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Abstract: This paper is concerned with inertial bidirectional associative memory neural networks with mixed

delays and impulsive effects. New and practical conditions are given to study the existence, uniqueness, and global
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prove our main results. Finally, we give an illustrative example to demonstrate the effectiveness of our new results.
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1 Introduction

In 1982, Kosko furnished answers to an inter-
esting question concerning data-association storage
and recall in a dynamic system with nonlinear feed-
back and two layers (Kosko, 1988). He managed to
find a network of neurons that realizes this, known
as the bidirectional associative memory neural net-
works (BAMNNSs). This kind of neural network (NN)
has been proved to have wide applications in various
fields such as medical image edge detection, medical
event detection in electronic health records, diag-
nosis prediction in health care, pattern recognition,
and robotics. These applications heavily depend on
the dynamic behaviors of bidirectional associative
memory (BAM), and the analysis of these dynamic
behaviors is a prerequisite for practical design of this
kind of NN, because the success of these applications
relies on understanding of the underlying dynamic
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behavior of the model. For this reason, there have
been extensive results on the problem of dynamic
analysis of BAM (Balasubramaniam et al., 2011; Li
HF et al., 2016; Xu and Li, 2016; Aouiti and As-
sali, 2019). Because neurons cannot communicate
instantly, it is important to consider NNs with time
delays (M’Hamdi et al., 2016; Aouiti et al., 2017,
2018; Alimi et al., 2018; Aouiti, 2018; Aouiti and
Miaadi, 2018, 2019).

Researchers have also investigated NNs by
adding an inertial term. This model was first in-
troduced by Wheeler and Schieve (1997). Recently,
inertial NNs with a delay have been widely inves-
tigated by many researchers because of their role
in generating complicated bifurcation behavior and
chaos. Ke and Miao (2017) considered a class of in-
ertial BAMNNs (IBAMNNS) and a time delay with
constant coefficients. They demonstrated the ex-
istence and exponential stability of the suggested
NNs, using a Lyapunov function, the Halanay in-
equality, and the fundamental solution of the coef-
ficient matrix. Xu and Zhang (2015) modified the
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system studied in Ke and Miao (2011). They used
variable coefficients for the strong points of the con-
nection and external inputs. Using the Lyapunov
method and inequality techniques, they showed the
uniqueness, existence, and exponential stability of
anti-periodic solutions of IBAMNNs. Ke and Miao
(2017) discussed the exponential stability of anti-
periodic solutions for inertial NNs with time delays,
presented hypotheses that help show the existence
and exponential stability of anti-periodic solutions
for this type of NN, and used the Lyapunov method,
uniform convergence, and so on (Ke and Miao, 2011,
2013a, 2017; He et al., 2012; Qi et al., 2015; Xu and
Zhang, 2015; Zhang and Quan, 2015; Tu et al., 2016;
Liao et al., 2017; Li YK and Xiang, 2019).

The mathematical modeling of various physical
processes gives rise to anti-periodic solutions (Batch-
elor et al., 1995). Okochi (1990) studied the first
anti-periodic solutions for nonlinear evolution equa-
tions. The investigation of anti-periodic solutions is
an important subject because of their applications
in engineering, physics, and control theory. In NN
theory, much attention has been paid to the study of
anti-periodic oscillations of different types of NNs (Li
YK et al., 2015; Xu and Zhang, 2015; Li HF et al.,
2016; Long, 2016; Xu and Li, 2016; Ke and Miao,
2017; Zhou QY and Shao, 2018; Li YK and Xiang,
2019).

The conditions of numerous current studies
on optimal control, science, mechanics, medica-
tion, gadgets, and financial matters are susceptible
to immediate problems and experience unexpected
changes. The term of these progressions is excep-
tionally short and irrelevant to the duration of the
process considered, and can be thought of as mo-
mentary changes or impulses. In NN theory, sys-
tems with short-term perturbations are naturally de-
scribed by impulsive differential equations; we refer,
for example, to Liu BW (2007), Li YK (2008), Liu
B et al. (2008), Zhou JW and Li (2009), Stamova
et al. (2014), Li XD and Wu (2016), Li XD and Song
(2017), Aouiti and Assali (2019), Aouiti and Dridi
(2019a, 2019b), and Li XD et al. (2019).

However, few researchers have been interested
in the dynamics of anti-periodic solutions for in-
ertial NNs, in particular IBAMNNs. Also, as far
as we know, there is no article that has studied
the existence and exponential stability of IBAMNNSs

with impulsive effect. In this study, we establish

new results concerning the existence, uniqueness,
and global exponential stability of anti-periodic
IBAMNN solutions with mixed delays and impulsive
effects defined by the following equations:

dgggz(t) = a0 ) + Jf; cii(t)
Flu) + i @)1 (1t = 7300 )
+ ]il hji(t) 0+OO Kj;(u)
- fj <yj(t - u)) du + I;(t),

o) g8+ Zp )
gilaa(t) + Z 050 (0 = 0,0 )
+ é 0i;(t) 0+°° Nij(u)
g (mi(t - u))du + 0.

(1)
Hereinn > 2;t>0;:=1,2,...,n; 7 =1,2,...,m;
the second derivative is called an inertial term of
system (1); o; and j3; are positive constants; z;(-)
and y;(-) are the external inputs of the i*" neuron
in the X layer and the external inputs of the ;'™
neuron in the Y layer, respectively; a; > 0 and b; > 0
denote the rate at which the i*" neuron and the ;%™
neuron will reset their potential to the resting state in
isolation when disconnected from the networks and
external inputs, respectively; functions ¢;;(-), dji (),
hji(+), pij (+), qi;(-), and 0;;(-) denote the connection
strengths of the NN; K;(-) and N;; () are the delay
kernels; f;(-) and g;(-) are the activation functions of
the j* and i neurons, respectively; 7;;(-) and o;; ()
are the external inputs on the i*" neuron in the X
layer and the j* neuron in the Y layer, respectively;
I;(-) and J;(-) are the external biases of the X layer
and Y layer, respectively.

