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Abstract: In genetic regulatory networks, a stable configuration can represent the evolutionary behavior of cell
death or unregulated growth in genes. We present analytical investigations on output feedback stabilizer design
of Boolean networks (BNs) to achieve global stabilization via the semi-tensor product method. Based on network
structure information describing coupling connections among nodes, an output feedback stabilizer is designed to
achieve global stabilization. Compared with the traditional pinning control design, the output feedback stabilizer
design is not based on the state transition matrix of BNs, which can efficiently determine pinning control nodes and
reduce computational complexity. Our proposed method is efficient in that the calculation of the state transition
matrix with dimension 2" x 2" is avoided; here n is the number of nodes in a BN. Finally, a signal transduction
network and a D. melanogaster segmentation polarity gene network are presented to show the efficiency of the
proposed method. Results are shown to be simple and concise, compared with traditional pinning control for BNs.
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1 Introduction and 0. Thus, a BN associated with n nodes can be

) ) ) described by a sequence of functions (f1, fo,..., fn) :
As a typical formalism to model genetic regu- {1,0}" — {170}1127 where each function f; is a logi-
latory networks, Boolean networks (BNs) have been

widely studied over past decades (Kauffman, 1969;
Kauffman et al., 2003). BNs are discrete-time logical

cal function. The coupling connections among nodes
of a BN are described by a digraph with vertices

{z1,22,...,2,}. An edge exists in the wiring di-
systems, where nodes of networks can model genes.

In a BN, each component is inter-connected and the
logical evolution of each component is described by

graph from vertex x; to vertex z; if function f; is
dependent on variable x;, that is, if there exists a
tuple (21,...,%-1,%it1,...,2,) € {1,0}"~! such

logical functions. Each node in a BN chooses a log-

'gl e lowical 1 of varinb] & that f(z1,..., @iy @n) # f(T1,0 00Ty, Tp).
ical value from a logical set composed of variables 1 Furthermore, one can define a sign for each edge:
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a positive (negative) loop.

In the past two decades, a number of researchers
have sought to analyze and model BNs owing to
the introduction of a new matrix product called the
semi-tensor product (STP) of matrices (Cheng et al.,
2010). In Fan et al. (2018), the structure of solutions
to fuzzy relational equations was analyzed and all so-
lutions to general decompositions of fuzzy relational
equations can be computed. Because of its powerful
applications, STP sets out a new direction for fur-
ther studying and modeling BNs. In fact, the STP
of matrices is a generalization of a common matrix
product. It can be applied to a matrix product with
arbitrary dimensions, and break the traditional di-
mension matching condition. One of the most impor-
tant applications of STP is that it can be efficiently
used as a powerful tool to analyze BNs, Petri net-
works, and other finite-valued systems. Thus, under
the framework of bijective equivalence between log-
ical functions and algebraic forms, much work has
taken place (Laschov and Margaliot, 2012; Lu et al.,
2018a, 2018b, 2018c; Wu and Shen, 2018; Zhu QX
et al., 2018, 2019; Li BW et al., 2019c; Li XD et al.,
2019). There is considerable literature on some clas-
sical topics of Boolean (control) networks, including
observability (Fornasini and Valcher, 2013; Zhang
and Zhang, 2016), synchronization (Li YY et al.,
2017, 2018b), stability and stabilization (Li R et al.,
2013; Kobayashi and Hiraishi, 2017; Li YY et al.,
2018a; Mao et al., 2018; Meng et al., 2018; Li BW
et al., 2019a, 2019b; Pan et al., 2019), normalization
and identification (Liu et al., 2017), and disturbance
decoupling (Yang et al., 2013). In Yu et al. (2019),
on the basis of canonical solutions of logical matrix
equations, a Boolean control network (BCN) can be
equivalently decomposed into a series of relatively
independent small-scale ones, which contributes to
breaking the limitation on the sizes of networks. In
Wang and Feng (2019), two types of detectability
for probabilistic BNs, weak detectability and strong
detectability, were introduced and investigated by
an algebraic expression called the data form, which
could help in the diagnosis of a class of diseases. For
details on potential applications of STP, please refer
to Cheng and Liu (2016).

One of the most significant issues in the analysis
of Boolean models of molecular networks is the de-
termination of steady states and stable configuration
(Ay et al., 2009; Mori and Mochizuki, 2017). This is

because steady states represent the stable dynamical
configurations and activity levels of genes. In recent
years, work has increased on the stability and stabi-
lization of BNs via the STP method. For example,
in Cheng et al. (2011), two kinds of control inputs
(open-loop control and state feedback control) have
In Zhu and
Lin (2019), an optimal event-triggered feedback con-
trol was proposed to stabilize BNs under the STP
method. In addition, in Li YY et al. (2018a), set
stability and set stabilization for switched BNs were
studied based on the STP method and state-based
switching signals. Considering the impact of proba-
bility in BNs, event-triggered control for stabilization
of probabilistic BCNs was studied in Zhu SY et al.
(2018) using the information of the state transition
matrix, while in Tong et al. (2018), robust control in-
variance of probabilistic BCNs was studied based on
event-triggered control. Li R et al. (2013) first pro-
posed an efficient method to design state feedback
stabilizers, and later Li and Wang (2017) proposed
a constructive procedure to design all possible feed-
back stabilizers using the families of reachable sets.
The issue of stability and stabilization was extended
to set stability /stabilization, which has been studied
based on invariant subsets in Guo et al. (2015).

been studied to achieve stabilization.

