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Abstract: In this study, the complete synchronization problem of coupled delayed Boolean networks (CDBNs) is

investigated. The state delays and output delays may not be equal, and the state delay in each Boolean network may

be different in the proposed CDBN model. Based on the semi-tensor product of matrices, a necessary and sufficient

condition for the complete synchronization of CDBNs is obtained. Then, an efficient algorithm for solving the

synchronization of CDBNs is provided. Finally, numerical examples are presented to demonstrate the effectiveness

of our algorithm.
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1 Introduction

Since Kauffman (1969) first introduced Boolean
networks (BNs), they have been used extensively in
modeling nonlinear and complex biological systems
(Shmulevich et al., 2003; Richardson, 2005; Cheng
and Qi, 2010). In a BN, each node’s state is described
by a binary variable, i.e., 1 (ON) or 0 (OFF). Each
node updates its state based on the states of other
nodes and the Boolean function (Heidel et al., 2003).
BNs are quite significant in that they can not only be
used in biological systems, but also provide a detailed
description of the behavior in many other systems
(Heidel et al., 2003; Zou and Zhu, 2014; Kobayashi
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and Hiraishi, 2017; Meng et al., 2018).

Recently, Cheng and Qi (2010) proposed the
semi-tensor product (STP) of matrices, which has
been applied to BNs successfully. Using the STP,
the unique algebraic framework of BNs can be con-
structed and the BNs can be transformed into an
equivalent discrete dynamical system (Cheng et al.,
2011). Based on the STP technique, many basic
problems concerning BNs have been studied, such as
stabilization (Guo et al., 2015; Li YY et al., 2018a;
Liu RJ et al., 2018; Lu et al., 2018; Zhu SY et al.,
2018, 2019; Li BW et al., 2019a; Huang et al., 2020;
Sun et al., 2020; Zhong et al., 2020), synchroniza-
tion (Heidel et al., 2003; Li R and Chu, 2012; Liu Y
et al., 2016; Li YY, 2017; Zhong et al., 2017; Li YY
et al., 2018b; Yang et al., 2019, 2020), optimal con-
trol (Wu and Shen, 2018; Zhu QX et al., 2018; Zhong
et al., 2019; Zhu SY et al., 2019), controllability and
observability (Laschov et al., 2013; Zhu QX et al.,
2019), output tracking (Liu Y et al., 2017; Li YY
et al., 2019), fault detection (Fornasini and Valcher,
2015), and robust invariant set of BNs (Tong et al.,
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2018; Li BW et al., 2019b, 2019¢).

One of the goals of studying nonlinear systems is
to understand how collective behavior, such as syn-
chronization and consensus, emerges in networked
systems. Recently, synchronization of BNs has been
studied extensively because of its wide applications
in chemistry, economy, biology, and so on. Many in-
teresting synchronization problems of BNs have been
studied (Li R and Chu, 2012; Liu Y et al., 2016; Li
YY, 2017; Yang et al., 2019). In Li R and Chu (2012),
the complete synchronization of drive-response BNs
without time delay has been studied.

In the real world, time delays are unavoidable
and should be considered in BNs. In Zhong et al.
(2014), the complete synchronization of coupled de-
layed Boolean networks (CDBNs) was investigated.
In Liu RJ et al. (2018), a feedback controller was de-
signed to realize the stabilization of BNs with state
delay. However, it can be found that the models
in Zhong et al. (2014) require a condition that the
time delays between different nodes in different BNs
need to be the same. In fact, time delays in message
transmission between different nodes and BNs can
be distinctive in many real-world systems. More-
over, the different output delays should be consid-
ered in CDBNs. Motivated by the above discussion,
a complete synchronization of the coupled BNs with
arbitrary finite delays is investigated. Based on the
theory of STP, a necessary and sufficient criterion
for the complete synchronization of the CDBNSs is
obtained. The contributions of this study can be
listed as follows:

1. In contrast to previous works, the restriction
that the output and state delays are equal is removed
in our model. Furthermore, we do not require the
assumption that the state delays in each BNs are
equal.

2. A necessary and suflicient criterion is given for
the complete synchronization of the proposed general
BN model.

3. An efficient algorithm is proposed to verify
the synchronization condition of CDBNs.

2 Preliminaries
2.1 Concepts and basic notations

To analyze the synchronization of CDBNs, we
first introduce the STP of matrices. Let ® denote

the Kronecker product of matrices and I denote the
identity matrix.

Definition 1 (Cheng et al., 2011) The STP of two
matrices Cpq (p rows and ¢ columns) and D, (m
rows and n columns) is

CxD= (C@Ie/q)(D®Ie/m)7

where e is the least common multiple of ¢ and m.

Based on the definition of STP, we can know
that the general matrix product is just a special case
of the STP when ¢ = m. Hence, we will omit “x” for
convenience in the following if no confusion is caused.
Some symbols are presented as follows:

1. For a matrix F with p rows and ¢ columns,
we define that Coly(F) is the k™" column of F and
Col(F) := {Coli(F) : 1 < k < q}.

