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Abstract: This paper presents a reliable active fault-tolerant tracking control system (AFTTCS) for actuator
faults in a quadrotor unmanned aerial vehicle (QUAV). The proposed AFTTCS is designed based on a well-known
model reference adaptive control (MRAC) framework that guarantees the global asymptotic stability of a QUAV
system. To mitigate the negative impacts of model uncertainties and enhance system robustness, a radial basis
function neural network is incorporated into the MRAC scheme for adaptively identifying the model uncertainties
online and modifying the reference model. Meanwhile, actuator dynamics are considered to avoid undesirable
performance degradation. Furthermore, a fault detection and diagnosis estimator is constructed to diagnose loss-
of-control-effectiveness faults in actuators. Based on the fault information, a fault compensation term is added to
the control law to compensate for the adverse effects of actuator faults. Simulation results show that the proposed
AFTTCS enables the QUAV to track the desired reference commands in the absence/presence of actuator faults
with satisfactory performance.
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1 Introduction

During the last decade, quadrotor unmanned
aerial vehicles (QUAVs) have attracted significant
attention and experienced unprecedented growth
in the civilian and military applications, owing
to their unique capabilities in vertical takeoff and
landing, and hovering at desired altitudes. This
type of vehicle has been successfully employed
in a variety of applications, such as aerial pho-
tography (Cheng, 2015), parcel delivery (Murray
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and Chu, 2015), forest fire surveillance (Yuan
et al., 2015), and agriculture services (Zhang
and Kovacs, 2012). In particular, because of the
simple mechanical structures, affordable cost, and
the abilities to fly in confined spaces, QUAVs
have also become the ideal experimental plat-
form for research laboratories, such as Aerospace
Controls Lab at MIT (http://vertol.mit.edu.),
Aerospace Robotics Lab at Stanford Univer-
sity (https://web.stanford.edu/group/arl/), Au-
tonomous Systems Lab at ETH Zürich (http://
www.asl.ethz.ch/the-lab.html), and Networked
Autonomous Vehicles Lab at Concordia University
(https://users.encs.concordia.ca/~ymzhang/UAVs).
To complete various missions, an effective control
system is indispensable in a QUAV. However,
the QUAV is a nonlinear, underactuated, and
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coupled system. It is a great challenge to de-
sign a high-performance trajectory tracking
controller.

To track the desired trajectory accurately, some
notable studies have been performed in recent years,
such as linear quadratic regulators (Wang et al.,
2016), fuzzy neural networks (Kayacan and Maslim,
2017), and terminal sliding mode control (Xiong and
Zhang, 2017). In addition, various robust tracking
control methods have been proposed to enhance the
robustness of QUAV against model uncertainties and
external disturbances, including fuzzy backstepping
control (Yacef et al., 2016), guaranteed cost control
(Xu et al., 2017), saturation control (Zou and Zhu,
2017), and continuous sliding mode control (Ríos
et al., 2018). The aforementioned methods have been
demonstrated to be effective for trajectory tracking
in normal cases. However, they may not be effec-
tive when actuator faults occur, because these con-
ventional controllers have insufficient fault-tolerant
capabilities. In fact, actuators often fail to operate
as expected owing to different types of malfunctions
(Liu et al., 2017), which may significantly deteriorate
system performance or even cause a QUAV crash.
Therefore, actuator faults in the trajectory tracking
problem cannot be ignored. To overcome such weak-
nesses, many fault-tolerant tracking control systems
(FTTCSs) have been designed to achieve higher de-
grees of reliability and safety.

In general, the existing FTTCSs can be cate-
gorized into two types: passive FTTCS (PFTTCS)
and active FTTCS (AFTTCS) (Zhang and Jiang,
2008). For PFTTCS, the fault-tolerant capability
is attributable to the controller’s robustness against
presumed faults. Dydek et al. (2013) designed an
adaptive PFTTCS using direct and indirect model
reference adaptive control (MRAC), which provides
increased robustness to actuator faults. Liu et al.
(2016) developed a learning-based PFTTCS to coun-
teract the negative effects of actuator faults and
guarantee the tracking performance of a QUAV.
Avram et al. (2018) proposed an adaptive fault-
tolerant altitude and an attitude tracking method
for a QUAV, which ensure a satisfactory tracking
performance in the presence of multiple actuator
faults. Mallavalli and Fekih (2018) employed an
integral terminal sliding mode control approach to
solve the problem of trajectory tracking for a QUAV
with actuator faults and exogenous disturbances. Al-