However, in these related references, the de-
signed controllers were applied to all nodes or ran-
domly to some selected nodes of networks. An in-
teresting finding is the introduction of pinning con-
trol technique. It has been proved as a new tech-
nique and a hot spot to study BNs (Li, 2015). For
example, stabilization under state feedback pinning
controllers has been addressed in Li (2015). A de-
tailed algorithm to design pinning controllers was
first proposed based on the state transition matrix
of BNs (Li, 2015). Unfortunately, since the design
of pinning controllers is based on a matrix with di-
mension 2" x 2", any algorithm has an exponen-
tially computational complexity. This is one of the
main drawbacks of using the state transition ma-
trix, which seems to be hard to implement on large-
dimensional BNs. Specifically, when the size of net-
works is larger than 20, the traditional pinning con-
trol method based on the state transition matrix will
be useless.

Recently, much attention has been paid to

reducing the computational complexity and finding
more efficient ways to design controllers to achieve
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stabilization. For example, several kinds of con-
trol actions including edge deletion and node dele-
tion have been proposed to identify specific control
targets in biological networks, like the pb53-mdm?2
network and the T-LGL survival signaling network
(Murrugarra et al., 2016). In addition, several at-
tempts have been made to disclose the relationships
between stability and the network structure (NS)
of BNs including positive/negative feedback loops
(Aracena, 2008; Paulevé and Richard, 2012; Camp-
bell and Albert, 2014). Robert (1986) discovered
that if there are no loops (including positive /negative
feedback loops) in the NS digraph of BNs, then BNs
achieve stability with a unique steady state and no
cyclic attractors. Thus, it is crucial to disclose the
complex inter-relationship between NS and the de-
sign of pinning control. In this study, an output
feedback stabilizer is presented to achieve global sta-
bilization of BNs based on NS of BNs. Compared
with the literature (Li and Wang, 2013; Bof et al.,
2015), the traditional design of output feedback sta-
bilizers is applied to all nodes of networks, based on
the state transition matrix of BNs. To the best of
our knowledge, far too little attention has been paid
to the design of the output feedback stabilizer for
global stabilization based on the NS of BNs.

The main contributions of this study are listed
below:

1. We first propose an output feedback stabilizer
design for global stabilization based on an acyclic
NS describing the nodes’ connection of BNs. In ref-
erences on analyzing and designing controls of BN,
the information of the state transition matrix of BNs
is necessary. Fortunately, this is avoided using the
proposed method via NS information.

2. Based on the NS of BNs, the computational
complexity will be reduced from O(2" x 2") to
O(2 x 2™), where n is the number of nodes in BN,
compared with the traditional method. Hence, the
method of designing output feedback pinning control
can be implemented for some large-dimensional BNs.

3. By deleting a certain number of edges such
that the NS is acyclic, global stability will be guar-
anteed. Then an output feedback pinning control is
designed. This is partially imposed on the nodes of
networks. Without using the state transition ma-
trix, the design of pinning control is much easier to
implement than in traditional design.

Some basic notations are given as follows: N =

(1,2,....0}, 1, = (1,1,...,1), D = {0,1}, R™*" is
a set of m x m real matrices, N is the set of pos-
itive integers, and [a,b] = {a,a + 1,...,b}, where
a < band a,b € Nt. § is the i*® column of iden-
tity matrix I,,, A, = {&1,82,...,67} denotes the
columns’ set of I,,, Col;(A) is the i*! column of ma-
trix A, Col(A) denotes the set of columns, matrix
L = [6i1,8%,...,8!] is called a logical matrix, sim-
plified by L = 8,i1,42,...,%s], and L,,x, is the
set of logical matrices with dimension m x n. Swap
matrix Wi, = I, ® 8}, I, ® 62,,..., I, ® o]
Power reducing matrix @an = o2a[1,2" + 2, (3 —
127 +3,..., (2% — 2)27 + 27 — 1,227,

2 Problem formulation

Consider the following BN with n nodes and p

outputs:
{ zi(t+ 1)=fi (x1(t), x2(t), ..., z,(t)), 1€[1,n],
yi(t)=g; (x1(t), 22(t), ..., zn(t)), J€[l,p]

where x; € D and y; € D are the states and outputs
of system (1), respectively. f; : D™ — D and g; :
D™ — D are logical functions. The output feedback
stabilization problem in this study is to design an
output feedback stabilizer in the form of
uj(t + 1) = hj (yl(t)va(t)v s 7yp(t)) v J € [17m]
(2)

such that system (1) under controller (2), that is,

LL’i(t + 1) = f; (l’l(t)7$2(t)7. .. ,xn(t),ui(t)),
i€[l,m],
zj(t+1) = fj(z1(t), z2(t), ..., zn(t)),
jem+1,n],
y;(t) = gj (21(t), 22(t), ..., 2n(t))
je(Lpl,

(3)

will be globally stabilized. This implies that sys-
tem (3) will have a unique steady state as the
attractor.

In the following, we separately convert sys-
tem (1) and output feedback controller (2) into
equivalent algebraic forms. To this end, we first re-
call the definition and some properties of the STP of
matrices.