2. I}, is an identity matrix with k& rows and k
columns. We define that 8, = Col;(I}) and Ay :=
{60 :1<i<k}

3. For convenience, we express F' = [6;1, 6;2,
o O] € Loy as F = 8y[ir,ia, ... ig)-

4. We define @,, as §920{1,2" 4+ 2,...,(2" - 2) -
2" 4 2m — 1,221},

5. Wi, p) is used to represent the swap matrix.
Label Wi, 4’s columns by (11,12, ..., 1b, ..., al, a2,
..., ab) and itsrows by (11, 21, ..., al, ..., 1b,2b, ...,
ab). Then its element in position ((M, N), (m,n)) is
assigned as

1, M =mand N =n,

_ SM,N _
W(M,N),(m,n) = 6”%” B { 0, otherwise.

6. We use vectors 8 and 63 to denote the
Boolean variables 1 and 0. The Boolean function
f:{1,0}™ — {1,0} can be considered as a mapping
from Ay to As.

The STP of matrices has many good properties
(Cheng et al., 2011) and we list some of them, which
will be used in the following;:

1.Ifo € A, for any matrix A, o x A= (I, ®
A)x o.

2.If o € Ayn, then we can obtain o x o0 = @,,0.

3. We call Ed = 42[1, 2, 1, 2] the dummy matrix.
Then, we have Edzy = y, Va,y € As,.

4.1f ¢1 € Ay, and @2 € A, then Wi, (2 ¥
¢1) = ¢1 X ¢a. For convenience, we use Wy, to
denote W/, ;).

Lemma 1 (Cheng et al., 2011) Let h: A} — A,
be a Boolean function and H C L549n» the structure
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o,) € AY,
X O

matrix of h. Then, for every (o1, 09, ...,
hoi,02,...,0,) =H X 01 X 03 X ..

2.2 Problem formulation

The objective of this study is to give the nec-
essary and sufficient condition of synchronization of
the following system:

Xi(t+1) = fi (Xt —7/), X3t —77),...,
XN(t—T ), Yi(t — aq),
(t—ag), YM(t—a]\/[))

Y5(t) = hy (X0, X2(0),..., XV (1)

(1)
where Xl € A, means the state of the *" node of the
7 BN and Y; means the output of the 5" BN. Both
f; and h; are Boolean functions (j = 1,2,...,M
and ¢ = 1,2,...,N); ap (I =1,2,...,M) and 7_]1;
(k = 1,2,...,N) are arbitrary integers, denoting
output delays and state delays, respectively. Denote
X;(t) = xi 1X’“( ), which represents the state of
the j** BN.
Definition 2 The array of BNs (1) is said to
realize complete synchronization if for any initial

states X;(—7), X;(-7+ 1), ..., X;(-1), X;(0) €

Agn,j=1,2,..., M, there exists a positive integer
T such that V¢t > T, X;(¢t) = X;(t) holds for any
1<i,j< M.

3 Main results
3.1 A simplified model

Before we discuss the complete synchronization
criterion for system (1), an easier model

X;(t—F 1) = f; (le(t - Tl),XJZ(t - 7'2),. cey
XjN(t - TN>,Yi(t>,Yé(t)7 e ,YM(t)) ,
Yj(t) = h; (X} (1), X2 (t),..., XV(1)),

(2)
will be studied first, in which the time delay between
the i'h (i = 1,2,...,N) and j* (j = 1,2,..., M)
nodes in each Boolean network is the same and sat-
isfies the condition 7 < 7 < ...
the output delays do not exist in system (2).

Let F/ and Hj be the structure matrices of f;
and hj, respectively. Define

Y () = L, Ya(t).

< 7n. Moreover,

In the following, some useful lemmas for system (2)
are given.

Lemma 2 Let up, = Ed _kW[ngka]Edk_l

Then
X]k(t — 7)) = up X, (t — 7).
The proof is given in Appendix A.
Lemma 3 Let M} = Flu, {xN o (Toe-nn @ug) }
and X;(t) = x2_, X;(t — 7). It holds that
Xi(t+1) = MIX; ()Y (1).

The proof is given in Appendix B.
Let

M; = Myl {Kf\;Q [(Tyn2i0r @ M ) X Pz}
Based on Lemmas 2 and 3, we have
X, +1) =<y (MIXG (Y (1))
_Ml{lxz o[(Iyn2 e @ M ) X Do)}
x X;(1)Y (t)
=M, X;(1)Y (1),
(3)
Letting H = ®M H, we can obtain
= (Hy xy XT(t) @ (Ho xply X5(t) ®
® (Hu <32y X7(1))
=(H1X1(t) ®@ (HX2(t)) ®
® (Hpr Xnr(t))
:(®§\11Hj) (D(IiV[Zle(t))
=H x}L, X;(t).