though tracking control in the presence of actuator
faults has been addressed by the abovementioned
PFTTCSs, these methods have limited fault-tolerant
capabilities. Compared with PFTTCS, AFTTCS re-
acts to system failures actively via reconfiguring con-
trol actions based on the fault information. Thus,
AFTTCS, to some extent, achieves better fault-
tolerant performance. An observer-based AFTTCS
was proposed to counteract the loss of control effec-
tiveness in actuators (Hao and Xian, 2017), where
an immersion and invariance observer was used to
estimate the actuator fault and a unit quaternion
representation was used to formulate the attitude of
the tracking controller. Unfortunately, AFTTCS is
limited to attitude tracking control, and the posi-
tion tracking control is dismissed. In addition, little
attention was paid to the AFTTCS for both posi-
tion and attitude tracking control. The sliding mode
control (SMC) technique was proposed for trajec-
tory tracking, and an observer-based fault estima-
tion scheme was designed to provide fault informa-
tion for the SMC-based controller (Chen et al., 2015,
2016). However, owing to the high-frequency chat-
tering characteristic of SMC, these two AFTTCSs
are difficult to apply in engineering practice. Zhong
et al. (2018a) proposed an AFTTCS to accommodate
actuator faults and achieve an acceptable tracking
performance, without consideration of actuator dy-
namics and model uncertainties.

Motived by the previous discussion, in this
study, an active fault-tolerant tracking control sys-
tem is designed to address trajectory tracking prob-
lems for a QUAV with model uncertainties and
actuator faults. The basic idea is the integra-
tion of MRAC, radial basis function neural network
(RBFNN), and fault detection and diagnosis (FDD)
scheme in a stable and natural manner. The pri-
mary contributions of this paper can be summa-
rized as: (1) A new AFTTCS is proposed for a
QUAV against actuator faults with satisfactory per-
formance and stability analysis is performed based
on the Lyapunov stability theory; (2) In addition to
actuator fault compensation, the proposed AFTTCS
can achieve a satisfactory tracking performance when
model uncertainties occur; (3) Actuator dynamics
are considered to prevent actuators from exceeding
their amplitudes and rate constraints, as well as to
achieve a smooth actuator operation.
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2 Problem formulation

As shown in Fig. 1, a QUAV is a multi-rotor air-
craft with a simple geometric structure. Four motors
are mounted on the midpoints of a rigid cross frame.
The rotation of the fixed-pitch propellers produces
thrusts for continuous QUAV flying. To balance the
torques, two rotors (1 and 2) rotate in the clock-
wise direction, while the others (3 and 4) rotate in
the opposite direction. The motions of a QUAV are
controlled by changing the speed of each rotor. The
pitch motion is achieved by conversely varying the
speeds of the rotors (1 and 2). The roll motion is
obtained by conversely varying the speeds of the ro-
tors (3 and 4). Simultaneously adjusting the speeds
of the four rotors will generate a vertical motion.
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Fig. 1 Schematic of a quadrotor unmanned aerial
vehicle

2.1 Dynamic model of a QUAV

The dynamics of a QUAV have been investi-
gated by many researchers. As described in Xu and
Ozguner (2006), the dynamic model of a QUAV with
respect to the Earth-fixed coordinate system can be
defined as
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẍ = (cosφ sin θ cosψ + sinφ sinψ)U1

m − k1

m ẋ,

ÿ = (cosφ sin θ sinψ − sinφ cosψ)U1

m − k2

m ẏ,

z̈ = (cosφ cos θ)U1

m − g − k3

m ż,

φ̈ = U2

Ix
− Lk4

Ix
φ̇,

θ̈ = U3

Iy
− Lk5

Iy
θ̇,

ψ̈ = U4

Iz
− k6

Iz
ψ̇,

(1)
with

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

U1 = F1 + F2 + F3 + F4,

U2 = L(F3 − F4),

U3 = L(F1 − F2),

U4 = Ky(F1 + F2 − F3 − F4),

(2)

where the parameters are illustrated in Table 1.