Definition 1 (STP (Cheng et al., 2010))  Given
two matrices A € R"*™ and B € RP*? the STP of
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A and B, denoted by A x B, is defined as A x B =
(A® I/ ) (B ® I;p,), where [ is the least common
multiple of m and p and ® is the Kronecker product
of matrices.

To facilitate using the STP method in BNs,
identify “1” and “0” with vectors, 1 ~ 8 and 0 ~ 83,
respectively. Then the following proposition is given:
Proposition 1 (Matrix expression of logical func-
tions (Cheng et al., 2010)) Let f(a1,a2,...,a,) :
D" — D be a logical function.  Then there
exists a unique matrix F € Loyxon such that
flar,as9,...,a,) = Fxa;xayX- - Xa,. Here, F
is called the structure matrix of logical function f.

According to Proposition 1, some common
structure matrices of basic logical operators are ob-

” conjunction “A,” dis-

tained, such as negation “—,
junction “V,” conditional “—,
“4».”  The corresponding structure matrices are
denoted by M, = 62(2,1], M. = 8:]1,2,2,2],
Md = 62[1,1,1,2], Mi = 62[1,2,1,1], and ]\4'C =
d2[1,2,2,1].

Using the vector form of the logical variable and
setting x(t) = xP_ x;(f), u(t) = x u(t), and
y(t) = x¥_,y;(t), one can convert systems (1) and
(2) into the following algebraic systems:

{ x(t+1) = Lx(t),
y(t) = Gz(),

where L = Fy x Fy x --- x F,, € Lonyon is the state
transition matrix of BNs, F; € Laxon (i € [1,n]) are
structure matrices of f;, G = G1 *Ga * --- x G, €
Lopyon is the output transition matrix of BNs, G;
are structure matrices of g; (¢ € [1,n]), and H; €
Loyon (i € [1,p]) are structure matrices of func-
tions h;. In addition, symbol “%” is the Khatri-Rao
product, defined as given matrices A € R**! and
B e RlXt, AxB = [COll(A) X COh(B),COlQ(A) X
Coly(B),...,Col(A) x Coly(B)].

Remark 1 Over the past few years, the pin-
ning control method has been studied based on the

”

and bi-conditional

(4)

information of the state transition matrix L of sys-
tem (4) (Li, 2015, 2016). However, in Li (2015, 2016),
the design of the traditional pinning control is always
based on the state transition matrix with dimension
2™ x 2™, Thus, all the algorithms based on the state
transition matrix have an exponential complexity, as
one needs to calculate a matrix with size 2™ x 2™. It
is a major drawback of this approach in regard to the
computational complexity and has already attracted

much attention (Zhao et al., 2016). In this study, the
shortcoming of traditional pinning control design is
partially overcome by using the NS of BNs.

Thus, our main objective is to design an output
feedback stabilizer to achieve global stabilization for
system (1). However, the issue of stable configura-
tion with respect to a target equilibrium state is not
the main objective of this study, which needs further
work. The main tool is the STP method, and the NS
of BNs is used to design an output feedback stabilizer
without using the state transition matrix.

3 Main results

BNs (Kauffman, 1969; Kauffman et al., 2003)
are discrete-time logical systems, where nodes of net-
works represent genes that are inter-connected and
the dynamical evolution of each node is determined
by logical functions. However, in some logical func-
tions, some variables may be non-functional. For
example, x1 V x5 is dependent on variables x; and
X9, while (21 A x2) V (21 A —x2) is not dependent on
variable xo, because (z1 A x2) V (z1 A —x2) = 7.

Thus, we should define the dependency of logi-

cal functions to determine functional /non-functional
variables.
Definition 2 A logical function f(z1,z2,...,
Zn) : D™ — D is said to be dependent on variable z;
if there exists a tuple Z € D"~ ! such that f(z, ;) #
f(Z,—x;), where T = (T1,...,%i—1,Tit1,.-,Tn)-

Using the STP method, one can obtain that
there exists
S Tp) = 0,1,

(I17-~-7Ii71,l’i+1,~-

jef1,2,...,2" 1}
such that

Mpx 2y X X Tiog X 0y X oo X Ty,

AMp X 1 K - X T X 03 K oo X T

Assume that M is the structure matrix of func-
tion f. Hence, one can further obtain that

My x Wi gio1) X 83 X T K oo+ K Ti_1 X -+ K Ty,
FMp x Wiggi-1] X 65 X T X -+ X Ti_1 X ==+ X T,
According to Definition 2, one can determine func-

tional and non-functional variables in logical func-
tions. Thus, one has a connection rule among nodes;
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here, we call such a connection the NS of BNs. To
describe such an NS, we introduce a wiring digraph
describing the NS of BNs.

Definition 3 Consider a BN associated with a se-
quence of logical functions f = (f1, fa,..., fn). The
wiring digraph of a BN is a digraph denoted by G =
(V, E) with n vertices; that is, V = {x1,za, ..., z,},
where x1,29,...,T, are nodes of the network. An
edge ©; — x; exists in the wiring digraph G = (V, E)
if and only if function f; is dependent on z;.

