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Abstract: Phased array (PA) radar is one of the most popular types of radar. In contrast to PA, the frequency diverse array (FDA) 
is a potential solution to suppress range-related interference because of its time-range-angle-dependent beampattern. However, the 
range-angle coupling inherent in the FDA transmit beampattern may degrade the output signal-to-interference-plus-noise ratio 
(SINR). We propose a dot-shaped beamforming method based on the analyzed four subarray-based FDAs and subarray-based 
planar FDAs using a sinusoidally increasing frequency offset with elements transmitting at multiple frequencies. The numerical 
results show that the proposed approach outperforms the existing log-FDA with logarithmical frequency offset in transmit energy 
focus, sidelobe suppression, and array resolution. Comparative simulation results validate the effectiveness of the proposed 
method. 
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1  Introduction 
 

Phased array antennas have been widely used for 
several decades in civil and military applications to 
improve signal processing performance (Fenn, 2008; 
Hansen, 2009; Keizer, 2011). However, the range- 
dependent interference cannot be directly suppressed 
by beamforming without multiple antennas or a 
multibeam antenna based on a phased array (PA). The 
frequency diverse array was initially designed to form 
a range-dependent beampattern (Antonik et al., 2006a; 
Wicks and Antonik, 2008, 2009). In contrast to the PA, 
the frequency diverse array (FDA) employs a tiny 
frequency increment relative to the carrier frequency 
across the antenna elements, resulting in a 
range-angle-dependent beampattern (Antonik et al., 
2006b; Wang et al., 2012; Basit et al., 2015; Xu et al., 

2015). Due to the additional controllable degrees of 
freedom of the array, FDA has sparked many inter-
esting investigations (Baizert et al., 2006; Shin et al., 
2013; Cetintepe and Demir, 2014; Hu et al., 2017; 
Zhang et al., 2017). 

However, the range and angle of the FDA cannot 
be exclusively determined at the output of the array 
because of the range-angle-coupled transmit beam-
pattern. To eliminate the inherent range-angle- 
coupled relationship, useful achievements have been 
obtained, which can be divided into two categories. 
One category is based on the design of the frequency 
increment or transmit weight (Khan et al., 2014, 2015, 
2016a, 2016b; Wang et al., 2016; Basit et al., 2017; Li 
et al., 2017). Another category is based on the design 
of the array configuration (Jones and Rigling, 2012; 
Sammartino et al., 2013; Wang WQ, 2014; Wang and 
So, 2014; Wang WQ et al., 2014; Xu et al., 2017; 
Wang SL et al., 2018). In fact, the best decoupling 
approach is to form a dot-shaped beampattern rather 
than an S-shaped beampattern, which generates the 
maxima at multiple ranges and angle values (Liu, 
2016; Shao et al., 2016). 
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The essence of subarray-based FDA (SB-FDA) 
is to divide the uniform linear array FDA (ULA-FDA) 
into multiple subarrays, which employ the same or 
distinct frequency increments. In this study, we pro-
pose a cross SB-FDA to achieve the dot-shaped 
transmit beampattern. It is difficult to obtain the de-
sired results based only on the design of the array 
configuration. Therefore, we introduce a sinusoidally 
increasing frequency offset into the FDAs and planar 
FDAs, which transmit multiple frequencies to achieve 
the dot-shaped beam steering to the desired range and 
angle pair. 

 
 

2  Data model 

2.1  Uniform linear array FDA 

The configuration of the basic ULA-FDA is 
shown in Fig. 1. The frequency radiated from the nth 
element is expressed as 

 

0 , 0,  1,  ...,  1,   nf = f n f n N          (1) 

 
where f0 is the carrier frequency (also the radiation 
frequency of the reference element), Δf the frequency 
offset, and N the number of antenna elements. Under 
the narrowband assumption, the monochromatic 
continuous signal transmitted by the nth element can 
be given as 
 

 ( ) exp j2π , 0, 1, ..., 1.n ns t = f t n = N             (2) 

 
 
 
 
 
 

 
 
 
The signal received by a specific far-field loca-

tion with an angle θ and a slant range R for the first 
element is a superposition of the delayed and attenu-
ated version of the transmitted signal, expressed as 

 

exp j2π ,n n
n n

r r
s = ft t

c c

             
             (3) 

where rn=R−ndsin θ is the range of the target from the 
nth antenna element, d denotes the element spacing, 
and c is the speed of light. Hence, the total electric 
field (ET) observed at the far-field point (R, θ) is 
computed as 
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where fe represents the directional function of the 
element. Considering that a target locates at (R, θ), the 
steering vector a(R, θ) can be expressed as 

 
0

2 2 2
0

2π sin 2πΔ sin 2π Δ
j

H
2π ( 1) sin 2πΔ ( 1) sin 2π ( 1) Δj

( , ) , ,1,e

e

f d θ fd θ R f
c c c

f N d θ f N d θ R N f
c c c

R ...