Table 1 Notations used in this paper

Parameter Definition

x, y, z Coordinates in the inertial frame
φ, θ, ψ Roll, pitch, yaw angles
Ix, Iy, Iz Moment of inertia along xb, yb, zb axes

ki Drag coefficient, i = 1, 2, . . . , 6

m Mass of a QUAV
g Acceleration of gravity
U1 Total lift force
U2 Moment of roll
U3 Moment of pitch
U4 Moment of yaw

Fi
Thrust generated by the ith motor,

i = 1, 2, 3, 4

Ky Thrust-to-moment scaling factor

L
Distance between the center of a QUAV

and the rotor axis

To facilitate the design of AFTTCS, a simplified
linear model must be chosen rather than a nonlinear
model (1). Hence, the following assumption is re-
quired:
Assumption 1 It is assumed that the QUAV op-
erates in a hovering condition (U1 ≈ mg). The pitch
and roll motions are small such that sin θ ≈ θ and
sinφ ≈ φ. There is no yaw motion (ψ = 0) dur-
ing the whole flight. Furthermore, the QUAV moves
extremely slow, so the drag force can be neglected.

Based on Assumption 1, the simplified dynamic
model can be obtained in the following form:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẍ = θg,

ÿ = −φg,
z̈ = U1

m − g,

φ̈ = U2

Ix
,

θ̈ = U3

Iy
,

ψ̈ = U4

Iz
.

(3)

Denote xp = [x ẋ y ẏ z ż φ φ̇ θ θ̇ ψ ψ̇]T ∈ R
np

as the state vector, up = [F1 F2 F3 F4]
T ∈ R

p as
the input vector, yp = [x y z ψ]T ∈ R

m as the
output vector; subsequently, the dynamic model (3)
of a QUAV considering model uncertainties can be
expressed in a state-space form:

{
ẋp(t) = Apxp(t) +Bpup(t) +Gg,

yp(t) = Cpxp(t),
(4)

where Ap = Ap0 + δAp ∈ R
np×np , Bp ∈ R

np×p,
Cp ∈ R

m×np are the system matrices. Ap0 ∈
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R
np×np and δAp ∈ R

np×np represent the nominal
system matrix and unknown model uncertainties,
respectively.
Remark 1 The constant term Gg is used to trim
the quadrotor, so this term does not affect the con-
troller design. For convenience, this term will be
discarded hereinafter.

2.2 Actuator fault model

The actuators of a QUAV consist of four brush-
less motors and fixed-pitch propellers. When design-
ing a controller for the QUAV, actuator dynamics are
often neglected in most existing research. However,
the system performance may be severely degraded
because the controller cannot satisfy the physical
constraints of the actuators. Therefore, actuator dy-
namics should be considered in the controller design
procedure.

The thrust Fi generated by the ith mo-
tor is related with the corresponding pulse-width-
modulation (PWM) input ui, which can be modeled
by the following first-order linear transfer function
(Liu et al., 2017):

Fi = K
ω

s+ ω
ui = K̄ui, 0 ≤ Fi ≤ F̄i, (5)

where K denotes a positive gain, ω represents the
motor bandwidth, and F̄i is the maximum thrust
provided by the ith motor.

According to Eq. (5), the thrust variation rate
can be derived as

Fdi = Ḟi = Kωui − ωFi, F di ≤ Fdi ≤ F̄di, (6)

where Fdi and F̄di represent the lower bound and
upper bound of Fdi, respectively.

By considering actuator dynamics (5) and (6),
the dynamic model (4) can be formulated as

{
ẋa(t) = Aaxa(t) +Bau(t),

ya(t) = Caxa(t),
(7)

where xa = [xp
T up

T]T ∈ R
np+p is the augmented

system state vector, u = [u1 u2 u3 u4]
T ∈ R

p

is the control input vector, Aa = Aa0 + δAa ∈
R

(np+p)×(np+p), Ba =

[
K̄Bp

Kω

]

∈ R
(np+p)×p, Ca =

[Cp 0] ∈ R
m×(np+p) are the augmented system ma-

trices. Aa0 =

[
Ap0 0

0 −ω

]

∈ R
(np+p)×(np+p) and

δAa ∈ R
(np+p)×(np+p) denote the augmented nomi-

nal system matrix and unknown model uncertainties,
respectively.