Y (t)

(4)
Hence, BN (2) can be described as algebraic repre-
sentations (3) and (4). Denote

W =Wigs pavey ¢ (o (B @Wigas 52 )01}

P= P1>< { I @Pjyq},
I= xj'vzol (Ig(fjﬂ)MN®EdMN(Tj+1frj71)> ’
where P, = ijizl (Izjzv<X>W[2N)2]~(N7qw])7 g =

1,2,...,.N—1,and 1o = 0.
Lemma 4  For system (2), the following equality
holds:

D(;-VilXj(t 4+ 1)

:(®§Vi1 Mj)WH(IQJWN ®P>

) I (<02 X5(t— k).
The proof is given in Appendix C.
Theorem 1 System (2) realizes synchronization if
and only if there exists a positive integer d satisfying

<z‘—1><2MN—1>}

d—1 i . —
Col(Q? )g{égw.pi_w N
(5)
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where dy = min{m :m >1,QNR™ 1 =QN" 1 n>
m}, 1 < d < dy, Q = (®;‘\4:1Mj)WH(IQJVIN
®P)I, 2 = QW[2JVINTN72MNTN+1]¢]\/[N7—N, and 1 =
1,2,...,2N.
Proof First, let us show the necessity.

Let

V(t) =¥, (XM, X5t — k),
Q = QW[2]V1NTN )2JVINTN+1]¢]\/[NTN7

Q = (@M, M;)WH (I,u~n®P)I.
Then, Lemma 4 implies
ity Xi(t+1) = QV (). (6)
Furthermore, it holds that

V(t+1) =x¥ (3L X;(t+1—k))
=QV ()x¥, (x M X;(t+1—k))
:QW[2MNTN’2MN(TN+1)] ([X;'VilXj(t))
). (L Xt =T+ 1) V(1)
:QW[QIWNTN721WNTN+1]¢MN7—NV(t)
=NV (t).
Hence, we have
L X () = Q2T (<L X (=) -
If system (2) realizes complete synchronization, then
for any initial values X;(0), X;(-1), ..., X;(—7n),
7 = 1,2,..., M, there exists a positive integer d
such that X;(d) = X,(d), V1 <4,5 < M. Assume
X;(d) = d5n, where 1 <7 < 2N 1< j < M. Then,
we have
QN (w3, X;(0)) (xjL, X;(-1))
X ... (KjﬂilXj(—TN» = I><J]\11X7(d)

:651\7 D<5£N IX(S;N I><...I><5£N

= 65;11\77 (7>
—1)(2MN —1
Whereprzl—k(r 2)15_1 )
Since Kjﬂ/ilXj(O), D(;—VilXj(—l), coay

x3L, X j(—7n) are arbitrarily given, Eq. (7)
implies

Col(Q2"")C {555&41\1 :pi:1+W} 7

2N —1
(8)
where i = 1,2,...,2V.
Assume d is the smallest positive integer sat-

isfying Eq. (8). Next, we shall prove 1 < d < dy

by the contradiction method. Suppose d > dy.
Qnd0+i — Q.Qdo_l}
and there exists a positive constant [ satisfying
QQZ71 = QQ‘iil, do —1<1—-1<dy+sg—1.
That is to say,

Denote sy = min{i > 0 :

Col{Q0% "'} = Col{Qn% 0}
C Col{QN'71} C Col{QN%~1}.

Hence, we have

Col{QN%~1} = Col{QN%*s0}
= Col{Q2'"'} = Col{QN"},
which contradicts with the minimum of d. Therefore,
we can conclude that 1 < d < dj.
Next, let us show the sufficiency.
Assume there is a positive integer d satisfying
Eq. (5). It follows from Col(Q£2¢~1) C {JSLN :

—1)(2MN 1
o= 14 U 2)J(V : ),i:1,2,...,2N}and

Col{Q'71} C Col{QN2¢71} (t > d) that

(i-1)(2"N —1)
2N 1 }
(9)

For any X;(0), X,(-1),...,
Xi(—m~), j = 1,2,..., M, there exists a positive

COl(QQd_l) - {55}'\“, pi=1+

where i =1,2,...,2"V.
initial values
integer T satisfying 1 <7 < 2% and

'ij\ilXj (t) :(SSEN = 5;\7 5;\7 cee 5;\7.

(r— 1M -~ 1)
2N —1

Notice that p = 1+

implies

, which

X,;(t)=85n,Vt >d, 1 <j< M.

Hence, we can obtain that for any initial values
XJ(0)7 X](_l)’ s X](_TN)a .7 = 17 27 ) M7 and
Vi >d,

X1(t)=Xa(t) = ... = Xpm(t) = 8n.
3.2 Algorithm for solving system (1)

In this subsection, we consider the synchroniza-
tion of system (1). According to Theorem 1, we know
that the synchronization of system (2) is decided by
matrices Q and §2. Due to the complexity of sys-
tem (1), it is hard to give the explicit expression of
matrices @ and §2 corresponding to system (1). In
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the following, specific steps will be taken to construct
matrices Q and §2 of system (1).
Step 1: Obtain the algebraic representation of

system (1).
Let
Y (t) = sl Yi(t — o)
and
T(j1) —mln{ T J27...77'JN},
oy — iz
T(j2) 1§i§1£§NmaX{T T T
T(j3):1§i1<nilgh<li3§NmaX{T , ;2,7';3 » (10)
T(jN) = max{7; T f,...ﬁjN}.
Denote M; = F]?ul {[XkZQ(I2(k—1)N®uk)}, where
up = EdV Wy v yEd*! Tt follows from
Lemma 2 that

