process. Shen et al. (2018) proposed to com-
pute the block matrix and solve the reduced equa-
tion system in NLS in multiple nodes. However, the
method relies on the internal implementation of SBA
(Lourakis and Argyros, 2009) and cannot take ad-
vantage of recent efficient solvers such as PBA (Wu
et al., 2011) or Google’s Ceres Solver (Agarwal and
Mierle, 2012). In another category the original prob-
lem is transformed into multiple smaller BA subprob-
lems. Different BA solvers can be plugged into the

meta-algorithm without modification. The linear de-
crease in the number of cameras in subproblems can
lead to a drastic computational complexity reduc-
tion, and the reduction depends on the optimization
algorithms of local BA solvers. The local readjust-
ment method (Zhu et al., 2014) achieves optimized
local reconstruction but fails to obtain an optimal
solution of the original problem with no interaction
among the BA subproblems.

The CDBA framework passes information be-
tween subproblems by performing consensus in the
master node. Eriksson et al. (2016) constructed
the consensus framework as a Douglas-Rachford
splitting problem. They also provided an initial
proof that the algorithm can converge to the lo-
cal minimum of the original BA problem. Then,
Zhang RZ et al. (2020) formulated CDBA based
on the alternating direction method of multipliers
(ADMM). They further completed the proof of con-
vergence with assumptions about projection depth
and camera rotation representation. Multiple itera-
tions are required for the consensus-based methods.
All worker nodes must wait for the slowest node to
complete the calculation in each iteration to per-
form a complete consensus. Due to the differences
in the computation time and network transmission
rates among the worker nodes, a significant amount
of computation power is wasted.

Inspired by recent research on the straggler
problem in distributed systems (Zhang RL and
Kwok, 2014), we extend and generalize the exist-
ing consensus methods to perform partial consen-
sus to reduce synchronous waiting overhead. The
applicability of asynchronous ADMM to the nonlin-
ear BA problem is studied both in theory and by
experiments.

2.3 Block partitioning

The block partitioning problem has been widely
studied in the multi-view 3D reconstruction pipeline.
Kushal and Agarwal (2012) partitioned cameras
based on the canonical views algorithm (Simon et al.,
2007). A camera arrangement matrix can be ob-
tained according to clustering results, and then used
as a pre-conditioner to ensure the stability of the
normal equation. The cluster method involves no
overlapping parameters. Another method of rear-
ranging cameras is to use the iterative bandwidth
reduction partitioning (IBRP) algorithm (Lu et al.,
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2019), which groups cameras and performs camera
adjacency matrix bandwidth reduction iteratively.
To achieve Internet-scale dense reconstruction, Fu-
rukawa et al. (2010) hierarchically divided images
to ensure that the number of local images does not
exceed a predefined value. In the case that an ap-
proximate geometry of the scene is known, image
clustering and scene segmentation can be combined
(Zhang RZ et al., 2015). In reconstruction methods
that are based on the depth map, each image finds its
adjacent images (Mostegel et al., 2016, 2018). The
number of partitions in this case is equal to the num-
ber of images, and the partitions have a high degree
of overlap.

According to the type of overlapping parame-
ters in block partitioning, existing CDBA methods
can be divided into point consensus (PC) (Eriks-
son et al., 2016), camera consensus (CC) (Zhang RZ
et al., 2020), and critical parameter consensus (CPC)
(Liu et al., 2019). PC introduces a large number of
overlapping points because the number of points is
generally much larger than that of images, which in-
creases the network transmission overhead. Nearly
all points will present in each block when images see
a large portion of scene points. CC uses only overlap-
ping cameras and has the minimal network transmis-
sion overhead, while CPC jointly partitions cameras
and points to achieve a uniform partition of subprob-
lems. One common problem of the three methods is
that they all rely on spectral clustering, which re-
quires eigendecomposition and can be computation-
ally complex compared to the consensus process.