The initial conditions of system (1) are given by

dz;(s)

() = pai(s), = Yzi(8),
dyd-t(S) ®
yi(s) = @yi(s), élt = 1y;(s),
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where s € (—00,0] and ¢gi(-), Vzi(-), @y (), and
¥y (+) are bounded and continuous functions.

Let (z(t), y(t))T be a solution of system (1) with

initial values (2). Let

for i = 1,2,...,n and j = 1,2,...,m. We can

rewrite system (1) as

day(t)
aF - Iz(t) + u1(t),
o = (@ —ai+ a(t) = (@ = Dw(t)
+ > cit)f5(;(1)
+ Z dji(t) f; <yj (t— Tﬂ(t))>
m +oo
* Z hiilt) 0 Kji(u)
fi yg(t—u)>du+l( )
dyét(t) = —y;(t) +v; (),
dvcji;t(t) =~ (bj — B + 1)y;(t) — (85 — 1)v;(t)

+> pi(Dgi(wi(t
i=1

+Z%sﬁm ~0y(0)

n 400

+Z%@O Nij(w)

" 9i <xi(t - u)) du + J;(1).
(3)

By adding the impulsive effects, we consider

the following IBAMNN:

a Il(t) + ul(t),
e (ai — o + 1)ai(t) — (o — L)u(t)
+ 2 i iy ()
+ D di ;| it = 75 (1))
205 (e =52 )
m +00
+Zhji(t> 0 KJZ( )
<y7 t—u )du + I;(¢),
VR (U]
do; (1)

5= (b= 8+ D) = (8 = Doy (1)

+ Zpij (t)gi(zi(t))
i=1

+ i () gi | 2i(t — 045(t))

;q g ( )
n +00

+Z%(t) | Nij(u)

&
~

£
~

<
<
~

—~ o~ o~ o~

~

=3 x4 =} 4

S

(4)
The impulsive times t; satisfy: top < t; < ... <
te < ... limy—y oot = +00.
Remark 1 The facts that our model can have many
applications in the scientific and technical fields (we
talked about this in the introduction), and that these
applications can be successful by taking into account
a good understanding of the dynamic behavior of the
model, are motivations to study this model. The in-
vestigation of an anti-periodic solution for system (4)
does not exist as of this writing. Consequently, the
principal reason for this study is to give new condi-
tions to demonstrate the existence, uniqueness, and
global exponential stability of anti-periodic solutions
for a class of impulsive BAMNNSs using differential
inequality techniques.
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Remark 2
follows:
1. We establish new conditions to prove the

Our principal contributions are as

existence and uniqueness of anti-periodic solutions
for model (4).

2. We prove the global exponential stability of
anti-periodic solutions for model (4). Note that our
approach for proving the global exponential stability
of the anti-periodic solution of system (4) is different
from the solutions in other studies (Li YK et al.,
2015; Xu and Zhang, 2015; Long, 2016; Xu and Li,
2016; Ke and Miao, 2017; Zhou QY and Shao, 2018;
Li YK and Xiang, 2019).

3. We take into account impulsive effects, so
our results are more general than the results in Ke
and Miao (2013b, 2017), Xu and Zhang (2015), Liao
et al. (2017), and Li YK and Xiang (2019).

2 Preliminaries

For convenience, we introduce some notations
and define the following class of spaces:

Cj; = max |Cji(t>|7 dji = max |d/ji(t>|7

te[0,w] te[0,w]
J tg%g‘ﬁ” J ( )| ng tler%gi(;] |p ]( )l
% = i e b 2 = gy w0
I = L), J; = J:(1)].
tgﬁg]I @)1, J; fé}%' i ()]

|-] and || - || represent the norm of R and R™ (n > 1),
respectively.

n 3
llz|| = (Zx?) , forx = (z1,22,...,2,)".

i=1

Definition 1
to be w-anti-periodic, if

A solution z(t) of system (4) is said

z(t+w)=—x(t), t #ty,
xz(t —|—w) =—x(ly), k=1,2,...,

where w is a nonnegative small number and it is
called the anti-periodic of function z(t).

In addition, for ¢ = 1,2,...,n and j =
1,2,...,m, the following hypotheses are given:
Hypothesis 1 There exist nonnegative constants

L¢j, Lgi, M7, and M9 such that for all u, v € R,

|fi(u) = fi ()| < Lgjlu— vl
lgi(u) — gi(v)] < Lgilu — vl

|fi(u)| < M7, |gi(u)] < M9
Hypothesis 2 ¢;i(-), dji(-), pi; (), qi;(), Li(-),
Ji(4), 15:(+), 045 (), hji(-), and 0;;(-) are continuous
functions. They satisfy

Tii(t + w) = 75 (), 04 (t + w) = 045(¢),
+oo
hji(t + w) Kji(u) fi(yi(t —u))du
0
+oo
= —h;;(t) | Kji(u) fi(~yi(t —u))du,
+oo
Oij (t + LU) Nij (U)gz (I1 (t — u))du
0
—+oo
= —Oij (t) Nij (u)gi(—xi(t — u))du
0
Hypothesis 3 The kernels K;, N;; : [0, +00) —
[0, +00) satistfy
—+oo —+oo
Kji(S)dS = 1, NZJ(S)dS =1.
0

Hypothesis 4  There exists a positive integer g,
such that for all £ € N,

tk-i—q = tk + q,
QT _ ,glm qu _ Qqu
i(k+q) — Yik» Yi(k+q) — Yik>

Phra) = Vi ey = Vi
and

|1+1§fk|§17 |1+1§gk|§17 (5)
[1+0% | <1, [1+9%] < 1.