Xi(t+1)=F {xY X3t —5)} Y (1)
= Fluy {xpo (Lo~ @ug) }
) N Xt -7} Y (%)
=M {xY Xt -5} Y (1)
According to properties 1-4 of STP, we can
change the form of X/(t 4 1).
Xi(t 4 1) can be rewritten as

The expression of

MEX(t = 7(51)) X (t = 7(j2)) - - X (= 75m)) Y (1),
(11)
where MZ is determined by T ]7 ]2, e ,T(Nil),TJN

; .
Let M MI{D(,L:2[I2N2+M ®M)I><¢N2+M:|}
and X (t) = x3_, X (t — 7(jx))- Hence,

X;(t+1) :{M; N X(t— T(jk))ff(t)}
X {Mf )N X(t— T(jk))ff(t)} .
X {M]N N X (t— T(jk))?(t)}
—Ml{ i=2 |:(I2N2+M ® Mj)

X ¢N2+M:| } Xy X;(t— T(jk))?(t)

=M;X;t)Y (t).
(12)
For the output of the BNs, let H = ®jj\i1Hj. We
can derive

Y (t) = H x}L, X;(t). (13)

Therefore, the algebraic representation of system (1)
can be described by Eqs. (12) and (13).

Step  2: Obtain the expression of
}JL (KGWOY W) wsing <Gy (<) X (0~ b))
and Y (¢).

First, the algebraic representation of system (1)
implies

) X5(t+1) = (@), M) [x L, (X507 ()]
(14)
Note that
5(\1(75) =X1(t — 111)) X1(t — T(12))
X (t = Tany)s
5(\2(75) =X (t — 1(21)) Xa2(t — T(22))
- Xo(t = T2n))s (15)
X\M(t) =Xn(t — T(Ml))XM(t — T(MQ))
Xt — T(MN))'

Since 7j1, Tj2, . . ., T;N are arbitrary integers, it is pos-

sible that
Xi(t = 7ig)) = Xilt = T(i(q+1)))
=...=X;(t- T(i(q+k)))'
In fact, if there are two terms X;(t — 7;;,)) =

Xi(t — 7(ij,)), we need to make sure that there is no
identical item on the right-hand side of each equa-
tion in Eq. (15). Then, based on properties 1-4 of
STP, Eq. (15) can be transformed into

X\() Ale(t_¢(11))X1(t—¢(12))
Xl( — daNy));
X\z(t) Xo(t — d(21)) Xa(t — d(22))
X2(t P2Ns))5
Xu(t) = Ay Xar(t — b)) Xm (t — d(arz))
X (t = PN

(16)

where (;S(ij) S {Til,nz, R 77'1'N}7 ¢(il) < (;5(1'2) <
- < @@nyy, and @ = 1,2,..., M. In addition, A;
can be derived from 7j1,7j2,..., TN
For example, equation

Xi(t)=X(t—- )X (t—3)Xa(t—1)  (17)
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is transformed into

Xi(t) =Xu1(t — 1)Wipm X1 (t — 1) X3 (t — 3)
=(Iyn ® W[QN])@NXl(t — 1)X1(t — 3)
=A; X (t—1)X41(t —3),

where A1 = (Ioy ® W[QN])QSN.
For the convenience of subsequent calculations,

based on properties 1-4 of STP, we can transform
Eq. (16) to the following equivalent equations:

X1 (t) = Dy %o Xa(t— k),
fg(t) =D, [X;;ZO Xg(t — /C)7
(18)

X\N[(t) = Dy D(;ZO X]V[(t — k),

where Tm — max{¢(1Nl),¢(2N2),...,QS(MNM),al,
ag,...,anm} and Dj; (j = 1,2,...,M) are ob-
tained based on ¢;1), P2y, -5 PN,y and T
Let Xp(t) = x,Xp(t —s), D = Dy xM,
{Igk=1)N(rm+1) @ D)} . According to Eq. (18), we
can obtain

and
D(g/lzlj.(\k(t) :lel(t)DQng(t) A, DMXVM(t)
:Dl(IzN(Tm+1) ® Dz)fl(t)fg(t)
x D3 X5(t)... Dy X (t)

=D, KLWZQ {(I2(k:71)N(‘rm+l) ® Dk)}
X X1(t)Xa(t) ... Xar(t)
=D x L, Xy (1)
(19)
Denote
W =W povey % oy | (Bone @ Wit puna) B | }
P = Pl(I21WN X 132) e (I2(-rm—1)IWN ® PTm),

where Pq = x;.vizl(Ing ® W[2N’2j(rm—q+1)N]),q =
1,2,...,Tm.
Lemma 5 For system (1), the following equality

holds:
<M {X;()Y (1)} = W (Iu ® DP)Y (1)
XM, (IX;-w:lXj(t —k)).

The proof is given in Appendix D.