3 Asynchronous consensus

3.1 Framework overview

The proposed method has the same input and
output as the conventional BA methods. It is an
alternative of the BA solvers that can run in the dis-
tributed environment in large-scale multi-view 3D
reconstruction problems. We illustrate how our
method can be integrated into the prevalent incre-
mental SfM pipeline in Fig. 1.

Incremental SfM (Schönberger and Frahm,
2016) begins with a two-view reconstruction, and
other images are registered to the scene one by one.
The initial small-scale BA problem can be handled
by conventional BA solvers in a single computing
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Distribute Partial
consensus Converge?

Scene update?SfM iteration

End

DBA iteration
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...
...

Block partitioning
based on scene
summarization

Fig. 1 Low-overhead consensus framework integrated
into the incremental structure-from-motion pipeline

node. The demand for time and memory storage
grows fast because BA has high computational com-
plexity. DBA starts to work when the BA problem
is too large to handle for a single node. Though
the actual starting condition is determined in spe-
cific applications, DBA is effective when there are
thousands of images in the scene.

The original problem is divided into multiple
smaller BA subproblems for optimization in worker
nodes. The block partitioning step is performed each
time before consensus when the scene is updated.
Therefore, the efficiency of block partitioning is crit-
ical for the reconstruction pipeline. We summarize
similar points and images and then perform cluster-
ing on the summarized scene, which is described in
detail in Section 4.1.

The subproblems are then distributed to mul-
tiple computing nodes that are not physically con-
nected because the local optimizations are indepen-
dent BA subproblems. Instead of waiting for all the
worker nodes to complete the computation, we per-
form partial consensus to fuse results from faster
nodes and reduce waiting time. The improvement
is supported by the asynchronous ADMM theory,
which is explained in detail in later subsections. In
each DBA iteration, block partitioning, local opti-
mization, and consensus are performed in turn. The
DBA iteration is terminated when the residual is
sufficiently small or the iteration number threshold
is reached. Finally, the SfM pipeline ends when no
more images can be registered to the scene.

3.2 Consensus

For a camera model with projection operator
Π(·), the re-projected point is q̂ij = Π (ci,pj) ∈ R

2,

where pj ∈ R
3 is the scene point and ci represents
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the camera parameter. The camera parameters con-
sist of the intrinsic parameters, camera center, and
camera orientation. Let d (·) be the Euclidean dis-
tance between two 2D points and {qij} be the set
of 2D feature points. The reprojection error eij can
be computed by fe (ci,pj) = d (q̂ij , qij). BA jointly
optimizes all the parameters of cameras C = {ci}
(i = 1, 2, . . . ,m) and the coordinates of sparse 3D
scene points P = {pj} (j = 1, 2, . . . , n) by minimiz-
ing the sum of reprojection errors as follows:

f(C,P ) =

m∑

i=1

n∑

j=1

vijfe (ci,pj) , (1)

where vij ∈ {0, 1} is the visibility between camera ci
and 3D point pj . vij = 1 if pj is visible in ci; other-
wise, vij = 0. The visibility graph G = (C,P, V )

consists of two types of vertices, camera vertices
C and point vertices P . The visibility information
V = {vij} connects the two types of vertices.

Within the consensus framework (Boyd et al.,
2011), the unconstrained minimization problem can
be converted to the standard form of the global con-
sensus problem. Let the local copies of C and P in
the kth local block be Ck =

{
cki
}

and Pk =
{
pk
j

}
,

respectively, where 1 ≤ k ≤ K and K is the number
of local blocks. The original BA problem (1) can be
written as

min
K∑

k=1

f(Ck, Pk)

s.t. cki = ci,p
k
j = pj .

(2)

The solution to problem (2) is equivalent to that
to the original problem when all reprojection costs
present in the local subproblems. Note that the pa-
rameters of Ck and Pk not involved in the local opti-
mization are always identical to their corresponding
global value. Therefore, each local subproblem holds
only parameters slightly more than 1/K of the total
number of parameters.