.
  


    



      

 




a

(5) 
 

According to Eq. (5), 2π(N−1)2Δf·dsin θ/c can be 
approximated as a function of the number of array 
elements, expressed as ψ=2π(N−1)2·Δfdsinθ/c 
(Fig. 2). Fig. 2 shows that if the number of array el-
ements is no more than 60, then ψ will be smaller than 
π/4, implying that the approximation errors are  
ignorable. 

 
 
 
 
 
 
 
 
 
 

 

 
 
Considering the assumption that fe(ω0+nΔω)≈ 

fe(ω0), which denotes the array directional function, 
Eq. (4) can be rewritten as 

Fig. 1  Basic uniform linear array frequency diverse array 
(ULA-FDA) 
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The array factor (AF) at the target position (R, θ) 

can be derived as 
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 (7) 

 
where 0=2πf(t−R/c)−π(N−1)(Δft−df0sin θ+ΔfR). 

Fig. 3 shows the transmit beampattern of the 
basic FDA using the simulation parameters listed in 
Table 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

2.2  Planar frequency diverse array 

Considering the reality of radar signal pro-
cessing, which requires implementation in a higher 
dimension than ULA-FDA, upon which existing 
works are mainly based, the beamforming theory for 
an FDA was extended to planar array geometries as 
proposed in Jones and Rigling (2012) with array el-
ements in equidistant distribution in x and y axes as 
shown in Fig. 4. 

 
 
 
 
 
 
 
 

 
 
 

 
The transmitted signal corresponding to the el-

ement (n, m) in the planar frequency diverse array 
(PFDA) can be expressed as 

 

 ( ) exp j2π ,nm nms t = f t                     (8) 

 
where fnm=f0+nΔfx+mΔfy, n=0, 1, …, N−1, m=0, 1, …, 
M−1. The signal arriving at the far-field target can be 
written as 
 

exp j2π .nm nm
nm nm

R R
s t = f t

c c

         
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         (9) 

 
Considering a far-field target (x0, y0, z0), the R0, 

φ0, and θ0 of the target can be reached. Taking the 
element (0, 0, 0) as the reference of the array, the 

Table 1  Simulation parameters 

Parameter Value 
ULA-FDA element number 20 

Subarray element number 10 

Carrier frequency 10 GHz 

Frequency offset 2 kHz 

Array element spacing d c/(2f0) 

Target location (R, θ)  (200 km, 30°) 

Fig. 3  Transmit beampattern based on a one-dimensional 
array structure: (a) ULA-FDA transmit beampattern;
(b) PA transmit beampattern 
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Fig. 4  Planar frequency diverse array (PFDA)
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range between the reference element and the observed 

point is 2 2 2
0 0 0 0 .R x y z    Then the range between 

the element (n, m) and the observed far-field target 
can be expressed as Rnm=[(x0−xn)

2+(y0−ym)2+z0
2]1/2. 

The overall signal observed at (x0, y0, z0) in the far 
field can be written as 
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(10) 

where  0 0 0, ,ˆˆ ˆR    denotes the transmit steering 

vector. Consider that a target is located at (50, 50, 
150) km, Δfx=1 kHz, Δfy=10 kHz, and N=M=9. Fig. 5 
shows the PFDA transmit beampattern. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The regularity of the beampattern as a function 
of range and angle is shown in Fig. 3. This is different 
from that of a conventional PA, which can be easily 
intercepted and captured by the enemy, because the 
beam steering is fixed at one angle for all ranges. The 
FDA provides a possibility to control the transmitted 
energy distribution or suppress/detect range- 
dependent interference/targets. 

 
 

3  Subarray-based FDA radar 
 
There is range-angle coupling inherent in the 

transmit beampattern of the basic ULA-FDA because 
of the linear incremental synchronization between the 
element spacing and the fixed linear frequency offset. 
The way to eliminate the inherent range-angle cou-
pling is the premise of accurate beam control. To 
eliminate the synchronization, it is suggested to adopt 
a specially designed FDA configuration to decouple 
the beampattern in the range and angle dimensions. In 
this section, we analyze four SB-FDA radar configu-
rations based on ULA-FDA. 

3.1  Single-sided subarray-based FDA 

As shown in Fig. 6, the single-sided SB-FDA 
divides the basic ULA-FDA into two adjacent 
subarrays. 

 
 
 
 
 
 
 
 
 

 
Take the leftmost element as the reference for 

each subarray. Subarray a, with N antenna elements, 
uses the frequency offset of Δf1. Subarray b, with M 
antenna elements, uses the frequency offset of Δf2. 
Then the frequency radiated from the nth element in 
subarray a and the mth element in subarray b can be 
expressed as 
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Fig. 5  Transmit beampattern based on a two-dimensional 
array structure: (a) PFDA transmit beampattern;
(b) planar PA transmit beampattern 
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The transmit steering vector of the array can be 
represented by 
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3.2  Centrosymmetric subarray-based FDA 

Taking the central element as the reference el-
ement, the centrosymmetric SB-FDA divides the 
basic ULA-FDA into two subarrays that are symmet-
ric about the reference element (Fig. 7). 