Step 3: Obtain matrices @ and (2.
Note that Y (t) = Yi(t — a1)Ya(t — ag) ... X
Yu (t — anr), and it can be obtained that

Y (t) = {H1 X1 (t — o)} @ {HaXs(t — a2)}
® ... {Hy Xyt —am)}
={@}L 1 Hj} xily Xkt — ay)
=H x| Xp(t — ),

(20)

where H = ®§-V£1Hj.

Lemma 6 Let
R = I><2/I:1 (IQN(IW—IC) &® {W[2A1N(QM+17]€+1)7N,2N]

X (I2JVIN(QA4+1,1€+1)*N ® dsN)}) :

Then
Y (1) {30 X5 (0 = k)
=HRxM {xL, X;(t—k)}.

The proof is given in Appendix E.
Based on Lemmas 5 and 6, we have

M X ()Y (t) = W(I,y @ DP)HR

XM, (xj]‘ilXj(t —k)). @)

Egs. (14) and (21) imply

} 3L XG(t+1) = (@)L, M;)W (I,y ® DP)HR
)Mo ()35 X5 (t— k).
(22)
Let V(t) = x 1M (<L, X;(t — 5)). Eq. (22) implies

where

Q = (®L,M;)W (I,~ ® DP)HR. (23)

Hence, the relationship between V(¢ 4+ 1) and V (¢)
is as follows:
V(t+1) == (<32 X;(t +1-s))
=QV(t) [ijvil X;(t) [ijvil X;(t—1)
oL XG4+ 1 = Tar)
:QW[2JVIN(T]W)72MN(TM+1)] I><;-Vi1 Xj(t)
'Xj]\/il Xj(t — 1) . I><j]\/i1 Xj(f‘i‘ 1-— T]V[)
V(1)
:QW[QMN(TM)’2MN(7—M+1)]¢MN(TM)V(t).
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Therefore, we can obtain matrix §2 as

2 = QW[QMN(-,—M)’2MN(7—M+1)]¢MN(TM). (24)

This completes step 3 and matrices @ and 2 are
obtained as Egs. (23) and (24), respectively.

Step 4: Obtain the expression of x}1, X;(t 4 1)
with &7 (x M) X(—s)).

According to step 3, we have

)L XG(t+1) = QV (1),
V(t+1) =2V ().

Based on the results above, we have
)M X (E+1) = QN K1Y ( X3 Xj(—s)).

Based on the above discussion, an efficient al-
gorithm for constructing matrices @ and §2 of sys-
tem (1) and the expression of x 7, X;(t + 1) can be
summarized (Algorithm 1).

From Algorithm 1, matrices @ and {2 can be
obtained. Furthermore, we can judge the synchro-

nization of system (1) based on these two matrices.

Algorithm 1 Construction of @ and {2
1: Obtain the algebraic representation of the system
2: Obtain the expression of x!, (.Xj (t)Y(t)) with
)Mo (%L, X5(t — k) and Y (t)
3: Obtain matrices Q and 2

4: Obtain the expression
X (04 1) = QU2 T (2, X (—s))

Theorem 2 System synchronization occurs if and
only if there exists a positive integer d satisfying

. \(oMN _
COl(QQdil) - {65}\4N :pi:1+%_11>} ,

where dg = min{m :m >1,Q2™ 1 =QN" 1 n>
m}, 1 <d<dp,andi=1,2,...,2N.

The proofs of Theorems 1 and 2 are similar. So,
we omit that of Theorem 2 here.
Remark 1
and 2 is just the matrices @ and 2. According to
the proof of Theorem 1, it can be found that we may
obtain different dy for different matrices Q and §2.
Remark 2
lays are ubiquitous at the moment of information
exchange. It should be pointed out that in most

The difference between Theorems 1

In many real coupled BNs, time de-

previous works it is assumed that there are no time

delays in the BNs or that time delays between dif-
ferent nodes in different BNs need to be the same.
This requirement is removed in our model, meaning
that the results of this study are more general com-
pared with previous results (Zhong et al., 2014; Lu
et al., 2016; Liu Y et al., 2017; Liu RJ et al., 2018).
Furthermore, the unified framework is constructed
to analyze the delayed coupled BNs, which can be
seen as the extension of the method in Zhong et al.
(2014), Lu et al. (2016), Liu Y et al. (2017), and Liu
RJ et al. (2018). Using the framework proposed here
to analyze the delayed coupled Boolean networks,
we can further extend many previous results to more
general cases.

4 Numerical examples

In this section, we illustrate the effectiveness
of the proposed algorithm through two numerical
examples.

Example 1 Consider the CDBNs as follows:

X{(t+1) = (X{(t—1) A (Yi(t) V Ya(t)))
V (=Xt = 1) A= (Ya(t) = Ya(t))),
Xit+1)= (Xz}(t —2)A-(N(t) — Yg(t)))
V(=X3(t-1) A (Y1) V Ya(t))
Yi(t) = ~X{(t),
Ya(t) = X5 (1)

25

By some computations, the algebraic representaiim)l
of Eq. (25) is

Xi(t+1)=F X{(t - HY1(t)Ya(),

X3(t+1) = Fy X5(t — 2)Y1 (1) Ya(t),

Yi(t) = Hi X{(t),

Ya(t) = Ha X5 (1),
where

F! =6,[1,1,1,2,2,1,2,2],

[
F) =62[2,1,2,2,1,1,1,2],
Hl :62[271]7
H, =5,[2,1].