Steady states represent cell types like cell death

or unregulated growth (Saadatpour et al., 2011).
Then the definitions for steady states and global sta-
bility of system (1) are introduced as follows:
Definition 4 (Steady states)  Considering a BN
with a state xz(t) € D", x(t) is called a steady state
ifx(t+1)=2x().
Definition 5 (Global stability) System (1) is said
to be globally stable if there exists only one unique
steady state as the attractor without other cyclic
attractors.

In this study, we focus only on the stable con-
figuration of system (1) but not on the stable con-
figuration with respect to a target equilibrium state.
Actually, one significant relationship between NS of
BNs and global stability has been disclosed in Robert
(1986), as shown in the following theorem:
Theorem 1 (Criterion for global stability (Robert,
1986))  System (1) is globally stable if the wiring
digraph G = (V, E) is acyclic.

Now, an output feedback pinning control de-
sign will be presented to achieve global stabilization,
based on the wiring digraph G = (V, E). If the wiring
digraph is acyclic, then the system will be globally
stable. This means that the system has only one
unique steady state. Then in the following sequel,
an output feedback pinning control will be designed
by deleting a certain number of edges in wiring di-
graph G = (V, E) to lead to an acyclic NS.

Using the depth-first search algorithm, one can
obtain the cycles and fixed points in the wiring di-
graph G = (V,FE). Then we will use the concept
of feedback arc set (FAS) to delete edges, such that
the wiring digraph G' = (V, E) becomes acyclic. The
definition of an FAS is given as follows:

Definition 6 (FAS (Bang-Jensen and Gutin,
2008)) An FAS is defined as a subset of edges
containing at least one edge of every cycle in a di-
rected network, and it is called a minimum FAS if its

cardinality is the minimum. Therefore, the removal
of the FAS renders the network acyclic.

Then consider the wiring digraph G =
(V,E) which is not acyclic, one can always find
an FAS. Here, we assume that {ej,es,...,ep}
(e1,e2...,e, € E) is a feasible FAS in the wiring
digraph. In the wiring digraph, an edge may
be shared by distinct nodes. Then for each
edge e1,e2,...,e, € I, one can obtain its cor-
responding ending vertex, denoted by symbols
Pi(e1),Py(ea),...,Pr(ep) € {x1,22,...,2,}. For
example, suppose an edge is given by e; = =z —
y. Then we have Pi(e;) = y. We further as-
sume that /_; Py (ej) = {2y, Zs, ... 2y, }, 2r £
{2, b 24 € [0

Thus, under the above assumptions, we will de-
sign an output feedback pinning control on nodes z;
(j € X;), to achieve global stabilization. Assume
that

i
Ujte, Prleg) = {2},

5t
Ulle, Po(ej) = {0,202, ... 2 ),

o
UjT:e, P, (ej) = {95%},

157
Uiz, P-(e;) = {w1, 02, ... 32

where v] <vi<...<uvf', . vl <vi<.l<uEr.
Consider nodes z; (i € X;) and corresponding log-
ical functions z; (¢t + 1) = f; (x1(t), z2(¢), ..., x,(1)).
Transform the logical functions z;(t + 1) =
fi(z1(t),zo(t),...,z,(t)) by deleting variables
T,1,T,2,. . 5 Tyl, Tz, ..., 2yer and deleting
connected logical operators as follows:

N S N
[t 2]

f’Yl (X% (t)> <= f% (21 (ﬂ,l’g(t), o
f’h (XW (t)> <= f’Yz (21 (ﬂ,l’g(t), o

o (%0.0) < £, @1(0).2200. ...

sra\{mr, e, @a
sra\{m, e, @

co TP\ T, T2, -
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Let F, € L2><2\N71\, F, c L2X2\N72\, ce
F, € L, ,i~,, denote the corresponding reduced
structure matrices of logical functions

£ (X% (t)) . DrE D,
Fo (Xw (t)) D D,

f7 (X% (t)) . Drer 5 D.

We assume that if X, = @ (i = 1,2,...
f (%) 21 (0r 0).
To further determine the logical functions of

,T), set

output feedback stabilizers, one needs to trans-
form the structure matrices of nodes x; (i € X;).
AN AN
Here, Adenote N, = NA\N,‘;117 J\gw = N\N3,, -
(3
Ny £ N\Np, N5, 2 (v, o), NS,
(5
{va,v5,. . v}, .., N5 = {VE,V€7...,V€€T}.A Ac-
cording to Eq. (5) with the reduced matrices F,, €
£2><2\N.71\, F'V2 (S £2><2\N.Y2\, R F%_ S £2X2\N77\,
transform matrices F; (i € X.) into

Swap matrix W, ) has the property

Wiy 0102 = 0201. Then one has the following
lemma:
Lemma 1 Considering x;(t + 1) = F; X}, z;(t)

(j € X, i € [1,7]), one can swap the position of
neighbors in the following form:

Ty (t+1) = F,Wixjene x;(t) Xjen,, x;(t)

£ B, XjeNs Tj(t) Xjen,, x;(t),

(7)

where W; £ xf;lw[zy{,l], W, £ xfilw[zyé',l],

LW A |><f;1W[2,2U;:,1] are orthogonal matrices,

and F,, £ F,, W) € Loyon, F\y £ F,, W5 € Loyon,
By 2 F, W, € Loyon.