 
 
 
 
 
 
 
 
 
Subarray 1, with N antenna elements, uses the 

frequency offset of Δf1. Subarray 2, with M antenna 
elements, uses the frequency offset of Δf2. Then the 
frequency radiated from the nth element in subarray 1 
and the mth element in subarray 2 can be expressed as 

 

1 0 1

2 0 2

,  0,  1,  ...,  1,

, 0,  1,  ..., 1.
n

m

f f n f n N

f f m f m M

    
     

     (13) 

 
The transmit signal of the nth element in subar-

ray 1 and the mth element in subarray 2 can be written 
as 
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The signal received by a specific far-field loca-
tion (R, θ), which is transmitted by the nth element in 
subarray 1 and the mth element in subarray 2, can be 
written as 
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The total electric field of subarrays 1 and 2 ob-

served by the far-field point (R, θ) can be written as 
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3.3  Overlapping subarray-based FDA 

Taking the leftmost element as the reference, the 
configuration of the overlapping SB-FDA is shown in 
Fig. 8. 

 
 
 
 
 
 
 

 
 
 
It is observed that the basic ULA-FDA is divided 

into N−M+1 overlapping subarrays, denoted as {S1},  

Fig. 8  Overlapping subarray-based frequency diverse 
array (SB-FDA) 

Fig. 7  Centrosymmetric subarray-based frequency di-
verse array (SB-FDA) 
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{S2}, …, {SN−M+1}, each of which consists of M ele-
ments. That is to say, the total element number of this 
array is N. The signal radiated by subarray l toward 
the specific far-field target (R, θ) can be expressed as 

 
H( , , ) ( , ) ( ),l l l lx t R R s t  w u                  (18) 

 
where sl(t) 

denotes the transmit signal of the lth 
subarray, wl the weight vector, and ul the steering 
vector. 
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3.4  Cross subarray-based FDA 

Take all the odd array elements of the basic 
ULA-FDA to make up subarray a and all the even 
array elements to form subarray b. Then the basic 
ULA-FDA is divided into the cross SB-FDA (Fig. 9). 

 
 
 
 
 
 
 
 
 
 
Under narrowband conditions, the signal arriv-

ing at the far-field observation point (R, θ), which is 
transmitted by the nth element of subarray a and the 
mth element of subarray b, can be written as 
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where Δf represents the frequency offset, d is the 
element spacing, and N and M represent the number 
of array elements of subarrays a and b, respectively. 

4  Subarray-based dot-shaped beamforming 

4.1  Nonlinear frequency offset 

To decouple the FDA range-angle-dependent 
beampattern, the best way is to form a dot-shaped 
beampattern without periodicity in the maximum 
rather than the trailing beampattern of log-FDA. This 
can be achieved by the array configuration design as 
well as the frequency offset design. The beampattern 
decoupling method based on nonlinear frequency 
offset is the premise for suppressing range-related 
interference. In this subsection, we analyze the range- 
angle joint estimation performance of the FDA using 
four different nonlinear frequency offsets.  

Considering L targets located in the space, the 
FDA array received signal obtained by the matched 
filtering can be given as 
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where αl denotes the target reflection coefficient, n 
the Gaussian white noise, a the steering vector, and 
wu=a the reception weight vector. 

When the target position is determined, the delay 
τ can be formulated by the target azimuth θ and the 
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       

 

 a

      

 
The received signal covariance matrix is ex-

pressed as 
 

   H H H 2( , ) ( , ) ,x nE r r E     R x x U U I  

(25) 
 

where 2
n  is the noise mean square error, I denotes 

the unit matrix, and U=[a(θ1, r1), a(θ2, r2), …, 
a(θL, rL)]. 

Fig. 9  Cross subarray-based frequency diverse array 
(SB-FDA) 
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Then the eigenvalue decomposition of the co-
variance matrix is performed. The eigenvalues are 
rearranged according to their values. The eigenvec-
tors corresponding to the eigenvalues are regarded as 
the signal subspace. The remaining eigenvectors are 
regarded as the noise subspace. Finally, we calculate 
the peak of the spectral function by 

 

H H

1
( , ) ,

( , ) ( , )r n n r

P r
t t


 


a U U a

              (26) 

 
where ar(θ, t)

 
denotes the steering vector and Un the 

signal subspace. 
Consider a far-field target located at (0°, 500 km). 