The above constrained problem with equality
constraints can be solved using the augmented La-
grangian method. We simplify the notation by
stacking the variables from (Ck, Pk) to xk and de-
note (x1, x2, . . . , xK) as x. x̄ is the corresponding
consensus value for x. Then the Lagrangian Lρ is

Lρ(x,y, x̄)=f(x) + yT(x− x̄) +
ρ

2
‖x− x̄‖22

=f(x) +
ρ

2

∥
∥∥
∥x−

(
x̄− y

ρ

)∥∥∥
∥

2

2

+ CL,
(3)

where CL is a term not related to x, ρ > 0 is the
penalty parameter, and y is the Lagrange multi-
plier. When ρ = 0, Eq. (3) becomes the standard
Lagrangian form.

Employing the augmented Lagrangian method
and ADMM, the consensus problem can be solved
by alternatively optimizing local parameters {xk},
consensus value x̄, and the Lagrange multiplier y.
In the alternative optimization process, all variables
are fixed as constants except for the target variables.
In the (t+ 1)th iteration, x, x̄, and y are optimized
as follows:

xt+1
k = argmin

xk

Lρ(x,y
t, x̄t), (4)

x̄t+1 = argmin
x̄

L(xt+1,yt, x̄t)

=
1

K

K∑

k=1

xt+1
k , (5)

yt+1 = yt + ρ(xt+1 − x̄t+1). (6)

Eq. (4) is performed in each block to update the
local copies of parameters xk. Combining Eq. (3),
it can be found that the local optimization is a BA
problem with a regularization term, which can be
solved by existing BA solvers. Eq. (5) is a simple al-
gebraic averaging and updates the consensus value.
Eq. (6) updates the Lagrangian multipliers y by ac-
cumulating the difference between local parameters
and its consensus value with a ratio factor ρ.

3.3 Partial consensus and asynchronization

Local optimization tasks in Eq. (4) can be as-
signed to different worker nodes because each of them
is an independent local BA problem. The process-
ing in the worker nodes is shown in Algorithm 1.
The master node waits until all of the local updates
are gathered to perform consensus and update La-
grangian multipliers. Due to the differences in local
optimization time and the delay in computation and
network transmission, all the worker nodes must wait
for the slowest one to run the next iteration.

We exploit the redundancy of the BA problem
and propose to perform partial consensus to fully use
available computation resources. The partial consen-
sus is performed on S local updates in each iteration,
where 1 ≤ S ≤ K. Let the updates from the S local
blocks be {ks} and 1 ≤ s ≤ S. The consensus step
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Algorithm 1 Processing in worker node k
1: repeat
2: wait
3: until receive block data from the master node
4: repeat
5: update xk as Eq. (4)
6: send updated xk to the master node
7: repeat
8: wait
9: until receive updated yk and x̄k from the master node

10: until the master node terminates

in Eq. (5) becomes

x̄ =
1

S

S∑

s=1

(
xks +

yks

ρ

)
, (7)

where xks represents the parameters from local
worker ks, yks is the corresponding Lagrange mul-
tiplier, and ρ is the penalty factor. When S = K,

the partial consensus degenerates to the synchronous
version. The yks/ρ term will be canceled when all
the local blocks participate in the consensus; then
it will be the same as Eq. (5). Therefore, the syn-
chronous consensus can be regarded as a special case
of partial consensus.

The processing in the master node is shown in
Algorithm 2. In each iteration, the master node
waits until S local updates are received. The consen-
sus value is computed according to Eq. (7). Then,
the Lagrangian y is updated and sent back to local
worker nodes together with the consensus value. The
processing in the worker nodes in partial consensus
is the same as that in the total consensus. Note that
we use the normalized number of iterations S/K to
record the iteration counts. When K worker nodes
are updated on average, the iteration count increases
by one. The count is meaningful for the different
numbers of local updates.