Now, we give a few lemmas that serve us later
in the proofs of the main theorems.
Lemma 1 Suppose that Hypotheses 1-4 hold.
If Z(t) = (x;(t),ui(t),y;(t),v;(t))T is a solution of
system (4) and

Ozi>1, 6j>1,
, |bj—ﬁj+1|<1’
Bi—1

foralli=1,2,...,nand j =1,2,...,m, then for all
t > 0 and k € N we have

|CLZ'—O[Z'+1| <
ai—l

1
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|2 ()] <A1, [ui(t)] <72,
)| < A3, |vj ()] <A,
)| <A1, [wi(G)] < A,
) <Az, o (8] < A,

1 |ai—ai+1|
Oéi—l (ozl-—l)—|al-—ozl-+1|

. [Z (Eji +dj; +Eji)Mf +Ti]7
j=1

Yo > +1}

- 1 - _
V3 >6' 1 [Z (Pij + Ty +5ij)Mg+Jj]
oo (9)

.(1_ |bj—5j+1|>1
B;—1 7

~ 1 bj — B; +1]
74>[3j—1[(ﬁj—l)—|bj—ﬁj+1|

=1

+ 1} "

Proof We note that Hypothesis 1 assures the exis-
tence and uniqueness of the solution (noted Z(t)) of
system (4) in [0, 400) for any given initial condition.

Assume by way of contradiction that inequal-
ity (6) is not verified. From Hypothesis 4, we obtain

s ()] = [(1+ 95) s (te)| < | ()],
s ()] = 11+ 02 s ()| < Jua(t)],
[y (6] = (L4 9%y, ()] < ly; (t)],
o (E0)] = [(1+ 9% )v; (t)] < Joj ().
If
|lzi ()] > A1, Jwi(t))] > Fa,
i ()] > Fs, o ()] > Fa,
then

lzi (tk)| > 31, [wilte)| > o,
ly; (k)| > 3, [vj(te)] > a-

Thus, there must exist ¢ € {1,2,...,n}, j €
{1,2,...,m}, and 7T € (tg,tg4+1] such that for all
te (-0, M), s=1,2,...,n,and Il =1,2,...,m

)

{ lzi(T)] = ?1, lui(T)] = 172, (1)
ly; (D =, [v; (| =4,
and
{ |z(t)] < e Jus (t)] <% 12)
lyi(t)] <73, |oi(t)] < Fa.

By directly computing the upper left derivative
of [x;(t)], |ui(t)], y;(¢)], and |v;(t)| with Hypothe-
sis 1, inequalities (7)—(10), and Egs. (11) and (12),
we have

0 <D (Jui(N)
<|ai—ai+1||xi( )| = (i — 1) ]us(T)]

ci (N f5(y; () +Zdji(—')

j=1 j=1

- £ (%‘(7 - sz‘(_l))) + i hi(77)

1 (yj(-[ - u)>du + L;(7)

<= (o =)Dl + i = s+ 1Y)

Z cji( )+ Z dji (7
-, (ym - mm))) £ (D)
j=1

55 (1= 0w+ 1)

f] y]

<= (o —V)Fo+la— i+ 1F+ Y M

j=1
+) dpMT+ > h M+ T, (13)
j=1 =1
Thus, we have
Yo S—la; a1+1|71+—<ZE]1M
[ - j=1
+y M+ Mt +Iz> (14)

On the other hand, from inequality (14) we
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obtain
0 <DT(Jzi(M) < —lzi(t)] + |uai(t)|
<=1+

a; —oa; +1 ~
(e

Oél'—l

Using inequalities (13) and (16) we obtain

0 <D™ (Jui(N])
|CLZ' — Oy + 1|
(ai—l)—|ai—ai+1|

. (iEﬁMf + igjiMf + iﬁjiMf
j=1 =1

J= Jj=1
m m
+ZﬁjiMf +ZdjiMj
j=1 j=1

+ZﬁjiMf +71 < 0.
j=1

<— (o — )72 +

+1;

N—

(17)

Similarly, by inequalities (15) and (16) we obtain
0 <D™ (Js(T)])

“l‘iajiMf"riEjiM'f'i‘Ti) < 0.

(18)
Similarly, we have
0 <D™ (|v; (M)
|CL1' — Oy =+ 1|
(Bj —1) = |b; = Bj + 1

: (Z@ng +Y G MY+ o MY+ 7j)

<— (8 -1+

1 i=1 i=1
+ B M+ G MO+ 5 M+,
i=1 i=1 i=1
<0,

(19)

0 <D* (g (D)) < —<1 - w)%

B;—1
.. MY q.. M

(20)

which is a contradiction and implies that inequality
(6) holds.

Lemma 2 (Aouiti, 2018) Let 7 > 0 be a given real
constant. We suppose that p(t) and ¢;(t) (1 = 1,2)
are continuous functions on [0, +00) and that k(s)
on [0, +00) satisfies the following:

+oo
1. / E(s)ds < k.
0
—+o0
2. / k(s)e*"ds < 400, > 0.
0

In addition, supposing that there exist nonneg-
ative constants 7 and M which satisfy

p(t) — q1(t) —kga(t) <m, >0, 0< qi(t) < M,

then we have
* s _ AT
A" =inf {)\ > 0,A—p(t) + q1(t)e
—+oo
+ Q2(f)/ k(s)eM ds = O} > 0.
0

We also give the following assumption:
Hypothesis 5 Assume that there exist nonnega-
tive constants ps, s € N (N ={1,2,...,2(n+m)}),
such that for ¢ € [0,400), ¢ = 1,2,...,n, and
i=12...,m,