Fig. 10 shows the multiple signal classification 
(MUSIC) spectrum of the basic ULA-FDA with log-
arithmic, sinusoidal, cubic, and reciprocal frequency 
offsets. The FDA with sinusoidally increasing fre-
quency offset, called sin-FDA, has remarkable per-
formance advantages. Therefore, we introduce a si-
nusoidally increasing frequency offset into SB-FDA. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
Signals transmitted by the nth element of sin- 

FDA can be expressed as 
 

 0( , , ) exp j2π sin( ) .n
tn

r
s t R f n f t

c
        

  
 (27) 

 
We can control the maximum of the transmit 

beam to the desired target location  0 0̂
ˆ ,R   by opti-

mizing the complex weight  0 0
ˆˆ ,,n R θ  expressed as 

0 0 0 0
0 0

0 0

ˆˆ sinˆˆ( , ) exp j2π

ˆˆsin( ) sin( ) sin .

n
f R f ndR

c c

n fR n fnd

c c

 



 
  


 
  


 

 

(28) 

The signal arriving at the target is expressed as 

   H

0 0 0 0
ˆ ˆˆ ˆ ( , , ),, , ,tn n tns s t Rt R R       (29) 

 
where [·]H denotes the conjugate operator. 

4.2  Elements transmitting at multiple frequencies 

The basic ULA-FDA radar transmits an identical 
baseband waveform at each element with a coherent 
single frequency. In this study, we use multi-carrier 
frequencies on each element of the four analyzed 
subarray-based sin-FDAs to decouple the transmit 
beampattern.  

The signal of the nth element of sin-FDA simul-
taneously transmitting the lth frequency component 
can be written as 

 

( ) exp j2π ,n
nl nl nl

r
x t w f t

c

       
            (30) 

 
where fnl=f0+Δfn+Δfl denotes the radiation frequency 
of the nth element and the lth frequency component, 
Δfn=sin(n)Δf (n=0, 1, …, N−1) is the frequency offset 
between the nth element and the reference element, N 
is the array number for the given array aperture, 
Δfl=sin(l)Δf (l=0, 1, …, L−1) represents the frequency 
offset of each array element transmitting the lth  
frequency component, and L is the total number of 
frequency components transmitted by each array 
element. 

The total signal received by the far-field obser-
vation target can be expressed as 
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(31) 

Fig. 10  MUSIC spectrum when θ=0° and R0=500 km: (a) 
log-FDA; (b) sin-FDA; (c) cubic-FDA; (d) reciprocal-FDA
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where wnl is the transmit weight for each array ele-
ment, and (R, θ) is an arbitrary far-field observation 
point. The transmit beampattern of sin-FDA trans-
mitting multiple frequencies can be expressed as 
 

1
0

0 0

2

sin
( , , ) exp

exp j2π (sin sin ) .

N L

nl
n l

f nd
B t R w

c

R
f n l t

c
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 

   
 

         


 (32) 

 
 
5  Dot-shaped beamforming of subarray- 
based PFDA 
 

Most existing works on dot-shaped beamform-
ing focus only on ULA-FDA. In practice, radar ap-
plications require the ability to beam steer in high 
dimensions, which will exceed the capability of the 
one-dimensional uniform linear array. In this section, 
we divide the basic PFDA proposed in Jones and 
Rigling (2012) into three subarray-based PFDAs 
(Fig. 11). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 

 
The dot-shaped beam can be achieved by em-

ploying both positive and negative nonlinear fre-
quency offsets proposed in Jones and Rigling (2012) 
between the array elements in the x and y axes of the 
subarray-based sin-log-PFDA. The carrier frequency 

of the antenna element (n, m) is fnm=f0+sin(n)Δfx+ 
log(m+1)Δfy, where f0=10 GHz. The offset frequen-
cies of subarray 1 are Δfx=1 kHz and Δfy 

=10 kHz, and 
the offset frequencies of subarray 2 are Δfx=−1 kHz, 
Δfy=−10 kHz, Δfnx=sin(n)Δfx, and Δfmy

 
=log(m+1)Δfy. 

The far-field target locates at (50, 50, 150) km. The 
transmit beampatterns of the three proposed subarray- 
based PFDAs (SB-PFDAs) and the basic PFDA are 
presented in the next section. 

 
 

6  Simulation and results 
 
In this section, simulation is performed to verify 

the effectiveness of the proposed approach. We as-
sume a basic ULA-FDA of 20 sensors spaced a half- 
wavelength apart. The rest of the parameters are listed 
in Table 1.  
Example 1    Transmit beampattern of the four SB- 
FDAs with a fixed frequency offset 

The transmit beampattern of the four SB-FDAs 
analyzed above can be physically explained as a joint 
interferometry effect caused by different amplitude 
responses of the subarrays in the target position. 
Figs. 12–16 show the transmit beampattern of the 
centrosymmetric SB-FDA, the single-sided SB-FDA, 
the overlapping SB-FDA, the cross SB-FDA, and the 
log-FDA, respectively. 