As a typical type of actuator fault, the partial
loss of control effectiveness (LOE) in an actuator is
discussed herein. The LOE fault is characterized
by a reduction in the control command because of
an unexpected damage to the propellers or motors.
In other words, the control command from the con-
troller cannot be transformed into the desired ma-
nipulated variables entirely (Zhang and Jiang, 2002).
By introducing an LOE factor γi, i = 1, 2, . . . , p, an
LOE fault can be modeled as

ufi = (1− γi)ui, 0 ≤ γi ≤ 1, (8)

where γi = 0 or γi = 1 represents that the ith ac-
tuator is completely healthy or fails, respectively,
and 0 < γi < 1 denotes the partial LOE in the ith

actuator.
Using Eqs. (7) and (8), the dynamic model of a

QUAV considering actuator faults and model uncer-
tainties can be represented as

ẋa(t) = Aaxa(t) +Ba(I − Γ )u(t), (9)

or in a compact form, as

ẋa(t) = Aaxa(t) +Baua(t) +Eaγ(t), (10)

where Γ = diag (γ1, γ2, . . . , γp), γ = [γ1γ2 . . . γp]
T,

Ea = −BaU , and U = diag (u1, u2, . . . , up).
The above equation can be represented in an-

other form:

ẋa(t) = Aaxa(t) +Baua(t) +Eaf(t), (11)

where Ea = −Ba, f(t) = Uγ(t).

3 Active fault-tolerant tracking control
system design

3.1 Fault detection and diagnosis scheme

Accurate fault information is important in the
design of an AFTTCS. The FDD scheme is first pre-
sented herein. Because the proposed FDD scheme is
designed based on a discrete filter, it is essential to
obtain a discrete-time dynamic model of the QUAV.
Using the zero-order holder with sampling at 50 Hz,
the dynamic model (10) can be discretized as
{
xk+1 = Akxk +Bkuk +Ekγk + ωx

k ,

yk = Ckxk + vk,
(12)
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where ωx
k and vk are uncorrelated white Gaus-

sian noise sequences with covariances Qx
k and Rk,

respectively.
In general, the true value of γk is unknown; thus,

the LOE factor is modeled as a stochastic process:

γk+1 = γk +wγ
k , (13)

where wγ
k denotes the zero-mean white noise se-

quence with covariance Qγ
k .

To perform fault detection and diagnosis, an
adaptive two-stage kalman filter (ATSKF) is applied
to identify the LOE factor (Wu et al., 2000; Zhang
and Jiang, 2002). ATSKF consists of two parallel
subfilters: one is used to estimate the fault param-
eter and the other is used to estimate the system
state. Therefore, ATSKF can simultaneously pro-
vide a minimum variance estimation of the fault and
state.

The fault parameter subfilter is as follows:

γ̂k+1|k =γ̂k|k, (14)

P γ
k+1|k =

m∑

i=1

1

ρik
eikα

i
k|k(e

i
k)

T +Qγ
k, (15)

Kγ
k+1 = P γ

k+1|kH
T
k+1|k(Hk+1|kP

γ
k+1|kH

T
k+1|k

+ S̄k+1)
−1,

(16)

γ̂k+1|k+1= γ̂k+1|k+Kγ
k+1(rk+1−Hk+1|kγ̂k+1|k), (17)

P γ
k+1|k+1 = (I −Kγ

k+1Hk+1|k)P
γ
k+1|k, (18)

where ρik = 1 when αi
k|k > αmax, ρik = αi

k|k(αmin +
αmax−αmin

αmax
)−1 when αi

k|k ≤ αmax.
The fault-free state subfilter is as follows:

x̄k+1|k=Akx̄k|k+Bkuk+Wkγ̂k|k−Vk+1|kγ̂k|k, (19)

P x
k+1|k =AkP

x
k|kA

T
k +Qx

k +WkP
γ
k|kW

T
k

− Vk+1|kP
γ
k+1|kV

T
k+1|k,

(20)

Kx
k+1=P x

k+1|kC
T
k+1(Ck+1P

x
k+1|kC

T
k+1+Rk+1)

−1, (21)

x̄k+1|k+1= x̄k+1|k+Kx
k+1(yk+1−Ck+1x̄k+1|k), (22)

P x
k+1|k+1 = (I −Kx

k+1Ck+1)P
x
k+1|k, (23)

where the residual and its covariance matrix are
rk+1 = yk+1−Ck+1x̄k+1|k and S̄k+1 = Rk+1 +

Ck+1P
x
k+1|kC

T
k+1, respectively.

The coupling equations are

Wk = AkVk|k +Ek, (24)

Vk+1|k = WkP
γ
k|k(P

γ
k+1|k)

−1, (25)

Hk+1|k = Ck+1Vk+1|k, (26)

Vk+1|k+1 = Vk+1|k −Kx
k+1Hk+1|k. (27)

The compensated state and covariance esti-
mates are

x̂k+1|k+1 =x̄k+1|k+1 + Vk+1|k+1γ̂k+1|k+1, (28)

Pk+1|k+1 =Vk+1|k+1P
γ
k+1|k+1V

T
k+1|k+1

+ P x
k+1|k+1. (29)

Remark 2 The ATSKF-based FDD scheme can
not only detect the actuator faults, but also provide
accurate estimates of the fault amplitudes. Further-
more, it has been proven that ATSKF is an unbiased
estimator, meaning that E(γ̂) = γ.