The local nodes may miss the consensus in

Algorithm 2 Processing in the master node
1: distribute block data to each worker node
2: initialize iteration count t = 0

3: repeat
4: repeat
5: wait
6: until receive local parameter update xt+1

k from all
worker nodes k ∈ {ks}

7: compute consensus x̄t+1 as Eq. (5)
8: update yt+1 as Eq. (6)
9: send yt+1

k and x̄t+1
k back to worker node k

10: t← t+ S/K

11: until t ≥ tθ
12: retrieve non-overlapping parameters from all workers

the master node if S < K. Therefore, setting a
maximum delay iteration τ can force the local up-
dates being merged into the consensus value and
0 ≤ τ < +∞. τ = 0 means that partial consensus is
not allowed and a large τ tolerates the long-time ab-
sence of local workers in consensus. It has a similar
effect to S, so we set τ to a relatively large value and
use S to control the degree of asynchronization.

The master iterations terminate when the max-
imum iteration count tθ = 20 is reached. The error
decreases fast in the first few iterations for consen-
sus methods. Choosing a larger tθ may result in a
smaller final error, but the differences are very small.
Therefore, it does not affect the final results about
the utility rate of worker nodes and the convergence
process.

The partial consensus in our framework is based
on the asynchronous ADMM algorithm. For the
analysis of convergence, He and Yuan (2012) gave a
proof of the O(1/t) convergence rate of the ADMM
method for convex problems, where t is the iteration
count. It can also be applied to the convex consen-
sus problem because the consensus framework is a
special case of ADMM. Zhang RL and Kwok (2014)
further proved that the convergence rate of the asyn-
chronous method is O(1t · K

S · κ) under the assump-
tion that the results of local subproblems come with
the same probability and f(x) is a convex function,
where κ is the average number of iterations for the
information of all worker nodes to be incorporated
in master nodes once.

However, this proof fails because the objec-
tive function in Eq. (1) is non-convex. Zhang RZ
et al. (2020) used the constructive proof technique to
show that CDBA would converge under some mild
assumptions about the representation of the cam-
era rotation and depth of projected points, which
guarantee the local Lipschitz-continuous property of
∇f(x) and are reasonable for practical SfM prob-
lems. Combining the convergence theorem in the
asynchronous consensus and the convergence of syn-
chronous CDBA, our partial consensus framework
for CDBA can be shown to converge to a local mini-
mum of Eq. (1).

For convergence rate analysis, existing works
(He and Yuan, 2012; Giselsson and Boyd, 2017; Boţ
and Csetnek, 2019) require f(x) at least be convex,
which is not satisfied in our case. Empirically, we
find that the cost in CDBA quickly decreases in the
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first few iterations and then converges sub-linearly.
The asynchronous consensus method has an addi-
tional factor Kκ/S compared with the synchronous
method (Zhang RL and Kwok, 2014), in which the
effect of the factor K/S is canceled out using the
normalized iteration count. Furthermore, the factor
κ is roughly equal to one because the consensus op-
eration in Eq. (7) is simple and fast. Therefore, the
convergence rate in terms of the number of iterations
for the asynchronous method is roughly equal to that
for the synchronous method. Because the optimiza-
tion computations in worker nodes are the same, our
partial consensus method works asynchronously to
reduce the waiting overhead and improve the con-
vergence speed.

4 Scene summarization based block
partitioning

4.1 Block partitioning in CDBA

The observations in local blocks of the K worker
nodes are {Ok}, where 1 ≤ k ≤ K and ∪K

k=1Ok = O.
Each observation oij corresponds to a reprojection
cost fe (ci,pj) that is computed using the camera pa-
rameter ci and point coordinates pj . Therefore, the
corresponding cameras and points must be present
in the same subproblem.

In CDBA, the information of different local
blocks is passed to each other with the overlap-
ping cameras and points being fused and broadcast.
The visibility graph G is a connected component
in a single scene. For local blocks, the condition
Ck1 ∩ Ck2 	= ∅ or Pk1 ∩ Pk2 	= ∅ is satisfied for at
least one pair of (k1, k2) and 1 ≤ k1, k2 ≤ K. The ac-
tual number of overlapping parameters Nol varies for
different block partitioning methods. The strategy
of partitioning the scene points and then performing
CC generally has the smallest number of Nol com-
pared with other strategies.