Fig. 12 shows that, unlike the coupled S-shaped 
range-angle beampattern of ULA-FDA, the centro-
symmetric SB-FDA can form a dot-shaped beam at 
the target position. Fig. 13 shows that the beampattern 
of the single-sided SB-FDA is not significantly dif-
ferent from that of the basic ULA-FDA. There exists a 
mainlobe distortion at the target position. Figs. 14 and 
15 show that the overlapping SB-FDA and the cross 
SB-FDA both form a trailing beam in the scanning 
position, which has a certain effect on eliminating the 
inherent range-angle coupling. However, it is similar 
to the decoupling method with logarithmically in-
creasing frequency offset shown in Fig. 16, which 
achieves poor resolution in both the range and angle 
dimensions. Comparing the beam width of the four 
SB-FDAs in both angle and range dimensions, it is 
obvious that the overlapping SB-FDA has the highest 
precision. However, the realization of the overlapping 
SB-FDA is difficult in a physical implementation. 
Considering the frequency changes across the array  

Fig. 11  Four subarray-based PFDAs: (a) basic PFDA; 
(b) symmetric subarray-based PFDA; (c) single-sided 
PFDA; (d) cross PFDA 
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Fig. 14  Overlapping SB-FDA transmit beampattern: (a) range and angle dimensions; (b) range dimension at the target 
position; (c) angle dimension at the target position 

Fig. 13  Single-sided SB-FDA transmit beampattern: (a) range and angle dimensions; (b) range dimension at the target 
position; (c) angle dimension at the target position 
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Fig. 12  Centrosymmetric SB-FDA transmit beampattern: (a) range and angle dimensions; (b) range dimension at the 
target position; (c) angle dimension at the target position 

Fig. 15  Cross SB-FDA transmit beampattern: (a) range and angle dimensions; (b) range dimension at the target position;
(c) angle dimension at the target position 
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elements, the design of the transmitter and receiver 
will be difficult. Considering the multiple maxima at 
different ranges in the beampattern of SB-FDAs, 
which are easily disturbed, the decoupling method 
based on the array configuration design requires fur-
ther optimization to remove the periodicity in the 
maximum. 
Example 2    Transmit beampattern of the four SB- 
FDAs with a sinusoidal frequency offset 

It can be seen from Fig. 17 that the transmit 
beampatterns of the single-sided SB-FDA, centro-
symmetric SB-FDA, overlapping SB-FDA, and cross 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

SB-FDAs are all range-angle decoupled by forming a 
dot-shaped beam in the target position: (1) Consid-
ering the overlay airspace of the mainlobe, 
Sb>Sd>Sc>Sa; (2) Considering the sidelobe’s magni-
tude, the performance of the overlapping SB-FDA is 
the most ideal; (3) Considering the shape of the 
beampattern, all the four SB-FDAs can form a 
dot-shaped beam in the target position. The perfor-
mances of the overlapping SB-FDA and the centro-
symmetric SB-FDA are relatively ideal. Considering 
that the dot-shaped beam of the single-sided SB-FDA 
is accompanied by high sidelobes and that the image 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 16  Log-FDA transmit beampattern: (a) range and angle dimensions; (b) range dimension at the target position;
(c) angle dimension at the target position 

Fig. 17  Transmit beampattern of the four subarray-based sin-FDAs: (a) single-sided SB-FDA; (b) centrosymmetric 
SB-FDA; (c) overlapping SB-FDA; (d) cross SB-FDA 
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mainlobe beam exists in the beampattern of the cross 
SB-FDA, the sidelobes requires further optimization. 
Example 3   Transmit beampattern based on four 
subarray-based sin-FDAs transmitting multiple  
frequencies 

On the basis of Example 2, further analysis 
concerning the transmit beampatterns of the single- 
sided SB-FDA, centrosymmetric SB-FDA, overlap-
ping SB-FDA, and cross SB-FDA transmitting mul-
tiple frequencies is presented in Fig. 18. In Example 3, 
the total number of frequency components transmit-
ted by each array element is 3. The frequency offset is 
shown in Table 1. It can be seen that there is only one 
single maximum at the target location, which can 
focus the transmit energy in a desired spatial region: 
(1) Considering the overlay airspace of the target 
position, Sb>Sd>Sc>Sa; (2) Considering the mainbeam 
peak-to-sidelobe ratio, the performance of the over-
lapping SB-FDA is the most ideal; (3) Considering 
the beam shape, apart from the single-sided SB-FDA 
without remarkable improvement, the other three 
SB-FDAs can all form a dot-shaped beam at the target 
position. The sidelobe disturbances of the cross  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

SB-FDA, overlapping SB-FDA, and centrosymmetric 
SB-FDA are reduced. The peaks lying in the image 
position formed by the cross SB-FDA are removed. 
The essence of SB-FDA is to divide the basic ULA- 
FDA into multiple subarrays, employing the same or 
distinct frequency increments. As a result, the target’s 
range and angle based on the proposed method will be 
directly estimated from the transmit-receiver beam-
forming output peak with high accuracy. 
Example 4    Comparison of the angle and range 
dimensional beampatterns 