Di — Pnti > 0,

m
Poilas = 1|+ pilas — ai + 1|+ poansslesi(t)|Lis
j=1

+ D Pl (DL + Y pansslhyi(t)]

j=1 j=1
' / |Kji(s)|Ljpds > 0,
0

D2ntj — P2ntm+j > 0,
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p2n+m+j|ﬁj - 1| +p27’b+j|bj - ﬁj + 1|

n n m
+ sz'|pz'j (t)|Lig + Zpi|jS (t)|Lig + Zpi|0ij (t)
=1 =1 Jj=1

)\;H:inf{ (t) > 0,A(t) — | — 1

P o+ 1]+ 30 B o )1

o0 p J=1 n+i
/ |N”(S)|ngd5 > 0. m
0 Pan+j NOL DPan+j
Assume that there exist nonnegative vector Z |dﬂ Lz 21 Pt
functions  (Vi(t), Va(t), .., Va(t), Visr(t), ..., !
‘/én(t)7 Vv2n+1(ﬂ7 ) ‘/én+m(t)7 ) ‘/2(11+m) (t))T € ’ |hji(t)| / |Kji(8)|Ljfe/\(t)SdS = O}
C(—o0, R2("+tm)) "where V,(t) is continuous at ¢ # ty, 0 0 0
(ke N*), t >0, s € N, and satisfies the following;: > (28)
“Vi(t7) < —V:(+— (t ~
t>0, 1<5<m
D_Vn_H'(t_) < —|ai — 1|Vn+i(t_) — |ai — o4 + 1| + P2ntm+j _ O}
m m p2n+j
Vi) + S e OIL s Vans s (E7) + 3 1) =0, (20)
=1 =
— i Foo
L Vanes )+ 2 Ihi0lLss [ 1Kol |
j=1 0 2ot >0 11Igj<m AE) > 0, At |6J B 1|
Vapij(t™ — s)ds, (22)
Pty — By 41| +Z
D Vauis(47) < ~Vauss () + Vanpmos (), (23) Panmi 2 i
- _ _ ii ()| Lig +
D™ Vanims;(t7) < =8 = 1[Vangma; (t7) POl ;p2n+m+] (@l
— |65 = Bi + 1Vensg (¢7) + Y Ipig (8)| LigVi(t ™) t>T+Z |oi; (1))
i=1 p2n+m+J
+ Z |qu |L“]V + Z |01J |L1<] / |Nij (‘9>| . / |Nij (S)|Lige>\(t)sd8 = 0}
i=1 0
Vit — s)ds, (24) >0. (30)
Vi(th) < L*Vi(ty), Proof Using an analysis similar to that in
Vogi(th) < L*Vppi(ty), Lemma 2, we show that there exists a unique A}

Vanyj (ﬁ) < LYVany (tx), (25) (A2 >0).
V: t: < LV; ¢ Choose a nonnegative constant 6 > 0 that satis-
antmti () < L Vongmaj (), fies min{p,}6 > 1. Let &,(t) = Vi(t)/ps, s € N. We
where L* < 1,L" < 1LY <1,L" < 1. N

have
Thus, for all ¢ > 0 and s € N, there exists a
nonnegative constant M such that w(t) =0 Z Vl(O)e_/\*t' (31)
2t m) lEN
t) <M Z Vi(0)e ™, Then for all t € (—o0,0] and v > 1, we have
A* =min{A{[s € N}, (26) =70 Vi(0)e M > by (t). (32)
lEN

Asa consequence,

(27) Ds(t) <¥(t), t €]0,00), s € N. (33)
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By contradiction, suppose that there exist s € N and
t > 0 such that

D) 270 (T), e (1) < (),

for t € [0,1),s* € N. (34)

Based on what has been proved above, two cases
can be distinguished:

(I) t # tx, tx, € N*. So, Vs(t) is continuous at ¢.
By inequality (34), we have

1 _

—Vi(?)

S

=@, DV > D). (35)

From Hypothesis 5, inequality (34), and the def-
inition of \*, we have

piiD*vi(%) — 0 (F) < pi (—Vit) + Vra(£7))
* n - Prn+i
AN (E) < 4 (D) ( 1 P gy ) . (36)
i L1
Vopi(t) = |ai — ai + Vi) + ) lejilt)
j=1

() + D> 1djs ()| Vangs ()

LjfVans;
j=1
m 400
3 (0| / 1 ()] (6 s)ds)
j=1

40

<YW (t < o — 1] —

Pan+j = Pon+j
+ Z D20t o (6)] Ly + Z P 1)

oy~ 1

J=1 n—+1 +1
T P2n+j
- Ljer® +Z o j|hﬂ |/ Ki(
Ljpe3ds + )\*)
<0, (37)
1 - , - _
-D™ Vany5(t) = 1W'(1) < (= Vang;(t7)
P2n+j P2n+j
+ Vanimij(t7)) + NP (1)
gw(f)<—1+]m+>\*) <0,  (38)
P2n+j

and

1 1
D™ Vapymyi(t) =¥ (f) < ———
P2n+m+j

' (— 1) — 1Vanonss () — [b5 — 5 + 1[Vangs ()

Pen+m+j

+Z|%J |quv( 7)

i=1

m 400
£ Y louOlt [ INg e - s)ds)

+ Z |pij (8)|LigVi(t™
i=1

F NP (E) < AW (T ( 18; — 1] — 2t
Dan+m+j
- |b; _ﬁa+1|+z pij ()| Lig

i1 p2n+m+3

- |gji (8)| Lige®D™ + )" ———
Z i ()] Lig meﬂ

: |0ij(t)|/ |Nij(s)|Lige*P*ds + Xk) <0, (39)
0

1 P2ntm+j

which contradict Eq. (35).
(I) 3 ko € N* and t = tj, inequality (34)
involves

1

AUESTGESILAG NI
Given V(I )/ps # Vi(f")/ps, we have
Va(@)/ps < Y& () or 7&(T) < Vi(i")/ps. We as-

sume that YW (%) < V,(f"
and (40) we have

)/ps. From inequalities (25)

_ 1 _ _
W (F) < ;mt*) <y L*W(7), (41)
W(E) < ——Vopi () <ALWE),  (42)
Pn+i
and
Y (T) < Vo (T7) <ALYO(@),  (43)
P2n+j
_ 1 _ _
VW(E) < ———Vanimii (F) SALW(E).  (44)
P2n+m+j

Simplifying inequalities (41)-(44) we obtain
L*>1,L">1,LY > 1,and L” > 1, which contra-
dict L* <1, L* < 1,LY <1,and L” < 1.