However, there are usually a large number of
scene points in BA problems. Directly perform-
ing normalized-cut (Shi and Malik, 2000) or bi-
clustering (Dhillon, 2001) consumes considerable
time because it is not trivial to perform the
eigendecomposition-based graph-cut. The visibil-
ity graph G is essentially a bipartite graph that has
connections only between camera vertices and point
vertices.

Merging vertices with identical visibility infor-
mation does not change the property of the original
graph, and can result in a more compact weighted
graph. Based on the idea, we slightly relax the con-
straints and merge vertices that have similar visibil-
ity. The partitioning of the original scene elements is
then recovered from the partitioning of the compact
graph and the grouping information.

Let the set of observations that are not covered
be O′. For each observation oij ∈ O′, ci and pj

are not in the same block. Assuming that ci is in
block {kc} and pj in block {kp}, each covered ob-
servation oij satisfies {kc} ∩ {kp} 	= ∅. To make
oij be covered, one option is to assign ci to one of
the blocks in {kp}, and the other option is to assign
pj to one of the blocks in {kc}. For oij ∈ O′, we
add overlapping points to cover oij when the points
are not in the largest block. Otherwise, the overlap-
ping cameras are assigned to the blocks where the
corresponding points are located. In this way, most
of the overlapping parameters are cameras and the
network transmission overhead can be kept at a low
level. The partitioned blocks are more uniform be-
cause the largest block does not grow in the process
of covering observations in O′.

4.2 Scene summarization

Our block partitioning method takes the
bottom-to-up approach, first summarizing similar
points and cameras and then cutting the graph
on the summarized graph to make the subsequent
graph-cut computation more efficient (Fig. 2).

By adding edges to or removing edges from
the original visibility graph G=(C,P, V ), the mod-
ified graph G′ = (C,P, V ′) is obtained by finding
the vertices with identical visibility. The vertices
are then merged to obtain the summarized graph

Original Summarized

Camera Point

Fig. 2 Illustration of our scene summarization based
joint block partitioning method
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GM = (CM, PM, VM). If vertices with similar but
not identical visibility are merged, GA will lose some
information on the original visibility graph.

The notion of the additional graph GA =

(C,P, VA) (Feng et al., 2012) is introduced to keep
track of the modified edges from G to G′. GA, G, and
G′ have the same vertices by definition. All of the
edges in GA are initialized as zeros, vAij = 0. Then
the edge in GA is set to vAij = 1 if an edge is re-
moved from G or set to vAij = −1 if the edge is added
to G. GA can be used to recover G with recovery
function fr, where fr (GM, GA) = G. In our case,
fr is the element-wise addition operation for the two
visibility matrices.

The scene summarization step is formulated to
minimize the following objective function:

g(GM) = fc (GM) + wafa (GA) , (8)

where the summarization cost fc (GM) is propor-
tional to the time for performing the subsequent
eigendecomposition step and the additional graph
cost fa (GA) corresponds to the information loss.
Both fc and fa are computed as the number of edges
in the graph, fc (G) = fa (G) =

∑

i,j

|vij |. The weight

factor wa = 1 controls the degree of summarization.
Merging the points and cameras that have the

same visibility is favorable because the operation
reduces only the summarization cost fc(GM) and
leaves the additional graph cost fa(GA) unchanged.
However, due to the sparsity of detected feature
points and the noise in feature matching, the visibil-
ity information is usually disturbed and points with
many visible images can hardly have identical visibil-
ity. Therefore, we relax the constraints and compute
vertices similarity based on their visibility informa-
tion. Let V (n) denote the set of linking neighbors of
vertex n in a bipartite graph. The similarity of two
nodes n1 and n2 is defined as the intersection-over-
union (IoU) of the set of visible vertices:

fs (n1, n2) =
V (n1) ∩ V (n2)

V (n1) ∪ V (n2)
, (9)

where 0 ≤ fs (n1, n2) ≤ 1. The two vertices with
similarities fs above the threshold sθ = 0.5 are
merged.