Then one can design the following output
feedback pinning control on nodes z; (i € X, ):

i€ X,
xj(t + 1) = fj ($1(t)a$2(t)a s 7xn(t>) )

j € N\X.,
ul(t) =hy (yl(t)vzﬁ(t)v cee 7yp(t)) ASID I,

(8)

where @; : D> — D and h; : DP — D are logical
functions to be determined. Denote M; € Loy 4 and

H,; € Loy9r as corresponding structure matrices of
functions @; and h;, which will be determined in the
following analysis.

Based on matrices Wy, Wy, ...
convert y(t) = G(t) into

, W_, one can

y1(t) = G1 Xjene, x;(t) Xjen,, ©;(t),
Y2(t) = G2 Xjene, () Xjen,, ©;(1),

y-(t) = G- Xjene @;(t) Xjen,, x;(t),

where G = GW; € Lopyon, Go = GW; € Lopyon,

... G; £ GW, € Ly on. Then under the output
feedback stabilizer system w;(t) = H;y(t), one can
obtain that for i € X,

zi(t +1) = u;(t) ©i fi (21(8), 22(1), ..., 20 (t))
= Mo, ui(D)F; xjene, (1) Xjen,, 2;(t)
= Mg, H;y(t)F; XjeNg, Tj(t) Xjen,, ;(t)
= Mo, H;Gi % jen:, 2;(t) Xjen,, () F;
X jens, ®j(t) Xjen,, z;(t)
= Ez D(jENSH wj(t) D(jeN%. wj(t).

Denote Z; = Mg, H;G;(Isn @ F;)®yn. Here,
My, € Loyxsand H; € Loyop are structure matrices
of functions ®; : D> — D and h; : D? — D (i € X)),
respectively. These matrices Mg, € Lox4 and H; €
Loy or will be determined in the following analysis.
Theorem 2 Foreachi € X, if there exist matrices
Mg, and H; such that Mg, X H; X G; X (Ian ®Fi) X
by = F;, and F;, = Fi(l';w ® I,~, ) hold, where
F; and F; are matrices obtained in Egs. (5) and (6)
respectively, then the wiring digraph G = (V, E) will
be acyclic.

Proof One can obtain that
azi(t + 1) :M@iHiGi(IQn ® E)@Qn
Xjens, @;(t) Xjen,, ;(t)
=F; xjene @i(t) Xjen,, ;(t)
:FZ(]_’;Nf‘ ® I2\N73\)
Xjens, Tj(t) Xjen,, o;(t)
:Fi D(jeN%. Z; (t)
Thus, for nodes z; (i € X;) in the wiring digraph
G = (V, E), the corresponding edges e1,ea,...,e, €

E will be deleted. Since the edges eq,es,...,e, € E
are a feasible FAS, the deleted edges will lead to
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the wiring digraph G = (V, E) being acyclic, which
guarantees stability.

Thus, the solvability of unknown matrices Mg,
and H; of equations Mg, H;G;(Iyn @ F)Pon = F,
(1 € X;) plays a vital role in the design of the output
feedback stabilizer. Denote

H’h = H’ylGi € Loyon,

H’Yz = H’yzGi € Loyon,

-EI’YT = H.YTGZ' € Loyon.

Then as for the controlled equations x;(t +

hi(ya(t),...,yp(t)) (i € X;), one has the following
equations:

Mg, H;(Iyn © F))®5. = F,, i€ X, (9a)

ﬁi = HlG“ i€ X, (gb)

Here, M@i € Loxy, H; € Loyop, and I‘?Il € Loyon
are to be solved. In Li (2015), state feedback pin-
ning controllers were first studied, and Eq. (9a) was
proved to be solvable to obtain solutions for matrices
M., and H; (i € ¥,). The detailed proof for the
solvability of Eq. (9a) can be found in Li (2015).

Since Eq. (9a) is solvable for solutions for ma-
trices Mg, € Loxs and H;, € Loyon (i € X;), we
assume that for each i € X, ©; = {(Mg,, H;) :
My, H; satisfies Eq. (9a)} are all the feasible solu-
tions for Eq. (9a). For each i € X, we set

Q; = {H; : H; satisfies Eq. (9a)}. (10)
For each i € X,, denote G; =
Oarlgt, g5, -, g5, where g4, 4%, ..., 95 € [1,2P].

Then for ¥ € [1,27], define %;(9) = {d.
Col;(G;) = 8%, j € [1,2"]}, where i € X..
OinOU.Sly, 21(191) n 21(192) = U (V191 =+ 192), and
Uiz, Zi(®) = Agn (i € ).

Theorem 3 (Solvability of Egs. (9a) and
(9b)) Consider the solvability of Egs. (9a) and (9b).
They are solvable if and only if for every ¢ € X with
corresponding set (2;, there exists a matrix H, €0,
such that

Coly, (H;) = Coly, (H;),Vj1, j2 € 2;(9),V9 € [1,27].

(11)
Proof  First, let us prove the necessity. Suppose
that Egs. (9a) and (9b) are solvable for each i € X;.
Due to the solvability of Eq. (9a), one can obtain all

the feasible solutions for matrices Mg, € Lax4 and
H, € Loyon (i € X;). Then for each i € X, one
can obtain the set 2, = {H; : H; satisfies Eq. (9a)}.
Fixing i € X, choose a feasible solution X € Loy4,
Y € $2; € Logon, Z € Loy9r, such that the follow-
ing equations hold:

{ XD(YD((IQn ®Fi>[><¢2":ﬁli (12)

Y =ZG.,.