From (I) and (II), inequality (33) holds. Letting
~v — 17 in inequality (33), we have

Ds(t) <A¥(t), t € 0,00), s € N. (45)
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Consequently, Vi (t)/ps < ¥(t) forall t € [0, 00),
s € N. Let [ = ma}sf({pse}. Then for t > 0 and
sE

s € N, we have

)< LY Vi(0)e ™™

leN

(46)

3 Main results

In this section we present new conditions that
demonstrate the uniqueness, existence, and global
exponential stability of anti-periodic solutions for

system (4).
Theorem 1  Assume that Hypotheses 1-5 hold.
Let Z*(t) = (x*(t),u*(t),y*(t),v*(t)) be a so-

lution of system (4) with initial value ¢"(t) =
(@5 (1), i (1), (1), @5(t))T. Then Z*(t) is globally
exponentially stable.

Proof We denote Z(t) = (z(t),u(t), y(t),v(t))T as
an arbitrary solution of system (4) with the initial

value ¢(t) = (pa(t), pu(t), y(t), 00(t) "
Let
Vi(t) = |ai(t) — =7 ()],
Vi (t) = |unti(t) = upi ()],

Vaontj (t) |y2n+3( ) - y;n+j (t)|,
Vantm+j(t) = [vanym;(t) — Ugn—i-m—i-j )1,
forteRy,i=1,2,....,nand j =1,2,...,m. Then,

we have
DVi(t) € —Vit) + VarstT),  (47)
D™ Voyi(t7) < — o = 1 Vopi(t7) = |as — i + 1]

Vit + D leji (I Vany
j=1

(t7)+ ; |hjz'(t)|Ljf/0

~ —s)ds,

)+ Z |d;i(t)

—+o0

LVt | i (s)]

: V2n+j (t (48)

D_V2n+j (t_) < _V2n+j (t_> + V2n+m+j (t_>7 (49)

_{ﬁ]
)+ b ()| LigVi(t )

i=1

D~ V2n+m+J 1 |V2n+m+j (t_)

— |bj = Bj + 1{Vany (t

+ Z lgi; (t |LwV

Vit — s)ds, (50)

Vogi(tF) S L"Vpyite), i=1,2,...,n,  (52)
‘/2n+j(t;g‘r) < Ly‘/Qn+J(tk)7 .] = 17 27 s, (53)

‘/2n+m+j(t;gi_) < Lv‘/zﬂ+m+j(tk)7 J= L2,....m
(54)
By inequalities (47)—(54) and Hypotheses 1-5,
there exists a nonnegative constant M that verifies

(55)

where \* is defined in Eq. (26).

Theorem 2 Assume that Hypotheses 1-5 are sat-
isfied. Then system (4) has a unique T-anti-periodic
solution that is also globally exponentially stable.
Proof We denote

a(t) = (xl(t),xz(t),...,xn(t)>T,
u(t) = (ul(t),UQ(t),...,un(t)>T,
) = (1 (01200 ,yn@))T,
v(t) = <v1(t),v2(t), . ,vn(t))T.
Let (z(t), u(t), y(t), v(t))" be a solution of

system (4) with initial conditions z;(s) = ¢, (s),
wil(s) = Gul) 15(5) = 94,05 05(5) = oy (9),
|</7961(8)| <7, |</7u1(8)| <72, |50yj (5)| <73, |<ij (5)| <
Ja, for s € (—=0,0], i = 1,2,...,n,5 =1,2,....m
It follows from system (4) and Hypothesis 2 that for
all p € N, we have

d

Eu—ly’“xi(t +(p+1)T)

=(= )p+1 S [zi(t + (p+ 1)T)]

=(— )P“[ xz(t+(p—|—1)T)+ui(t+(p—|—1)T)]
— (=P 2t + (p+ 1)T)

+ (=P u(t+ (p+ 1T, t # ty, (56)

%[(—1)”*1:1:1-(% +(p+1)T)")

+Z|ou (O Lss / TN =P g @it + (0 DT))

=05 (V)P @ity + (p + 1)T))), k=1,2,...,

(57)
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S e+ (o + DT {4 (4 DT = 0y 0) + Y 0y (0)
:_1p+1 —(a; —o; + 1)z (T + + 1T too -
=1 [ ( Jail m(p ) g Nij(u)gi((=1)P it + (p+ 1)T
— (i — Vst + (p+ V)T +Zcﬂ (t+ (p+1)T) —u))du + J;(t), (62)
D o) A et Ty
j=1 d 1 v p+1
Sily;(t+ 0+ DT) = 755t + (p+ 1)T)) (D7 ot + (p+ DT)T] = 95 ((=1)""
m [e'e] . Uj 1 T y k,‘ = 172 ..... 63
+Zhﬁ(t+(p+1>T>/+ Kji(u) it e ) .
j=1 0
Let

filyit+ p+1)T) —uw)du+ Li(t+ (p+1)T)
=—(a; —a; + 1)(=1)""a(t+ (p+ 1)T)
(az — 1) (=P M (t+ (p+1)T)