3.2 Robust MRAC based controller design for
trajectory tracking control

To minimize the steady-state tracking error and
ensure the desired tracking performance, an integral
control action is used in the controller design. Aug-
menting the integration of the tracking error as a sys-
tem state, the dynamic model of a QUAV in Eq. (7)
can be written as
{
ẋ(t)=(A0+δA)x(t)+Bu(t)+Brr(t),

y(t) = Cx(t),
(30)

where x = [xT
a eTI ]

T ∈ R
np+p+m is the augmented

system state, ėI = e = r − y is the tracking er-
ror, and r = [xr yr zr ψr]

T is the reference com-
mand. A = A0 + δA ∈ R

(np+p+m)×(np+p+m),

B =

[
Ba

0

]

∈ R
(np+p+m)×p, Br =

[
0

I

]

∈
R

(np+p+m)×m, and C = [Ca 0] ∈ R
m×(np+p+m)

are the augmented system matrices. A0 =
[

Aa0 0

−Ca 0

]

∈ R
(np+p+m)×(np+p+m) and δA ∈

R
(np+p+m)×(np+p+m) are the augmented nominal

system matrix and unknown model uncertainties,
respectively.

Accordingly, the dynamic model of a QUAV
with actuator faults can be described as
{
ẋ(t)=Ax(t)+Bu(t)+Brr(t)+Ef(t),

y(t) = Cx(t),
(31)
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where E = [ET
a 0]T.

To enable closed-loop system stability and
achieve superior tracking performance, the MRAC
scheme is adopted as an effective control method for
state tracking (Ioannou and Sun, 1996). The con-
trol target of MRAC is to design an adaptive control
law such that the actual state of the system can track
the desired state of the reference model. Considering
the dynamic model (30) and in the case of no model
uncertainties, a reference model can be designed as

ẋm(t) = Amxm(t) +Bmr(t), (32)

where xm ∈ R
np+p+m is the reference state,

and Am ∈ R
(np+p+m)×(np+p+m) and Bm ∈

R
(np+p+m)×m are the system matrices chosen based

on the desired response characteristics.
Typically, to track the desired state xm,

the nominal system (A0,B) and the reference
model (32) are required to satisfy the state feedback
for state tracking conditions (Tao et al., 2004). For
the dynamic model (30) without δA, it is assumed
that an ideal control law u(t) = K1x(t) + K2r(t)

exists such that the following matching conditions
are satisfied:

Am = A0 +BK1, Bm = BK2 +Br. (33)

Because K1 and K2 are typically unknown, the
adaptive control law can be defined as

u(t) = K̂1x(t) + K̂2r(t), (34)

where K̂1 ∈ R
p×(np+p+m) and K̂2 ∈ R

p×m are the
time-varying estimates of K1 and K2, respectively.

Unfortunately, when model uncertainties occur
in the dynamic model (30), the abovementioned
matching conditions may not be satisfied. Thus, the
stability and tracking performance of QUAV cannot
be guaranteed. In this case, the closed-loop sys-
tem (30) can be written as

ẋ(t)=(A0+δA)x(t)+B(K̂1x(t)+K̂2r(t))+Brr(t)

=(A0 + δA+BK̂1)x(t) + (BK̂2 +Br)r(t)

=(A0 + δA+BK1)x(t) + (BK2 +Br)r(t)

−BK̃1x(t)−BK̃2r(t), (35)

where K̃1 = K1 − K̂1, K̃2 = K2 − K̂2.
Based on the matching conditions in Eq. (33),

the closed-loop system can be rewritten as

ẋ(t) =(Am + δA)x(t) +Bmr(t) +BK̃1x(t)

+BK̃2r(t).
(36)

Therefore, to satisfy the matching condition, the
reference model is modified as

ẋm(t) = (Am + δ̂A)xm(t) +Bmr(t)

= AMxm(t) +Bmr(t),
(37)

where AM = Am + δ̂A. δ̂A is the estimate of δA,
which can be obtained by the RBFNN technique.
Remark 3 To ensure the satisfactory stability
and performance properties of the modified refer-
ence model, a quadratic stability argument and a
parameter projection algorithm are used. Owing to
space limitation, they are omitted herein, and the
details can be obtained from Joshi et al. (2012). In
addition, the reference model is modified only if the
model uncertainties δ̂A exceed a desired threshold
δA.