Eq. (12) implies that for each o = Jgn, j €
[1,2"], one has Col;(Y) = ZCol;(G;). Then if
Col;(G;) = &%, we have a = &}, € X;(9) and
Coly(Z) = Col;(Y). Thus, for any pair of dis-
tinet k = 85, B = 8%, € X;(¥) (u # v € [1,27)),
one should obtain Coly(Z) = Col,(Y) = Col,(Y).
Since ¢ € X is arbitrarily given, the proof of neces-
sity is completed. The proof of sufficiency can be
directly obtained, which is omitted here. The proof
is completed.

Based on the above analysis, one can design
an output feedback stabilizer to achieve a unique
steady state. Among all the feasible solutions ©; =
{(Mg,, H;) : My, H; satisfies Eq. (9a)}, i € X,
find a feasible matrix H? satisfying condition (11).
Then calculate the output feedback matrices. For
each i € X, and ¢ € [1,2P], calculate matrix H;, as
follows:

Coly(H;), &85, € X;(v) # 2,

COlﬂ(Hi) = {

(13)

Finally, one can design the following output
feedback stabilizer to achieve a unique steady state,
where the controllers are imposed on nodes z;
(ieXr):

:Bi(t + 1) = ’Uq(t> B fi (331@)7[122(15), ceey :Bn(t)>7
S,
zj(t+1)=f; <m1(t), xa(l),. .. ,mn(t)),
j € N\X,
’Uq(t) = i(yl(t)7y2(t)7 . ,’yp(t))?i e,
(14)

Here, the corresponding matrices H,, H,, ..., H_
satisfying condition (13) are structure matrices for

logical functions h.,,hy,,...,h,, : D’ — D, and
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. o o o . .
matrlfes .l\f.l',y1 , MY, e M?_ together with matri-
ces HS HY, . ...,H; are feasible solutions for

Egs. (9a) and (9b).

To sum up, a detailed algorithm for designing
an output feedback stabilizer to achieve global sta-
bilization can be summarized in Algorithm 1.

Algorithm 1 Summarized procedures for designing
an output feedback stabilizer for system (1)

1: Use the depth-first search algorithm to find a possible
FAS, {e1,e2,...,ep}, the deletion of which will lead
to the wiring digraph of system (1) being acyclic

2: Let Uj_, Py(e;) = X-. Consider nodes z; (i € ¥r),
transform functions by Eq. (5), and obtain matri-
ces € L F,ccL ., F, e
Ly alNor |

3: Transform matrices F; (i € X;) according to Eq. (6)

4: Solve matrices Mg, € Lax4 and H, € Loyom (i e
X;) from Egs. (9a) and (9b), and obtain set £2; given
by Eq. (10)

5: Based on Theorem 3, find solvable matrices ﬁf €
£2; satisfying Eq. (11), together with Mg, holds for
Egs. (9a) and (9b), i € X-; for each ¢ € X7, calculate

., H_ from Eq. (13)

6: Finally, design an output feedback stabilizer on
nodes z; (i € X;) in the form of Eq. (8), and
the structure matrices for functions @; : D? — D,
h; : DP — D (i € X;) are given by ﬁf’ and Mg,
(i€ X;)

ox2l Ny 1y oxolNyaly +

matrices H,,, H,, ..

Remark 2 Compared with Li and Wang (2013)
and Bof et al. (2015), in this study, the information
of state transition matrix L is not used. This will
reduce the computational complexity from O(2" x
2™) to O(2 x 2™), where n is the number of nodes in
BNs. Actually, the total computational complexity
proposed in this study is divided into two parts: the
first part is polynomial with the number of nodes
in BNs using NS of BNs, and the second part is
exponential with the number of nodes in BNs.
Remark 3 Compared with the traditional analysis
on BNs using information of the state transition ma-
trix, in this study, network structure of BNs and each
corresponding algebraic form of nodes are used to de-
sign an output feedback pinning control. Thus, the
proposed method can be applied to some large-scale
networks. One interesting topic is how to combine
the information of the state transition matrix and
network structure of BNs to design a more efficient
pinning control technique.

4 Simulations

In this section, a reduced signal transduction
network and a reduced D. melanogaster segmenta-
tion polarity gene network are presented to demon-
strate the validity of the theoretical results obtained.
Example 1  Consider a reduced signal transduc-
tion network (Saadatpour et al., 2010) consisting of
three nodes, i.e., CIS, Ca?f, and Ca®TATPase. In
this network, we use 1, €2, 3 to denote CIS, Ca?f,
Ca®" ATPase, respectively. The logical evolution dy-
namic is given as follows:

wl(t + 1) = ﬁil,‘g(t),
CBQ(t =+ 1) = azl(t) A _|€]33(t),

(15)

We are interested in the activity levels of CIS and
Caug‘”'7 with the output system given as follows:

y1(t) =z1(t),
’yg(t> :333(t).

Denote z(t) = x?_,x;(t) and y(t) = y1(t) x
y2(t). Using the STP method, one has the algebraic
forms:

azl(t + 1) = Fl.’B(t),
wg(t + 1) = FQ(L‘(t)7
323(t + 1) = F‘giL‘(t)7
where
Fl = 62[2727 17172727 171]7
Fy, =62[2,1,2,1,2,2,2,2],
F5=96,[1,1,2,2,1,1,2,2].