+Z% (D55 (=D (e + (0 + 1)T)) (1) (4 (p-+ 1)T)

(=1 lus(t+ (p+ 1)T)

“+o0

+ 2 i f (=17t + (0 + DT) = 76(8))
2 halt) | K fil(t+ o+ D)D)

(—1)P+1un(£+ (p+1)T)

( (=P uy(t+ (p+ 1)T)

e
~ ~ ~

—u)du + I;(t), (58) (1P y (t+ (p+ 1)T)

4 . (=P lys(t + (p+1)T)
S0P il + (p+ DT)) = D (-1 bl) = ;

it + (p+1DT)), k=1,2,.... (59) (=P ym(t+ (p+ 1T)

Similarly, we have

d (=1)PT o (t+ (p+ 1)T)

5[(—1)”+1yg‘(t+ (p+1)T)] = —(=1)7*! 3 (=1)P gt + (p+1)T)
o(t) = .

yit+ (p+1)T) + (=1)P ot + (p+ 1)T), (60) :
(=1)P o, (t+ (p+1)T)
i_p-lrl. +1 Y ((_1\p+1
dt[( D7 st + (p+ D)) = 05 ((=1) Thus, for any k € N, (&(t), u(t), y(t), 'f)(t))T is
(yi(te + (p+1)T))), k=1,2,..., (61)  likewise a solution of system (4). If the initial values

(2) are bounded, from Theorem 1, we can deduce

g[(—l)p"’lvj(t +(p+ 1)) =—(b; — B; + 1) that there exists a positive constant v that verifies

dt
(=Pt + (p+DT) — (B — 1) (—1)PH (=17 st + (p+ DT) — (—1)Pzi(t + pT)|
v(t+ (p+1)T +pr )gs ((—1)P+1 =|z;(t + pT) — (—axs(t + pT + T))|

<Me 7EHPT)  gup Z|x (s +T) + x;(s)|?

it + (p+1)7T)) + Z qi; (1) gs (—1)P* —00<s<0 ]
§2M,~yle*’v(t+PT)

<fe D) (64)
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(=17 i (e + (0 + DT)T) = (=) (b +pT) D) 1(=1)7 0 (8 + (0 + DT)T) = (=1)% (B + pT) )]

=la;((tr +pT)") + zi((te + pT +T)7)| =[vj((tx +pT)*) + v;((tx + pT +T)7)|
=|1 4 0%, ||z (tx + (p+ 1)T) + zi(tx + pT)| :|7§})k||vj(tk; +pT +T)+ vty + pT)|
<2MA e~ v (t+pT) SQM:MG—V(%-H?T), (71)
<fe Y ttrT) (65) where t + kT > 0,7 =1,2,....n,j = 1,2,...,m
For any k € N and t # t, we have
(Pt + (o + 1)) = (—1)Pus(t + p7) (P st 4 (o DT = o) + Z e
=lu;(t + pT) — (—u;(t + pT + T))|
zi(t+ (z+ 1DT) — (—1)%x; (t + zT)]
<Me 7EHPT) gup Z |ui (s + T) 4 ui(s)]?
oot (~)?* (4 (p+ )T )+ Z Dl
§2M,~72e—7(t+pT)
SFe_'Y(t+pT)7 (66) cui(t+ (24 1)T) — (—=1)%u,(t + ZT)]
(1P ly;(t + (p+ 1)T +Z 1)t
(=P ui((tr + (0 + D)) = (=1 us((te +pT) )
=lu; ((tr + pT)*) + wi((tx + pT +T)F)| g+ (2 + DT) = (=1)7y;(t + zT)]
=1+ I |wi(ty + pT + T) + wity + pT))| (—1)P* Lot + (p+ 1)T +Z 1)+
§2M,72e—7(tk+pT)
—— (&7 a3t (o D) = (—1)ouy(e 4 T

Then, we have

-1yt + (p+ DT) — (<125t + pT) (Dt + (p+ DT)

=ly;(t +pT) = (—y;(t + pT +T))| <|a(t |+Z| Dt + (2 + DT)

<Me 7tHPT) gyp Z lyi(s +T) +y;(s)[°

—oc0<s<

- (=1)* Ii(t+ 2T,

<M Aze Y tHPT) (—1)P s ((te + (p+1)T))
<fe(tHpT) (68) =[5 (=1)P* z(tr + (p+ 1DT))|
<+ I5 (1) i (b + (p+ 1T
<[ (1) (tk + (p+ 1)T)),

|(_1)p+1yj((tk + (p + 1)T)+) - (_1)kyj((tk +pT)+)| (_1)P+1 J(t+ (p+ 1)T)

=ly; ((tx +pT) ") +y; ((tr +pT + T)7)|

=[1+ 0% lly; (t + 0T +T) + y; (t +pT))| <ui(t |+Z| 1)yt + (2 + 1)T)
e~ (tktpT)
SM/{?@HPT) —(~1)* ui(t—|—zT)|,
=re | O o+ o+ DT
=[5 (1) ui(ty + (p+1)T))|
(=17 (¢ + (p + D)T) — (~1)Poy(t + pT)| <1+ 9% (— 1) st + (p+ 1)T)|
=[v; (t +pT) = (—v;(t + pT +T))| <|(=1)P i (te + (p+ 1)T)],
<Me BEHPT)  gup Z|UJ s+ T) + v;(s)? (—1)Ptly .(t—l—(p-i—l)T)
7oo<s<OJ 1
<|y; (¢ |+Z| 17yt + (2 4+ 1)T)

§2M7y4e*'>'(t+PT)
<pe D, (70) — (=1)Py; (t +2T)],
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(=D (8 + (p+ 1)T)F)
=[0% (=" y;(tx + (p+ 1)T))|
<1+ 9% ()Pt + (p + 1T
<|(=1)P Py (e + (p+ DT,
(=Pt + (p+ 1T)

<|v;(t |+Z| D)y

- (=1)* vj(t+zT)I7
(=1 o((tk + (p+ DT)F)
=05 ((=1)P* ot + (p + 1DT))]
<1+ 9% (1) otk + (p+ 1)T)|
<|(=1)P* oty + (0 + 1T,

i(t+ (2 4+ 1)T)

(72)

where ¢ = 1,2,..., In view of
Lemma 1, the solutions of system (4) are bounded.