We examine the resolution in the range and angle 
dimensions of log-FDA and compare the four  
subarray-based sin-FDAs transmitting multiple fre-
quencies in Fig. 19. The beampattern of log-FDA has 
wide spread in the maxima, which may result in an 
ambiguous tracking performance. Figs. 19a–19e 
show that the beamwidth in the angle of the four 
subarray-based sin-FDAs transmitting multiple fre-
quencies is between 10° and 20°, while that of the 
log-FDA is several times that of the four SB-FDAs. 
Figs. 19f–19j show that the beamwidth of the four 
subarray-based sin-FDAs is much smaller than that of 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Fig. 18  Transmit beampattern of the four subarray-based sin-FDAs transmitting multiple frequencies: (a) single-sided

SB-FDA; (b) centrosymmetric SB-FDA; (c) overlapping SB-FDA; (d) cross SB-FDA 
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Fig. 19  Comparison of angle and range dimensional beampatterns 

(a)–(e) angle and power dimensions of log-FDA, single-sided SB-FDA, centrosymmetric SB-FDA, overlapping SB-FDA, and 
cross SB-FDA, respectively; (f)–(j) range and power dimensions of log-FDA, single-sided SB-FDA, centrosymmetric SB-FDA,
overlapping SB-FDA, and cross SB-FDA, respectively 
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log-FDA. We can conclude that the proposed SB- 
FDA scheme can produce narrow dot-shaped beam 
steering to the target. With the same total frequency 
offset, the centrosymmetric SB-FDA and the cross 
SB-FDA have better decoupling performance in both 
angle and range dimensions. It can be seen in Fig. 20 
that the signal-to-interference-plus-noise ratio (SINR) 
of the proposed SB-FDA is better than that of 
log-FDA. Thus, the proposed system has better ro-
bustness against interference. Fig. 21 shows the de-
tection probability versus the signal-noise ratio (SNR) 
for the proposed SB-FDA and log-FDA. The pro-
posed FDA exhibits better detection performance 
compared with log-FDA. The improvement in per-
formance in terms of SINR and the detection proba-
bility can be attributed to the sinusoidal offset across 
the transmit array. 
Example 5    Dot-shaped beamforming for SB-FDA 
with different array elements 

In Example 5, we take the centrosymmetric 
SB-FDA transmitting multiple frequencies as an 
example to analyze the influence of parameters, such 
as the number of array elements, the frequency offset, 
and the total number of frequency components  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

transmitted by each array element on the performance 
of the transmit beampattern. Fig. 22 shows the 
transmit beampattern when N=10, Δf=1 kHz, and L=3. 
Fig. 23 shows the transmit beampattern when N=30, 
Δf=3 kHz, and L=3. Fig. 24 shows the transmit 
beampattern when N=20, Δf=2 kHz, and L=5. Based 
on the comprehensive analysis of Figs. 22–24, the 
proposed method can form a dot-shaped beam with 
low sidelobes and much concentrated mainlobe en-
ergy at the target position. As the number of array 
elements increases, the frequency offset increases and 
the total number of frequency components transmit-
ted by each array element also increases. 
Example 6    Dot-shaped beamforming for the 
subarray-based PFDA 

Fig. 25a shows the 10-dB beamwidth of the 
mainbeam of the basic PFDA with carrier frequency 
of fnm=f0+log(n+1)Δfx+log(m+1)Δfy and Δfx=Δfy= 
2 kHz. Figs. 25c–25d show the 10-dB beamwidth of 
the mainbeam of the three subarray-based PFDAs 
with carrier frequency fnm=f0+sin(n)Δfx+log(m+1)Δfy. 
It can be seen from Fig. 25 that the transmit beam-
pattern of the three subarray-based PFDAs can form a 
dot-shaped beam in the target position:  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 20  Performance comparison of the SINR of different 
FDA radars 
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Fig. 22  Transmit beampattern of the centrosymmetric SB-FDA when N=10, Δf=1 kHz, and L=3: (a) top view; (b) left 
view; (c) front view 
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Fig. 25  Transmit beampattern of the PFDA: (a) basic PFDA with a logarithmic offset; (b) symmetric SB-PFDA;
(c) single-sided SB-PFDA; (d) cross SB-PFDA 

200

150

100

50

0
100

50
0

y (km)
−50
−100

0
50

x (km)
−50

−100

100

79

78

77

76

75

74

73

72

80

81

(c)

200

150

100

50

0
100

50
0

y (km)
−50
−100

0
50

x (km)
−50

−100

100

88

87

86

85

84

83

82

81

89

90

(b)

200

150

100

50

0
100

50
0

y (km)
−50
−100

0
50

x (km)
−50

−100

100

39

38

37

36

35

34

33

32

40

41

(d)