Then we have the following algebraic forms:

{ x(t+1) = Lx(t),
y(t) = G(t),

where

L= 68[775747277777474]7
G =641,2,1,2,3,4,3,4].

Fig. la shows the wiring digraph G = (V, E) of
Eq. (15). Actually, by calculations of state transi-
tion matrix L, one can obtain that system (15) is
not globally stable.

In the wiring digraph of system (15) shown in
Fig. 1a, there are two cycles, i.e., {1,2} and {2,3}.
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The deletions of edges 1 — 2 and 2 — 3 will lead
the NS of system (15) to be acyclic. Thus, we will
design an output feedback stabilizer on nodes xs and
x3. First, according to Eq. (6), find matrices

FQ = 62[27 17 27 17 27 17 27 1]
F3 = 62[17 17 17 17 17 17 17 1]
Now, we will design two output feedback stabilizers

ug and w3 on nodes x2 and x3 respectively in the
following form:

xo(t 4+ 1) = ua(t) B2 [x1(t) A ~x3(t)],
us(t) = ha (y1(t), y2(t)) ,

x3(t + 1) = us(t) B3 [w2(1)],

us(t) = hs (y1(t), y2(1)) -

Here My, M3 € Loy4, Hy, Hs € Loy, are struc-

ture matrices of logical functions @, @3 : D?> — D,

ha, hs : D?> — D, which will be determined below.

Denote Hy = H>G and H; = H3G. Us-
ing the STP method, one first obtains the following
equations:

(16)

Mg, x I:Ii[><(I23 ®E> X Pos = Fi,

; (17a)
H;, = H,G,

(17b)
where ¢ = 2, 3.

By calculation, one can obtain that there
are 12 feasible solutions for @y = {(Mg,, H3) :
Mg, H, satisfies Eq. (17a)}, and 324 fea-
sible solutions for @3 = {(Mg,, Hs)
Mg, Hs satisfies Eq. (17a)}.  Then one can
find a feasible solution

MS - 62[27 17 172]
HS = 5,[2,2,2,2,2,1,2,1],
MS = 65[1,1,1,2],
HS = 65[1,1,1,1,1,1,1,1],

(a) (b)

Fig. 1 Original wiring digraph G = (V, E) of sys-
tem (15) (a) and the state transition graph of sys-
tem (15) under output feedback stabilizers (18) (b).
The number 7 in each circle presents the state éé,
i =[1,8]

which satisfies Theorem 3. Thus, one can derive
matrices Hy = 62[2,2,2,1] and Hs = §2[1,1,1,1].
Then we can use the reconstruction theory in Cheng
et al. (2010) to construct logical functions. Finally,
one can obtain the logical dynamics of output feed-
back stabilizers as follows:

xo(t+ 1) = [ue (x1(t) A —x3(t))]
V [Fua(t) A (@1 (t) A —s(t))]

us(t) = ~yi(t) A —ya(t),

x3(t +1) = us(t) V 2(),

us(t) = 1.

() A=

Then under the above output feedback stabiliz-
ers in the form of Eq. (18), system (15) will achieve
global stabilization. Fig. 1b shows the state transi-
tion digraph of system (15) under the output feed-
back stabilizers (18). It also shows that system (15)
under output feedback stabilizers in the form of
Eq. (18) achieves global stabilization.

Example 2  Consider a reduced D. melanogaster
segmentation polarity gene network introduced in
Xiao and Dougherty (2007) and Li (2015), where the
six nodes (genes) are denoted as wgl = x1, wg2 =
T, wgd = x3, wgd = x4, PTC1 = x5, and PTC2 =
xs. The D. melanogaster segmentation polarity gene
network has been modeled as a BN in Li (2015). The
logical dynamics are given in the following form:

We are interested in the activity levels of gene struc-
tures wg2 and wg4, that is, nodes x5 and x4, with
the output system given as follows: y1(t) = @2(t),
ya(t) = x4(t). Denote z(t) = x5 x;(t) and y(t) =
y1(t) X y2(t). Using the STP method, one has the
algebraic forms: x;(t + 1) = Fx(t) (i =1,2,...,6),
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where

Fy, = MM, (I, ® M,)(I, ® [1,1])(Is ® 1g),

F;= (I, ®15),

Fy = ([1,1]® I)(Is ® 151),

F5 = MM M, (I, ® M,)(I, ® (M.M,(I>
QM) )Wia a1 (I @ Wigp)(I2s @ 152),

Fs = MaM M, (I, ® M,)(I4 ® (M.M,(I,
QMy)))(I2 @ My) (I ® 14),

and the output system: y(t) = Gz(t), G = (12 ®
I5)(I4®15)(I32®14). By calculation, one can obtain
that system (19) is not in a globally stable configu-
ration. Fig. 2 shows the wiring digraph G = (V, E)
of system (19), and Fig. 3 shows the state transi-
tion digraph, which has three attractors (one cyclic
attractor with length three and two steady states).