By inequalities (64)—(72),
{(—1)’6“:1;1-@ +(k+1)T), (=) (t+ (k+1)T),

n,j =12...,m.

we can deduce that

(=) ly; (t+(k+1)T), (1) o (t+(k+1)T) ¢ is a
fundamental sequence on any compact set of R. Ev-
idently, (—1)*z(t + kT, (1) u(t +kT), (—1)Fy(t +
kT), and (—1)*v(t+kT) uniformly converge to piece-
wise continuous functions z*(t), u*(¢), y*(t), and
v*(t) on any compact set of R, respectively.

Thus, we can show that Z*(¢) is a T-anti-
periodic solution of system (4). As
Z*(t+T)= lim (~D)*Z(t + T +kT)
—00

- T _1)k+1
= Hl%lgoo( DY Z(t+ (k+1)T)
=—Z"(t),

and

Z*((th, +T)T) = DEZ((t, + T + kT)T)
~DFZ((t + (E+1)T))

.

=— lim
k+1—0c0

=—Z*(tx),

T

Z*(t) = (z*(t),u (t),y"(t),v"(t) s

periodic.

T-anti-

Next, we  prove that  Z*(t) =
(z*(t), w*(t), y*(t), v*(t)) is a solution of
system (4). Because the right-hand side of sys-
tem (4) is piecewise continuous, we can conclude
that ((—1)*lz;(t + (k + 1)T)), ((=1)* 1t +
(k + 1)), (=D)*'y(t + (b + DT))', and

(=1)* v, (t + (k + 1)T))" uniformly converge to
piecewise continuous functions on any compact

subset of Ry, respectively. = Therefore, letting
p — 400 on Egs. (56)—(63), we obtain
W — a0 +uie). 4,
duj‘t(t) = —(al — o + l)xiF (t)
— (i = Dui(t) + Y i) fi(y; (1)
j=1
+) i) £y (= i(t)))
j=1
m 4o
+ ) hyilt) Kji(u)
j=1
fiy; (¢ —w))du+ (), t # ty,
d*
GO )+, £
dok(t
(Jit( - = (b = B + 1)y (1)
- (8 )+ > pij(t)gi(x (73)
i=1
+> i (0)gi(} (¢ = 045(1)))
i=1
n +OO
+You(t) [ Ny(u)
i=1 0
-gi(@i (t —w))du + J;(t), ¢ # tr,

Az (t =ty) = x] (tr) — x5 (1))
) = ui(t) —uy(ty,)
), k=1,2,...,
Ay;(t = ty) = yj(tr) — yj ()

(), k=1,2,...,
k) = 0f (tr) — v} (t;)
=95, (v} (tr)), k=1,2,....

Il
)
B
—~
£

—~

Thus, Z*(t) = (z*(t), u*(t), y*(¢), 'v*(t))T
is the T-anti-periodic solution of system (4). Fi-
nally, results in Theorem 1 affirm that Z*(t) =

* * * * T
(@ (1), w(t), y*(t), v*(t))

tially stable.

is globally exponen-
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4 Examples and comparisons

In this section, we present an example to show
the effectiveness of the results given in the previous
section. Let n =m = 2. Then N =1,2,...,8. We
have

a _xz(t) =+ UZ(t)»
duz(t) o o . . _ o .
% = —(ai — ai + 1) (1) — (o — 1)uy(t)
2 2
+ Z cji(t) £ (y; (1)) + Z dji(t) fi(y; (t — 75:(1)))
J; . Jj=
+ Y hyi(t) | Ka()f (- w)du + L),
j=1
dyé;t(t) = —y;(t) +v; (1),
d%,ft) = —(b; = B + D)y (1) — (85 — Dv; (1)
+ sz'j (t)gi(wi(t)) + Z i (t)gi(wi(t — 045(t)))
1;1 - =1
+ 3040 | Natwataite = wyau+ 5500,
Axl(t:tk) :’[gkal(tk)? k 1,2,...,
AIQ(t:tk) :’[g;kIQ(tk)? k 1,2,...,
Auy(t = t) = O%ur(ty), k=1,2,...,
Au2(t:tk) :r&gk:UQ(tk)? k= 1,2,...,
Ayt =t) = 0 (te), k=1,2,...,
Ays(t = tg) = 9 ya(ty), k=1,2,...,
Avi(t =tg) =001 (), k=1,2,...,
A'U2(t:tk):r§12)k:v2(tk)7 k:1727' )

where for all u € R,i = j = 1,2, we have

£ =g:(w) = 3 (ju+ 1] = fu = 1)),
= Lgj= Ly =1,
Kji(u) =N;;(u) =e™ "
For k = 1,2, we give
I = 03 = —04, 0fy = U3, = 0.7,
0, =Y, = —0.5,0Y, = 9%, = —0.4.