Vertices in the bipartite graph are the cameras
or the 3D points in the context of the BA prob-
lem. The adjacency information in the 3D space

can be used to find similar vertices to reduce the
candidates for similarity computation. We use the
k-dimensional tree model to find the neighbor 3D
points and use the camera’s position and viewing
angle to find neighbor cameras. Points and cameras
that meet the requirements are merged as long as the
cost is monotonously decreasing. Our method can be
regarded as a bipartite graph summarization proce-
dure in which scene information is also used. The
candidate neighbors are found based on scene infor-
mation and the similarity score is computed only for
neighbor vertices.

A compact bipartite graph GM is obtained af-
ter the scene summarization step. The vertices are
the summarized cameras and points, and the weight
of each edge is the product of the number of ele-
ments included. Biclustering is performed on GM to
simultaneously cluster cameras and points to obtain
a non-overlapping partition that will not cover all
observations. Then the clustering information can
be easily propagated to G′ to obtain the clustering
results of the original vertices.

5 Experimental results

5.1 Settings

In this section, we evaluate our method with ex-
isting methods on the public BAL (Bundle Adjust-
ment in the Large) datasets. Example applications
of large-scale SfM with DBA for multi-view recon-
struction of cultural relics are also presented.

Our method runs on a distributed system with
five workstations that have the same configurations.
Each workstation has a 2.40 GHz E5-2360 CPU with
32 cores and 64 GB memory. The operating system
(OS) is the 64-bit Linux OS. They are connected
using a star topology, in which the workstation in
the center runs the master node and multiple worker
nodes can be assigned to each computer. Note that
we also assign worker nodes to the center worksta-
tion because the consensus operation is simple and
fast. The actual network transmission rate is about
10 MB/s in our experiments.

The local optimization and block partitioning
modules are written in C++. The two modules
are wrapped in the framework implemented us-
ing Python. Local subproblems are solved using
Google’s Ceres Solver (Agarwal and Mierle, 2012).
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The network data transmission is directly based on
network sockets. Each worker node runs as a sepa-
rate server and waits for the master node’s data and
instructions.

The workstations also serve as remote workers
for feature matching and dense stereo in the practi-
cal distributed multi-view 3D reconstruction system.
Therefore, network data transmission and computa-
tion may be delayed. To experiment in a controlled
environment, we assume that the delay is propor-
tional to the actual processing time with a delay
factor γ = 1 and occurs randomly with a probability
factor η = 0.2.

5.2 Results

The experiments are conducted on the BAL
public datasets (Agarwal et al., 2010) and our cul-
tural heritage (CH) datasets. The statistics of the
two datasets are shown in Table 1. The images in
BAL are collected from the Internet photo-sharing
site, Flickr, and the sparse scene model is recon-
structed using the skeleton method (Snavely et al.,
2008). In the skeleton method, all images are di-
vided into a skeleton image set and a leaf image set
and then reconstructed in turn. BA serves in the
final optimization step to refine camera parameters
and 3D point coordinates. The BAL dataset pro-
vides the camera parameters and point parameters
before optimization, as well as the visibility informa-
tion and 2D observations.

Also, we integrate our method into the state-
of-the-art SfM pipeline. We capture the images of
our CH dataset using the digital single lens reflex
(DSLR) camera in the Yungang Grottoes, the an-
cient Chinese Buddhist temple grottoes in Shanxi
Province, China. For the yg_cave3 dataset, we use
incremental SfM and start DBA when the number
of images mθ > 3500. For the larger yg_cave12

Table 1 Statistics of the public BAL and our CH
datasets

Dataset m n (×105) No (×106)

BAL

trafalgar 257 0.65 0.23
ladybug 1723 1.57 0.68
venice 1778 9.94 5.00
final 13 682 44.60 28.99

CH
yg_cave3 4217 22.80 25.21
yg_cave12 13 453 50.30 34.74

m: number of images; n: number of 3D points; No: number
of 2D observations

dataset, the hierarchical SfM is performed. Both of
the incremental and hierarchical SfM pipelines are
implemented in Colmap software.