200

150

100

50

0
100

50
0

y (km)
−50
−100

0
50

x (km)
−50

−100

100

79

78

77

76

75

74

73
72

80

81

71

(a)

Fig. 23  Transmit beampattern of the centrosymmetric SB-FDA when N=30, Δf=3 kHz, and L=3: (a) top view; (b) left 
view; (c) front view 
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Fig. 24  Transmit beampattern of the centrosymmetric SB-FDA when N=20, Δf=2 kHz, and L=5: (a) top view; (b) left 
view; (c) front view 
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(1) Considering the overlay airspace of the mainlobe, 
a>b>d>c; (2) Considering the sidelobe magnitude, 
the single-sided subarray-based PFDA is the most 
ideal; (3) Considering the directional gain, b>c=a>d. 
The symmetric SB-PFDA beam pointing has the 
highest directional gain at the target location. It can be 
seen in Fig. 26 that the SINR of the symmetric 
SB-PFDA is better than that of the other three PFDA 
arrays. The conclusion can be used to suppress the 
range-related interference. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

7  Conclusions 
 

FDA radar has received increasing attention in 
recent years because of the controllable degrees of 
freedom. In this study, a dot-shaped beam based on 
SB-FDA is realized. Comparisons of the proposed 
subarray-based sin-FDA transmitting multiple  
frequencies with log-FDA in simulations showed 
improvement in the transmit beampatterns. The 
subarray-based structure simplified the processing 
and assembly of the array, providing a wide signal 
bandwidth. It has wide application potential in the 
fields of range-angle joint estimation, front-view 
detection, and imaging of radar targets. Furthermore, 
research will be carried out based on the 
time-invariant SB-FDA. 

 

Compliance with ethics guidelines 
Bo WANG, Jun-wei XIE, Jing ZHANG, and Jia-ang GE 

declare that they have no conflict of interest. 
 

References 
Antonik P, Wicks MC, Griffiths HD, et al., 2006a. Frequency 

diverse array radars. Proc IEEE Conf on Radar, p.215- 

217. https://doi.org/10.1109/RADAR.2006.1631800 
Antonik P, Wicks MC, Griffiths HD, et al., 2006b. Range- 

dependent beamforming using element level waveform 
diversity. Proc Int Waveform Diversity and Design Conf, 
p.71-76. 

 https://doi.org/10.1109/WDD.2006.8321488 
Baizert P, Hale TB, Temple MA, et al., 2006. Forward-looking 

radar GMTI benefits using a linear frequency diverse ar-
ray. Electron Lett, 42(22):1311-1312.  

 https://doi.org/10.1049/el:20062791 
Basit A, Qureshi IM, Khan W, et al., 2015. Cognitive fre-

quency offset calculation for frequency diverse array ra-
dar. Proc 12th Int Bhurban Conf on Applied Sciences and 
Technology, p.641-645.  

 https://doi.org/10.1109/IBCAST.2015.7058575 
Basit A, Qureshi IM, Khan W, et al., 2017. Beam pattern 

synthesis for an FDA radar with hamming window-based 
nonuniform frequency offset. IEEE Antenn Wirel Propag 
Lett, 16:2283-2286.  

 https://doi.org/10.1109/LAWP.2017.2714761 
Cetintepe C, Demir S, 2014. Multipath characteristics of fre-

quency diverse arrays over a ground plane. IEEE Trans 
Antenn Propag, 62(7):3567-3574.  

 https://doi.org/10.1109/TAP.2014.2316292 
Fenn AJ, 2008. Adaptive Antennas and Phased Arrays for 

Radar and Communications. Artech House, Norwood, 
MA, USA. 

Hansen RC, 2009. Phased Array Antennas (2nd Ed.). John 
Wiley & Sons, New Jersey, USA.  
https://doi.org/10.1002/9780470529188 

Hu JS, Yan SH, Shu F, et al., 2017. Artificial-noise-aided 
secure transmission with directional modulation based on 
random frequency diverse arrays. IEEE Access, 5:1658- 
1667. https://doi.org/10.1109/ACCESS.2017.2653182 

Jones AM, Rigling BD, 2012. Planar frequency diverse array 
receiver architecture. Proc Radar Conf, p.145-150.  

 https://doi.org/10.1109/RADAR.2012.6212127 
Keizer WPMN, 2011. Low sidelobe phased array pattern 

synthesis with compensation for errors due to quantized 
tapering. IEEE Trans Antenn Propag, 59(12):4520-4524.  

 https://doi.org/10.1109/TAP.2011.2165509 
Khan W, Qureshi IM, Saeed S, 2014. Frequency diverse array 

radar with logarithmically increasing frequency offset. 
IEEE Antenn Wirel Propag Lett, 14:499-502.  

 https://doi.org/10.1109/LAWP.2014.2368977 
Khan W, Qureshi IM, Basit A, et al., 2015. Range-bins-based 