Matrices @Q and §2 can be computed based on Algo-
rithm 1 and we can obtain

QN° =Qu®
and

do=min{m :m>1,Q2" 1 =QN" ' n>m}=1.
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Then, we check whether there exists a positive in-
teger d satisfying 1 < d < 7 and Col(Q£2¢71) C
{8, i =1,i =4}. When d = 7, we can obtain by
computation that

Q25 =6,]4,4,4,4,4,4,4,4,4,4,4,4,4,4,4, 4,
1,1,1,1,4,1,4,1,1,1,1,1,1,1,1, 1

) ) ) ) ) ) ) ) )

1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1

) ) ) ) ) ) ) ) ) ) ) ) ) ) ) )

1,1,1,1,1,1,1,1,4,4,4,4,1,4,1,4].
Hence,
Col{Q°} C {64 :i=1,i=4}.

Thus, the system can realize synchronization accord-
ing to Theorem 2. The initial values are chosen
as X1(=2) = 83, Xo(-2) = 83, Xi(-1) = 43,
XQ(—l) = 6%, Xl(O) = 6%, and XQ(O) = 6% Fig. 1
shows the state evolution of CDBNs (25), where
X1(t) = Xs(t) is represented by 1 and X;(t) #
X (t) is represented by —1.

Label

.0
01234567 891011121314151617181920
Time (s)

Fig. 1 States of the system in Example 1

Example 2 Consider the CDBNs as follows:

Xi(t+1)=(Xi(t-1)VYi(t)) = (-Ya(1),
X5(t+1)=X3(t —2) & (Yi(t) T Ya(1))
Yi(t) = ~Xi(t),
Y>(t) = X5(t).
(26)
The algebraic representation of Eq. (26) can be ex-
pressed as follows:
{(t+1) = F{ X{(t — 1)Y1(t)Ya(t),
X3(t+1) = F; X3(t — 2)Y1(1)Ya(t),
Yi(t) = Hi X{ (1),
Ya(t) = Ha X5 (1),

2020 21(2):281-293

where

01,2,1,2,1,1,1],

) ) ) ) ) )

[

[ 71717171727272]7
H; =6,[2,1],

[1,2]

Matrices @Q and §2 can be computed based on Algo-
rithm 1. By computation, we can obtain

QN =Q"
and
do =min{m :m >1,QNR" ' =QN""',n>m} =5

Then, we need to check whether there exists a
positive integer d satisfying 1 < d < 5 and
Col(QN4Y) C {6} :i=1,i=4}.
If d =1, then
QN1 =5,(3,4,3,4,3,4,3,4,1,2,1,2,1,2,1,2,
1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,
4,3,4,3,4,3,4,3,4,3,4,3,4,3,4,3,
1,2,1,2,1,2,1,2,1,2,1,2,1,2, 1, 2].

) ) ) ) ) ) ) ) ) ) ) ) ) ) )

However,
Col{Q} ¢ {8} :i=1,i=4}.
If d = 2, then

QN =6,04,1,4,1,3,2,3,2,3,1,3,1,4,2,4,2,
3,1,3,1,4,2,4,2,3,1,3,1,4,2,4,2,
1,4,1,4,2,3,2,3,1,4,1,4,2,3,2,3,
1,1,1,1,2,2,2,2,1,1,1,1,2,2,2,2].

However,
Col{QN} ¢ {4 :i=1,i=14}.
If d = 3, then

QN =6,[1,1,1,1,1,4,1,4,4,3,4,3,1,1,1,1,
3,4,3,4,2,2,2,2,3,4,3,4,2,2,2,2,
1,1,1,1,1,4,1,4,1,1,1,1,1,4,1,4,
4,4,4,4,2,2,2,2,4,4,4,4,2,2,2,2].

However,

Col{Q2%} ¢ {8, :i=1,i=4]}.
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If d = 4, then

QN =8,01,4,1,4,1,4,1,4,1,3,1,3,1,4, 1,4,
4,2,4,2,1,2,1,2,4,2,4,2,1,2,1,2,
4,1,4,1,4,1,4,1,4,1,4,1,4,1,4,1,
1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2].

However,
Col{Q2°} ¢ {6} :i=1,i=4}.
If d = 5, then

QNI =5,04,1,4,1,1,2,1,2,1,4,1,4,4,2,4,2,
1,1,1,1,4,2,4,2,1,1,1,1,4,2,4,2,
1,4,1,4,2,1,2,1,1,4,1,4,2,1,2,1,
1,1,1,1,4,2,4,2,1,1,1,1,4,2,4,2].

However,
Col{Q2*} ¢ {5} :i=1,i=4}.