The RBFNN is a popular feedforward neu-
ral network with universal approximation capability
(Park and Sandberg, 1991). A typical RBFNN con-
tains three layers: an input layer, a hidden layer,
and an output layer. Each input node is connected
to all the hidden layer neurons with unity weights,
while each hidden layer neuron is connected to the
output node with different weights. The Gaussian
functions are typically chosen as activation functions
of the hidden layer. By defining δAx as the output
of RBFNN, the model uncertainties can be approxi-
mated as follows:

hj = exp

(
−‖x− cj‖2

2b2j

)

, (38)

δAx = WTh(x) + ε, (39)

δ̂Ax = ŴTh(x), (40)

where x denotes the input vector. cj and bj rep-
resent the center vector and width vector of the
jth neuron in the hidden layer, respectively. h =

[h1 h2 . . . hn]
T is the output of the hidden layer.

W = [w1 w2 . . . wn]
T and Ŵ = [ŵ1 ŵ2 . . . ŵn]

T

are the actual and estimated weight vectors between
the hidden layer and output layer, respectively. ε is
the approximation error.
Theorem 1 For the dynamic model (30), the adap-
tive control gains are chosen as

˙̂
K1 = −R1B

TPexT, (41)
˙̂
K2 = −R2B

TPerT, (42)
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with the parameter estimation law

˙̂
W = τeTPh(x), (43)

where R1 ∈ R
p×p and R2 ∈ R

p×p are the pos-
itive definite matrices. τ is a scale parameter.
e = xm − x ∈ R

np+p+m denotes the model track-
ing error. P ∈ R

(np+p+m)×(np+p+m) represents a
symmetric positive definite solution of the following
Lyapunov equation:

AT
MP + PAM = −Q, (44)

where Q ∈ R
(np+p+m)×(np+p+m) is an arbitrary pos-

itive definite matrix.
Proof Using Eqs. (35), (37), (39), and (40) yields

ė =ẋm − ẋ

=(Am + δ̂A)e+BK̃1x+BK̃2r

+ (Ŵ −W )Th(x)− ε

=AMe+BK̃1x+BK̃2r + W̃Th(x) − ε,

(45)

where W̃ = Ŵ −W .
The Lyapunov function candidate is constructed

as

V =eTPe+ tr
(
K̃T

1 R
−1
1 K̃1

)

+ tr
(
K̃T

2 R
−1
2 K̃2

)
+

1

τ
W̃TW̃ .

(46)

Taking the derivative of Eq. (46) yields

V̇ =ėTPe+eTP ė+tr
(

˙̃
K

T

1 R
−1
1 K̃1+K̃T

1 R
−1
1

˙̃
K1

)

+ tr
(

˙̃
K

T

2 R
−1
2 K̃2 + K̃T

2 R
−1
2

˙̃
K2

)

+
1

τ

(
˙̃
W

T

W̃

+W̃T ˙̃
W
)

=− eTQe+ 2tr
(

˙̃
K

T

1 R
−1
1 K̃1 + xeTPBK̃1

)

+ 2tr
(

˙̃
K

T

2 R
−1
2 K̃2 + reTPBK̃2

)

− 2eTPε

+ 2

(
1

τ
W̃TW̃ − eTPW̃Th(x)

)

. (47)

Substituting Eqs. (41)−(43) into Eq. (47), it is
clear that

V̇ = −eTQe− 2eTPε ≤ −eTQe. (48)

This verifies the stability of the proposed con-
troller, and the proof is completed.

3.3 Fault compensation mechanism

In the absence of actuator faults, the adaptive
control law (34) will ensure the boundedness of the
closed-loop signal and asymptotic tracking, such that
limt→∞e(t) = 0 despite model uncertainties. How-
ever, when faults occur in actuators, the matching
conditions (Eq. (33)) are violated again. In this case,
the dynamic model (31) can be derived as follows:

ẋ(t) =Ax(t) +Bu(t) +Brr(t) +Ef(t)

=Ax(t)+BK1x(t)+Bu(t)+Brr(t)+BK2r(t)

−BK1x(t)−BK2r(t)−Bf(t)

=(Am + δA)x(t) +Bmr(t) +B(u(t)