Now, we will design an output feedback stabi-
lizer to achieve global stabilization based on Fig. 2.
In Fig. 2, there exists one feasible FAS consisting
of edges x3 — x1 and s — x4, the deletions of
which will lead to Fig. 2 being acyclic. Thus, we
will design an output feedback stabilizer on nodes
21 and x4. First, according to Eq. (6), find matrices

26
F = M,(130L)(I,:®14) and Fy = §[1,1,...,1].
Now, we will design two output feedback stabilizers
w1 and w4 on nodes x; and x4 respectively in the

Fig. 2 Wiring digraph G = (V, E) of system (19)

Fi=M.M,(I,@M,)(I,®[1,1])([1,1]®2)(La®1y),

following form:

@y (t+1) = w1 (t) D1 [-2(t) A —wa(t)],

(
Et) = h1 (y1(t), y2()) , (20)
(

g

t+ 1) = U4(t> D4 [il:g(t)] s
ug(t) = ha (y1(t), y2(1)) .

Here My, My € Lox4, Hi,Hy; € Loy, are struc-
ture matrices of logical functions @, : D? — D, Py :
D? — D, hy, hy : D> — D, which will be determined
below.

Denote I:Il = H,G and H, = H,G. Us
ing the STP method, one first obtains the following

Lyq

equations:

Mg, % I;[l X (Iq0 ®E) X Pos = Fi,
H; = H,G,

(21a)
(21b)

where ¢ = 1, 4.
By calculation, one can obtain one feasible

solution
Mg, = 62[1,1,1,2],
Hl = 62[27 17 27 1]7
M@4 - 62[1727272]7
H4 = 62[27 27 17 1]7
111111 111110
11000010 110111111001
110000 111000
000011 i 001100 ©110001 101101100100
ooooo1 1100 o1 100111 100110
10100 101100
000010 110101 001000
000000 111011 101110 100101
001101 101111
001111 001110 001011 100011
wotor 001001
011101
011110 011111
100000
011000 011100 101010 101011
000100 010001
011011 010100
010011 10007 101001
010111
011001 1 100010
011010 0001109010010 101000
000101 010110 = Attractor 1
000111 - Attractor 2
016000" 010101 ractor

= Attractor 3

Fig. 3 State transition digraph of system (19), which
has three attractors including two steady states and
one cyclic attractor with length three. Each node
represents a state, and each arrow is a state transi-
tion. The label beside each node is the logical state
variable encoded in the order xi,x2,.. Colors
mark different basins of attraction. Attractors are
highlighted using bold lines. References to color refer
to the online version of this figure

«y LG
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which satisfies Theorem 3. Finally, one can obtain
the logical dynamics of output feedback stabilizers
as follows:

(22)

Then under the above output feedback stabi-

lizer (22) imposed on nodes x; and x4, system (19)
will achieve global stabilization. Fig. 4 shows the
state transition digraph of system (19) under the
output feedback stabilizer (22). It also shows that
system (19) under the output feedback stabilizer (22)
achieves global stabilization.
Remark 4 Note that during the procedures
of designing an output feedback stabilizer, there is
no need to calculate the state transition matrix L.
While using the proposed method in Li and Wang
(2013), one needs to first determine matrix L, which
is given below

L = 8¢4[52, 52,52, 52,52, 52,52, 52, 52,52, 52, 52,
51,51,51, 51,56, 56, 56, 56, 22, 22, 22, 22, 56, 56,
56,56, 21, 21,21, 21,59, 59, 59, 59, 59, 59, 59, 59,
41,41,41,41,41, 41,41, 41, 64, 64, 64, 64, 30, 30,
30,30, 46, 46, 46, 46,13, 13,13, 13].

= Attractor 1 001010 001011

001000

110001 111011
11001

10001
101010

001001

111000

010010
100001

101011 100010

011000

Fig. 4 State transition digraph of system (19) un-
der the output feedback stabilizer (22), which has a
unique steady state. Each node represents a state
of the network, and each arrow is a state transition.
The label beside each node is the logical state vari-
able encoded in the order xi1,x2,...,xg. Attractor is
highlighted using bold lines

Fortunately, in this study, one needs to handle
only a matrix with a largest dimension of 2 x 16 us-
ing the proposed method. Thus, compared with the
traditional control design of output feedback stabi-
lizers (Li and Wang, 2013) using Fig. 3, the design
of controllers proposed in this study is based on NS
shown in Fig. 2 but not on the state transition di-
graph shown in Fig. 3. Thus, the computational
complexity is reduced.

5 Conclusions

In this paper, an output feedback stabilizer
design for global stabilization of BNs has been
presented based on the NS of BNs, without using
the state transition matrix. By deleting a certain
number of edges such that the NS is acyclic, global
stability can be guaranteed. Then based on the
acyclic structure, an output feedback pinning con-
trol can be designed, where the controllers are not
designed by the state transition matrix of BNs. The
output feedback stabilizer design presented provides
a new way to design pinning control with low dimen-
sion and calculations. Finally, we have presented a
reduced signal transduction network and a reduced
D. melanogaster segmentation polarity gene network
to illustrate the efficiency of our main results. In
this study, an efficient pinning control approach
has been proposed to achieve global stabilization
of BNs. In the near future, the issue of stable
configuration with respect to a target equilibrium
state will be studied using output feedback controls,
and how to find the minimum number of control
nodes and design the corresponding controller will
be considered.
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