Thus, L* =04 < 1, L*=07< 1, LY =05<
1,and LY = 0.4 < 1. Let

0.51| sint|
(cji(t))1<ij<2 ( 0.35| cos ¢

0.62] sint|
0.54] cost|

Aouiti et al. / Front Inform Technol Electron Eng 2020 21(2):324-339

0.51

= (Gji)i<ij<e = ( 0.35

0.44|sint|

(djl(t>>1§i)jg2 - ( 034|COSt|

0.44

= (dji)i<ij<2 = ( 0.34

0.75| sint|

h'i t i, =
(hji(t)h<ij<e ( 0.15| cost|

0.75

= (hji)i<ij<2 = ( 0.15

0.27| sin t|

(pij(t))1<ij<2 ( 0.59| cost|

0.27

= (Dij)1<ij<2 = < 0.59

0.75| sint|

(@5 (t)1<i, <2 ( 0.35| cost|

0.75

= (Gij)1<ij<2 = ( 0.35

0.25] sin |
0.14] cost|

(03 ()h1<ij<e = <

0.25

= (0ij)1<ij<2 = ( 0.14

(oo )=(
()=

b1 by
0.50sin(2t)
0.63 sin(2t)

3.1
3.1

(ji(t)i<ij<e = (

0.50

= (Tji)i<ij<e = ( 0.63

0.72| sint|

ij (t))1<ij<2 = :
(03 (t))1<i j<2 ( 0.53) sin|

0.72

= (Cij)i<ij<2 = ( 0.53

0.45sint
(Li(t))1<i<e = ( 0.59 cost ) -

0.32sint
(Jith<j<z = ( 0.52 cost ) -

0.62
0.54

).

0.52| sint|
0.70] cost|

).

0.54] sin t|
0.44| cost|

).

0.39] sint|
0.21] cost|

).

0.63| sint|
0.55] cost|

).

0.68| sint|
0.53| cost|

).
3:.32>'
)

0.50 sin(2t)
0.36 sin(2t)

).

0.61] sint|
0.51] sint|

).

).

0.52
0.70

).

0.54
0.44

).

0.39
0.21

).

0.63
0.55

).

0.68
0.53

).

0.50
0.36

).

0.61
0.51

~|
<
I
N
o o
[ TSN
O ot
~__

<
o
Il
7N
oo
ot W
N N
"
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Thus, we have

lag —ay +1] las — as + 1|

0.5 <1, — 045 < 1,
041—1 O{Q—l
|by — B + 1] |by — B2 + 1
Pt _ge, 2222 g5
p1—1 B2 —1

Thus, Hypotheses 1-4 are satisfied.

Let p1 = 10.5, po = 9.25, p3 = 8.75, ps =
8, ps = 6.85, pg = 6.25,p7y = 5.25,pg = 4.75.

From the above assumption, Hypothesis 5 is
satisfied.

Therefore, all conditions from Theorems 1 and
2 are satisfied, and the IBAMNN with time-varying
delay and impulsive effect (74) has a unique m-anti-
periodic solution, which is globally exponentially sta-
ble. A numerical simulation is given in Figs. 1-4 to
check these results.

Aouiti (2018) obtained some new sufficient con-
ditions that ensure the existence and exponential sta-
bility of periodic solutions for IBAMNNSs with time
delay using the Weierstrass criteria, the bounded-
ness of solutions, and the Lyapunov function. A
constant coefficient was considered without impul-
sive effect. Zhang and Quan (2015) investigated the
global exponential stability of an equilibrium point
for inertial delayed BAMNNSs with constant coef-
ficients (for example, the connection strengths c;i,
dji, hji, Dij, Qij, and o;; are all constants) using in-
equality techniques. In our model we use variable
coefficients for the strong points of the connection
and external inputs, because our model is more gen-
eral than the models in Zhang and Quan (2015) and
Aouiti (2018). Liao et al. (2017) investigated the
same model as in Zhang and Quan (2015) with a
variable coefficient. By combining Mawhin’s contin-
uation theorem of coincidence degree theory with the
Lyapunov functional method and using inequality
techniques, the existence and global exponential sta-
bility of periodic solutions for NNs were established.
The models in Zhang and Quan (2015) and Liao
et al. (2017) are not concerned with the impulsive
effect and distributed delays. Besides, our approach
for demonstrating the global exponential stability is
different from the models in these studies. Xu and
Zhang (2015) gave some conditions to demonstrate
the existence and global exponential stability of an
anti-periodic solution for a BAMNN with the iner-
tial term and delay using the inequality technique
and Lyapunov method. The model in Xu and Zhang

(2015) is not concerned with impulsive effect and
time-varying delays. Our results on the exponential
stability for impulsive BAMNNs with mixed delays
and the inertial term are essentially new, and the in-
vestigation methods used in this study can be used to
study the piecewise anti-periodic solutions for some
other types of NNs.

5 Conclusions

In this study, we consider a class of IBAMNNSs
with time-varying delays and distributed delays.
First, we have transformed the second-order inertial

0.15
010}
0.05}
0.00 |
S-005f
< -0.10}

-0.15}

-0.20 b .
0 5
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t

Fig. 1 Transient responses of states x1(t) and x2(t)
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Fig. 2 Transient responses of states u1(t) and uz2(t)
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Fig. 3 Transient responses of states y1(t) and y2(t)
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025 1) — V()
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Fig. 4 Transient responses of states v1(t) and v2(t)



338 Aouiti et al. / Front Inform Technol Electron Eng 2020 21(2):324-339

NNs into a first-order differential system and applied
the Lyapunov method and differential inequality
techniques to present new conditions that ensure the
existence and exponential stability of anti-periodic
solutions of model (4). Note that our results are new
and that the system studied is more general than
the system in Xu and Zhang (2015). In addition, we
have used a technique different from the one used
in Xu and Zhang (2015) to show the exponential
stability of the anti-periodic solution, which can be
applied to many concrete examples of NNs. At last,
we have detailed some open issues. We might want
to stretch our results to examine the global stability
criteria for impulsive IBAMNNs with unbounded
delays (Ke and Miao, 2013c) and the dynamics of
Clifford-valued IBAMNNSs with impulsive effect (Li
YK and Xiang, 2019). These topics will be our main
focus in the future.
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