−K1x(t)−K2r(t)− f(t)). (49)

Thus, to satisfy the matching conditions, the
control input u(t) is chosen as

u(t) = K1x(t) +K2r(t) + f(t). (50)

Theorem 2 For the dynamic model (31), the con-
trol input is designed as

u(t) = K̂1x(t) + K̂2r(t) + f̂ (t), (51)

where K̂1 and K̂2 are given in Eqs. (41) and (42), re-
spectively. f̂ (t) is obtained from the proposed FDD
scheme. Subsequently, the QUAV system can be
stable and the tracking error asymptotically goes to
zero.
Proof Substituting Eq. (51) into Eq. (49), we can
obtain

ẋ(t) =(Am + δA)x(t) +Bmr(t)

−B(K̃1x(t) + K̃2r(t) + f̃(t)),
(52)

where f̃(t) = f(t) − f̂(t).
According to Eqs. (37) and (52), the model

tracking error is given as

ė = ẋm − ẋ =AMe+BK̃1x+BK̃2r

+ W̃Th(x)− ε+Bf̃ .
(53)

Consider the following Lyapunov function
candidate:

V =eTPe+ tr
(
K̃T

1 R
−1
1 K̃1

)
+ tr

(
K̃T

2 R
−1
2 K̃2

)

+
1

τ
W̃TW̃ + f̃Tf̃ . (54)
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Subsequently, we have

V̇ =ėTPe+ eTP ė+ tr
(

˙̃
K

T

1 R
−1
1 K̃1 + K̃T

1 R
−1
1

˙̃
K1

)

+ tr
(

˙̃
K

T

2 R
−1
2 K̃2 + K̃T

2 R
−1
2

˙̃
K2

)

+
1

τ

(
˙̃
W

T

W̃

+W̃T ˙̃
W
)
+
(
˙̃
fTf̃ + f̃T ˙̃

f
)

=− eTQe+ 2tr
(

˙̃
K

T

1 R
−1
1 K̃1 + xeTPBK̃1

)

+2tr
(

˙̃
K

T

2 R
−1
2 K̃2+reTPBK̃2

)

+2

(
1

τ
W̃TW̃

− eTP W̃Th(x)
)
− 2eTPε+ 2

(
f̃TBTPe

+ ˙̃fTf̃
)
. (55)

Based on Eqs. (41)−(43) and limt→∞f̃(t)= 0,
it can be concluded that

V̇ ≤ −eTQe. (56)

Therefore, the designed controller can guarantee
that the closed-loop system is globally stable and
that the tracking error asymptotically converges to
zero.

4 Simulation results

To validate the effectiveness of the proposed
AFTTCS, some numerical simulations are con-
ducted. The dynamic model used in the study is
from QBall-X4, whose nominal parameters can be
referred to Zhong et al. (2018b). To effectively evalu-
ate the trajectory tracking, fault-tolerant, and model
uncertainty rejection capabilities, three different sce-
narios are considered in the simulations. In addi-
tion, a normal controller (designed by the conven-
tional MRAC) is selected to compare the robust per-
formance against model uncertainties and actuator
faults.

4.1 Scenario 1: trajectory tracking with
model uncertainties

The first scenario is designed to verify the ro-
bustness of the proposed approach to model uncer-
tainties. It is assumed that 40% of model uncertain-
ties exist in the QUAV system (δA = −40%A), while
the vehicle is required to track a square waveform al-
titude reference with different amplitudes. The sim-
ulation results are shown in Figs. 2 and 3.

z 
(m

)
x 

(m
)

y 
(m

)
ψ

 (r
ad

)

0.05

0

–0.05
0                20                40                60                80

0                20                40                60                80

0                20                40                60                80

0                20                40                60                80

Time (s)

Time (s)

Time (s)

Time (s)

0.05

0

–0.05

0.05

0

–0.05

0
0.5
1.0
1.5
2.0
2.5

Reference signal Normal controller Proposed controller
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trollers in scenario 1
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Fig. 3 Control input of the different controllers in
scenario 1

As shown in Fig. 2, the tracking performance of
AFTTCS is superior to that of the normal controller.
The normal controller demonstrates relatively good
capability in modeling uncertainties. However, when
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the model uncertainties become larger, the expected
tracking performance of the normal controller cannot
be satisfied. For example, the actual output of x
deviates from the desired reference command. In
contrast, the proposed controller can still achieve a
satisfactory tracking performance. Although some
small glitches occur at the start of the simulation, the
proposed AFTTCS can cause the QUAV to follow
the desired reference trajectory after the reference
model is modified in a short time. Meanwhile, as
shown in Fig. 3, the control input can prove that the
proposed controller is more robust than the normal
controller, because the modified reference model is
crucial in reducing the adverse effect of the model
uncertainties.