MIMO frequency diverse array radar with logarithmic 
frequency offset. IEEE Antenn Wirel Propag Lett, 15: 
885-888. https://doi.org/10.1109/LAWP.2015.2478964 

Khan W, Qureshi IM, Basit A, et al., 2016a. Performance 
analysis of MIMO-frequency diverse array radar with 
variable logarithmic offsets. Prog Electromagn Res C, 
62:23-34. https://doi.org/10.2528/PIERC16010902 

Khan W, Qureshi IM, Basit A, et al., 2016b. Transmit/received 
beamforming for MIMO log-frequency diverse array  

Fig. 26  SINR versus SNR performance 



Wang et al. / Front Inform Technol Electron Eng   2019 20(10):1429-1444 1444

radar. Proc 13th Int Bhurban Conf on Applied Sciences 
and Technology, p.689-693.  

 https://doi.org/10.1109/IBCAST.2016.7429955 
Li Q, Huang L, So HC, et al., 2017. Beampattern synthesis for 

frequency diverse array via reweighted ℓ1 iterative phase 
compensation. IEEE Trans Aerosp Electron Syst, 54(1): 
467-475. https://doi.org/10.1109/TAES.2017.2735638 

Liu YM, 2016. Range azimuth indication using a random 
frequency diverse array. Proc IEEE Int Conf on Acoustics, 
Speech and Signal Processing, p.3111-3115.  

 https://doi.org/10.1109/ICASSP.2016.7472250 
Sammartino PF, Baker CJ, Griffiths HD, 2013. Frequency 

diverse MIMO techniques for radar. IEEE Trans Aerosp 
Electron Syst, 49(1):201-222.  

 https://doi.org/10.1109/TAES.2013.6404099 
Shao H, Dai H, Xiong H, et al., 2016. Dot-shaped range-angle 

beampattern synthesis for frequency diverse array. IEEE 
Antenn Wirel Propag Lett, 15:1703-1706.  

 https://doi.org/10.1109/LAWP.2016.2527818 
Shin J, Choi JH, Kim J, et al., 2013. Full-wave simulation of 

frequency diverse array antenna using the FDTD method. 
Proc Conf on Asia-Pacific Microwave, p.1070-1072.  

 https://doi.org/10.1109/APMC.2013.6695023 
Wang SL, Xu ZH, Liu XH, et al, 2018. A novel transmit- 

receive system of frequency diverse array radar for mul-
titarget localization. Electronics, 7(12), Article 408.  

 https://doi.org/10.3390/electronics7120408 
Wang WQ, 2014. Subarray-based frequency diverse array 

radar for target range-angle estimation. IEEE Trans 
Aerosp Electron Syst, 50(4):3057-3067.  

 https://doi.org/10.1109/TAES.2014.120804 
Wang WQ, So HC, 2014. Transmit subaperturing for range 

and angle estimation in frequency diverse array radar. 

IEEE Trans Signal Process, 62(8):2000-2011. 
https://doi.org/10.1109/TSP.2014.2305638 

Wang WQ, Shao HZ, Cai JY, 2012. Range-angle-dependent 
beamforming by frequency diverse array antenna. Int J 
Antenn Propag, 2012:760489.  

 https://doi.org/10.1155/2012/760489 
Wang WQ, So HC, Shao HZ, 2014. Nonuniform frequency 

diverse array for range-angle imaging of targets. IEEE 
Sens J, 14(8):2469-2476.  

 https://doi.org/10.1109/JSEN.2014.2304720 
Wang YX, Huang GC, Li W, 2016. Transmit beampattern 

design in range and angle domains for MIMO frequency 
diverse array radar. IEEE Antenn Wirel Propag Lett, 
16:1003-1006. 
https://doi.org/10.1109/LAWP.2016.2616193 

Wicks MC, Antonik P, 2008. Frequency Diverse Array with 
Independent Modulation of Frequency, Amplitude, and 
Phase. US Patent 731 942 7B2. 

Wicks MC, Antonik P, 2009. Method and Apparatus for a 
Frequency Diverse Array. US Patent 2 009 001 547 4A1.  

Xu YH, Shi XW, Xu JW, et al., 2015. Range-angle-dependent 
beamforming of pulsed frequency diverse array. IEEE 
Trans Antenn Propag, 63(7):3262-3267.  

 https://doi.org/10.1109/TAP.2015.2423698 
Xu YH, Shi XW, Xu JW, et al., 2017. Range-angle-decoupled 

beampattern synthesis with subarray-based frequency 
diverse array. Dig Signal Proc, 64:49-59.  

 https://doi.org/10.1016/j.dsp.2017.02.005 
Zhang ZJ, Xie JW, Sheng C, et al., 2017. Deceptive jamming 

discrimination based on range-angle localization of fre-
quency diverse array. Front Inform Technol Electron Eng, 
18(9):1437-1447. 
https://doi.org/10.1631/FITEE.1601577

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