To examine the relationship between the utiliza-
tion rate of the worker nodes and the partial barrier
S, we visualize the workload of all the computing
nodes. The experiment is performed on the ladybug
dataset. For easy illustration, we set the number of
local blocks K = 8. In this case, there are eight
worker nodes (W0–W7) and one master node (M).
Fig. 3 shows how the workload of the computing
nodes changes with the asynchronous parameter S.
On the workload graph, we use two different colors
to indicate the time taken for data transfer and for
local optimization. In the row corresponding to the
master node, black blocks represent the time for the
consensus. The vertical red lines represent the time
to start the consensus, and each consensus requires
at least S worker nodes perform local optimization.

When S = K = 8, the asynchronous method
degenerates to the existing synchronous method, in
which all nodes must wait for the slowest node. S = 6

means that there can be two slowest nodes deferred
to the next iteration. For example, worker nodes W4
and W7 are not required to participate in the third
consensus, and the consensuses for the two nodes are
deferred to later iterations. Other nodes can send the
optimized parameters to the master node immedi-
ately without waiting for the two slower nodes. How-
ever, when there are more than two slower nodes, the
waiting still happens as before the second consensus.
Continuing lowering S results in less time for nodes
to be idly waiting. A small asynchronous parameter
S close to one will keep all worker nodes busy when
the consensus is fast.

The experiment in Fig. 4 shows how existing
methods, iterative bandwidth reduction procedure
(IBRP) (Lu et al., 2019), CPC (Liu et al., 2019), CC
(Zhang RZ et al., 2020), and PC (Eriksson et al.,
2016), as well as our method with different S, con-
verge in terms of the running time. For the four ref-
erence methods, CPC balances cameras and points
in block partitioning and is faster than the other
three methods. When S = K, our method degen-
erates to synchronous processing. The convergence
rate of our method is close to that of CPC because
joint partitioning is also performed in our method,
and the local space adjacency information is incor-
porated in the partitioning step. Using the partial
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Fig. 3 Workload of the computing nodes in our asynchronous CDBA method: (a) S = 8; (b) S = 6; (c) S = 4;
(d) S = 2; (e) S = 1

The experiment is run on the ladybug dataset with K = 8. References to color refer to the online version of this figure
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Fig. 4 Comparison of the convergence speed for dif-
ferent DBA methods with K = 16

References to color refer to the online version of this figure

barrier and setting a smaller S may further improve
the convergence speed. For S ≥ K/2, a smaller S

leads to a higher convergence speed though the con-
vergence curve is less smooth in the local area.

The utilization rate can be substantially im-
proved with partial consensus. However, an ex-
tremely low S may result in worse results. The rea-
son is that in each consensus of the asynchronous
method, only overlapping parameters from the S

subproblems are fused. When S is too small, the
consensus value will be biased to the bad value of

some local parameters and is hard to recover in the
subsequent local nonlinear optimization. A large S

can succeed because of the large amount of redun-
dancy in the BA problem. In theory, the coordinates
of a 3D point can be determined by two viewing cam-
eras. In BA, however, there are usually more cameras
seeing the same 3D point. The iterative process still
converges when S is properly chosen though there
are some local disturbances.

Table 2 shows that the worker node utilization
rate u is close to those of existing synchronous meth-
ods. We compare the results of different DBA meth-
ods that run in the same period. The datasets with
a larger partition number K have a lower u because
more worker nodes are more likely to have delayed
nodes. The running time is set to 10t̄, and all the
methods have the same running time. The mean
reprojection error e of our asynchronous method is
lower than those of the synchronous methods. Fur-
ther reduction of S will increase the utilization rate,
but the convergence performance is worse as sug-
gested by Fig. 4.