Therefore, there does not exist any positive in-
teger d satisfying 1 < d < 5 and Col(Q£2¢7!) C
{6} i = 1,i = 4}. Thus, the system cannot re-
alize synchronization according to Theorem 2. The
initial values of the system are chosen as X;(—2) =
6%7 X5(-2) = 6%7 Xi(-1) = 6%7 X5(-1) = 6%7
X1(0) = 62, and X5(0) = 63. Fig. 2 shows the state
evolution of CDBNs (26), where X;(t) = Xa(t) is
represented by 1 and X (t) # Xa(t) is represented
by —1. It can be seen from Fig. 2 that the system is
not synchronous.

Label

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Time (s)

Fig. 2 States of the system in Example 2

5 Conclusions and discussion

We have studied mainly complete synchroniza-
tion of CDBNs. We first converted the equations of
CDBNs into an algebraic form. Then a necessary
and sufficient criterion for the complete synchro-
nization of CDBNs has been presented. Note that
the model proposed in this study is more general

than those in previous studies. Furthermore, a

design algorithm has been provided to judge the

synchronization of CDBNs.  Finally, numerical

examples have been presented to demonstrate the
effectiveness of the algorithm.
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Appendix A: Proof of Lemma 2

It can be derived that
XN(t—7n) =EdV X}t — ) X3 (t — )
X ...ij-v(t—TN)

=EdV ' X;(t — 1v).
(A1)

Similarly, we can obtain

va_l(t —TN-1)
=EdXN(t—rv_) Xt —7vo)
=EdWp 5 X' (t —7n_1) XN (t — 7nv_1)
=EdW[, yEd" > X} (t — 7v_1)
X Xf(t —TN-1)--- XJN(t —TN-1)
=EdWjp 2 Ed" 2X;(t — n_1)

(A2)
and
le (t — ’7'1)
=Ed" ' X3t —m).. XNt —T)X}(t— 1)
:EdN_1W[2,2N—1] Kszl Xjk(t - 7'1)

:EdN71W[2)2N—1]Xj (t — 7'1).
(A3)

Let u, = EdekW[QQN%]Edk*l According
to Egs. (A1)—(A3), it can be summarized that

XF(t—7) = BV " Wip v BA" T X (E — 7
= ’U,ka(t — Tk).

Appendix B: Proof of Lemma 3

Let M; = Fjul{xjkvzz(IQ(kfl)N ®’Ltk)} and

jfj(t) = x#_, X;(t — 7). Then, we have

Xi(t+1)=F) xply XF(t—70) x5y Ya(t)

= Fj 5y {w X(t — )} Y (1)

= F_jiul(I2N ®u2)Xj(t — 7'1)Xj(t —T2)
Mg {ur X5 (t — 1)} Y (2)

= Fjiul {MQ:Q(IQ(IC—UN ® uk)}
Moy X;(t— )Y (#)

= MIX;(1)Y (t).

Appendix C: Proof of Lemma 4
Let

W =Wyu g2 % {xM
P = P11><

|:(I21W ®W[2M721»N2] )@M:| } R
{IQJMN ®PJ+1}

where P, = ijizl (IQjN & W[2N72j(N7q)N]), q =
1,2,...,N — 1. It holds that

L (XY (1))
=Wigu vy Y (X1 (8) Ly { XY (1)
ZW[2M,QNz]Y(t)WpM,QgNz]Y(t)

x X0 Xa(t) xiLs {Xu)Y (0) ]

()
[21\/1)21\72] i 2 |:<I2]\4 ® W[2M721N2]) @M}
% ¥ (1) xiLy Xi(t)
=WY (t) XL, Xi(t).
One can obtain from Eq. (3) that
LG4+ 1) = (@), My} <L, (XY (1) }-
(C2)

Hence, we have

)M XG(t+1) = (@M, M))WY (t) xM X,(t).
(C3)
Let Py = x}.; It holds

that

1(I21'N ® W[QN,QJ(N—I)N]).

ALy X(t)
=X (t = m){x Ly X1 (¢ — )} Xo(t — 1)

M N L X (=70} X g (=70 X s (E— 7)1}
=X (t—71)Wign sovn Xo(t—71) X L X (t—T73)

XN Xo(t — ) Xs(t — 1) XYy X3(t — 1)

Xt =) )N, Xt — )

=(Ian @ Wign gov-1n7) X1 (t = 71) Xa(t — 1)

X Wign gev-nn Xa(t — 71) XLy X1 (t — 73)

)Ny Xo(t — 1) XXy Xa(t — ) Xat — 1)

XN Xyt — 7). Xpr(t —71) Xy Xpr(t —13)
=(Ion @ Wign swv-1n))(Ta2n @ Wign gav-1)v))

X .o (Lyv-nn @ Wign, 2<M—1)<N—1>N])

|><}71€VI:1 Xk(t—ﬁ){xj»vi [ e 2X t—m; ]}
:Pl{xﬁle(t_Tl)}{'xj: (%X X;(t—7:))}. (C4)
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Similar to Eq. (C4), let P, = |><1Vi (Ipin ® According to Egs. (C8) and (C9), we have

W[2N)2j(N—2)N]). We have o M
D<j:1)(j(t + 1) :(®j:1Mj)WH(I21MN X P)

M N _
Xj=1 (}ite X(t = 73)) = x I (xj]‘ilXj(t—k)).
P, {Mﬁile(t - 7'2)} {K;'Vi1 [Kiv:?,Xj(t - TZ)](} :
C5) .