Fig. 5 shows the influence of the number of
worker nodes. As the number of nodes increases, the
computation time and waiting overhead decrease.
However, due to the time required for initializing the
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Table 2 Comparison of our method with existing methods

Dataset K t̄BA (s) t̄ (s)
Utilization rate Mean reprojection error (pixel)

Ours CPC CC PC IBRP Ours CPC CC PC IBRP

trafalgar 8 1.4 0.45 0.82 0.36 0.35 0.38 0.38 0.62 0.75 0.81 0.79 0.77
ladybug 16 4.9 0.64 0.71 0.36 0.35 0.36 0.34 0.78 0.88 0.91 0.89 0.90
venice 16 31 2.60 0.53 0.23 0.20 0.18 0.22 0.81 0.85 0.96 0.95 0.91
final 64 179 4.30 0.55 0.33 0.28 0.24 0.34 1.02 1.25 1.18 1.14 1.14
yg_cave3 64 159 3.80 0.63 0.36 0.35 0.43 0.39 1.81 1.90 2.04 1.98 1.94
yg_cave12 128 265 3.00 0.55 0.35 0.32 0.31 0.35 1.83 1.99 1.94 2.05 1.92

K: number of worker nodes; t̄BA: average time for running one iteration of the conventional BA solver; t̄: average time for
running one iteration of our method

Number of worker nodes, K
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Fig. 5 Computation time and waiting overhead with
different numbers of worker nodes
When S = K, our method runs synchronously. We set
S = K/2 to perform asynchronous processing for our method
(When K = 1, S = 1, as S ≥ 1)

local updates and the data transmission, the per-
formance improvement will be less significant for a
larger number of worker nodes. Compared with syn-
chronous processing, using the partial barrier to per-
form asynchronous consensus requires similar com-
puting time, but the waiting overhead is much less.

In DBA, an additional block partitioning step
is introduced, which does not exist in the conven-
tional BA method. Our block partitioning method
summarizes the scene before performing bicluster-
ing. We compare the block partitioning with or
without scene summarization (SS). Let t′bc and tbc
represent the time of biclustering-based block parti-
tioning with and without SS, respectively. The total
time required for our partitioning method is recorded
as tssbp.

Table 3 shows the comparison on the BAL
datasets. With SS, the time required for bicluster-
ing can be greatly reduced. The computation time
t′bc roughly equals the iteration time of consensus
computation, and the method without SS takes
about 10 iterations.

Fig. 6 visualizes the results of SfM reconstruc-
tions of the two scenes in the CH datasets. For the
yg_cave12 dataset, DBA is performed as the final
optimization step in the hierarchical SfM pipeline.
The global BA is executed 61 times and about 4 min
is saved each time compared with the conventional
BA solvers.

Table 3 Comparison of block partitioning time with
and without scene summarization

Dataset tbc (s) tssbp (s) t′bc (s)

trafalgar 1.2 0.46 0.35
ladybug 4.3 0.47 0.31
venice 53 3.4 2.2
final 92 4.5 2.4
yg_cave3 80 4.2 1.8
yg_cave12 175 7.9 3.8

(a)

(b)

Fig. 6 Visualization of SfM results with our method
as the global BA solver: (a) yg_cave3; (b) yg_cave12
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6 Conclusions and future work

This study explores to reduce the additional
overhead in consensus processing and block parti-
tioning to improve the efficiency of CDBA. We an-
alyze the asynchronous consensus method for DBA
and introduce the partial barrier based method to
improve the worker node utilization rate. Moreover,
using the bipartite graph summarization framework,
we propose an efficient scene-summarization method
for block partitioning. Experiments show that our
method outperforms existing methods in terms of
the worker node utilization rate and convergence
speed. Also, the applications in large-scale heritage
reconstruction show that our method can be readily
plugged into the modern SfM pipeline.

In the future, we hope to experiment on larger
datasets to further exploit the potential of the
proposed method. Besides, we plan to design center-
less architectures to make the consensus computa-
tion more robust under extreme network conditions.
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