Similarly, let P, = ><M 1(I2]N @ Wign giv- q)N]) Appendix D: Proof of Lemma 5
q=12,...,N -1 Wehave Let

D(M N X t—1; =
{ Jj=1 [ i=3 ( T ]} W= W2M 982 {ng\iz |:(I21W ®W[2M721-N2])45M} } .

P3{D< 1 Xk t—T3}P4{D< Xk(t—7'4)}
X Pn_ 1{D<k 1Xk(t_TN 1 }{D( Xk(t—TN>} ThUS, we have
(C6) e o
Xj=1 (Xj(t)Y(t>> = W[2M,2N2]Y(t)Xl(t)
Let P = Py (IQZWN ®P2)(I22MN ®P3) R (I2(N—2)MN®
X Y
Px_1). According to Egs. (C4) and (C6), it holds Xiew { DY )}

that = [2M,2N2]?(t)W[gM,gzNﬂ?(t)X\l (H)Xa(t)
M Xk (t) =P, {xx 1 Xe(t—m1)} ... Pny A (XK1Y (1)}
M uly X(t = v—1) Ly Xt — 7n) =Wignr vy (Iovr @ Wigar gon2) ) @arY (1)
—Py(Lyun @ Py)(Iyawn © Py) ... « FO%alt) KL, { TP (1))

%4 (I2(N—2)Z\4N & PN—l) D<]ngzl Xk(t - 7—1)
MLy Xt —72) . 6Ly Xt — 7o) W M Tr 7% P

=P |><§.V:1 {kaZIXk(t — Tj)} . (07) - [iM,QNz] {M:Q [( oM & [2M,2iN2]) M}}
w Y (8) oLy Xi(t)

Based on Eq. (C3) and (C7), let 79 = 0. We have . o
=WY (t) x {1, Xp(t). (D1)

XML X (4 1) =9, M)WY ()P
|><§.V:1 {xiw 1 Xe(t—15)} According to Egs. (19) and (D1), we have

= (M MOWH(xM, X P = o N ~
(©:5 MW H (<21 X,(0) MK (0P (1)) = WP (D <M, X,(1). (D2)
ey {xhi Xt — 7)) s
=@M, M)W H (I,u~x ® P) i;[mllar to Egs. () 4)—(C )1 l2et P, = X d(I;;N ®
N M . 2%, 2i(rm—a+)N]),q = ey T, an =
IXJ:O {Kk:1Xk(t Tj)} ' (CS) P1 ka 2 (I2(k nun & Pk) We can obtain
Note that o T .
N M M { Gl {x o X (t — 1)} )
Xhoo (G2 X5(t =) = (%52 X;(1)) :151 {xL, X }P2{1>< L Xn(t—1)}
MN(11—1 T
< BATIT L (g 1X$—k> P, {m Xt = (7 — 1)}
x Ed (ro—71-1) D(EZTlJrl ( j= 12X (t— k)) X {Kklek(t—Tm)},

x EQMN(rs—m2—1) X T2 (><M X;(t— k))
To+1 14xg -~ = -
’ ! )My X(t) = P {xM Xt —k)} . (D3)

) EQMNON vy (O X (- k)) .
(T @ EdMN(Trl)) According to Egs. (D2) and (D3), we have
w Ty s yun @ EAMN(2=m1=1)y s {)?j(t)f/(t)} —WY (t)DP
X oo (L 1aew @ EQMN NV =Tvm1)) Mo (M X — k) )
i (}FL X 5(t = k) =W (I,w @ DP)Y (t)
=Iniey (<1, X(t = k), (C9) )i {xi Xt —k)}

where I = {xj.V:—Ol(12<T].+1)MN®EdMN<Tj+Hj—1>)}.
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Appendix E: Proof of Lemma 6 = (Izsz—n ® {W[zMNmMH)—N,zN](IzMNmMH)*N
Let ®45N)}> (IQN ® {W[2MN<az+1)fN,2N]
R = x{c\il (IQN(M*IC) ® {W[2MN<aM+1,k+1>—N’2N] X (Lyarn(agt1)—n ®QSN)}) {W[QMN((HH),N,QN]
X (Iymnan sy g+n-N @ D) }) . X (Iymn(aj+n-n @ 451\/)} XM {[ij\ilxj(t —k)}
Then, we have =R w2 {xIL Xt —k)}
(E1)

Xi(t— o) Xao(t —ag)... Xt — an)
<y (0%, (0~ )} X
=X (t — a1) Xo(t — az) ... Xar(t — ) Y () o {1 X(t = )}
e (M X5 (0) o M X (- aar)) =HR M, {w7L Xt = k) }
X Xpr(t—ang)... Mjﬂil Xt —7m)
=X1(t —a1)Xo(t — ) ... Xp—1(t — apr—1)
X Wigninanr+n-~ gny (XG4 X5(t) ..
) MG (t— ) X (t — o)

D(XM(t—OéM)...IXinIXj(t—TM)

According to Egs. (20) and (E1), we have
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