4.2 Scenario 2: trajectory tracking with actu-
ator faults

In the second scenario, to demonstrate the fault-
tolerant capability of the proposed method, losses of
25% and 30% control effectiveness are assumed to be
simultaneously injected in the first and third motors,
respectively, at t = 25 s. Subsequently, a severe ac-
tuator fault is assumed to occur in the fourth motor
with a 40% loss of control effectiveness at t = 50 s.
The simulation results are illustrated in Figs. 4–6.
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Fig. 6 Fault estimation results in scenario 2

As shown in Fig. 4, the proposed controller
provides a more satisfactory tracking performance
than the normal controller after the occurrence of
the actuator faults. When the actuators operate
well, the proposed and normal controllers exhibit the
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same tracking performance. However, when actua-
tor faults occur, despite both of them being capable
of driving the QUAV back to the desired trajectory
after a transient period, the proposed AFTTCS can
stabilize the system with a smaller overshoot and
less settling time than the normal controller. Specif-
ically, the overshoot in the x response of the normal
controller is almost five times that of the proposed
controller after a 40% loss in control effectiveness is
imposed in the fourth motor. As shown in Fig. 5,
the proposed controller can achieve a faster actua-
tor action than the normal controller to counteract
the adverse effect of the actuator faults. This can
be attributed to the fault compensation mechanism.
Moreover, it is shown in Fig. 6 that the FDD scheme
can provide a fast and accurate estimation of the
LOE factor. Even though two actuator faults oc-
cur simultaneously, the FDD scheme can distinguish
them and estimate the real value of each LOE factor.

4.3 Scenario 3: trajectory tracking with
model uncertainties and actuator faults

To further demonstrate the effectiveness of the
proposed AFTTCS, both model uncertainties and
actuator faults are considered in the third scenario.
Further, 30% of model uncertainties are assumed to
be subtracted in system matrix A, thus indicating
that δA = −30%A. Meanwhile, it is assumed that
a 20% loss in control effectiveness in the first motor
and a 30% loss in control effectiveness in the fourth
motor occur at t = 15 s and t = 40 s, respectively.
Subsequently, the first actuator fault is assumed to
become worse from 20% to 36% at t = 60 s. The
simulation results are displayed in Figs. 7–9.

As shown in Fig. 7, the tracking performance
of the proposed AFTTCS under more complicated
situations is still satisfactory. The proposed con-
troller enables the vehicle to track the reference input
accurately even in the presence of model uncertain-
ties and actuator faults. However, without a modi-
fied reference model and a fault compensation mech-
anism, the performance of the normal controller be-
comes unacceptable with a high overshoot. It is ob-
vious that the tracking error of the normal controller
is larger than that of the proposed AFTTCS. As
shown in Fig. 8, more appropriate control inputs are
produced by the proposed controller in comparison
with the normal controller, thus contributing to mit-
igating the negative impacts of model uncertainties
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trollers in scenario 3
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Fig. 8 Control input of the different controllers in
scenario 3

and actuator faults. From Fig. 9, it is evident that
the FDD scheme still achieves superior fault estima-
tion performance despite model uncertainties. It is
noteworthy that some missed detections that occur
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Fig. 9 Fault estimation results in scenario 3

in the beginning of the simulation are induced by
model uncertainties. Using the RBFNN technique,
the system matrix is modified and the estimation
performance of the FDD scheme is improved.

5 Conclusions

A high-performance AFTTCS was designed for
a QUAV with model uncertainties and actuator
faults in this study. Fundamentally, AFTTCS
used the MRAC scheme. An integral control ac-
tion was first integrated into AFTTCS to minimize
the steady-state tracking error. Subsequently, an
RBFNN method was employed to approximate the
unknown model uncertainties to modify the mis-
matched reference model. Using an ATSKF-based
FDD scheme, a fault compensating mechanism was
incorporated into AFTTCS and effectively counter-
acted the adverse effects of the actuator faults. The
stability of AFTTCS was proven through the Lya-
punov stability theory. Finally, the simulation re-
sults demonstrated that AFTTCS could achieve a
satisfactory tracking performance even in the pres-
ence of larger model uncertainties and severe actu-
ator faults. In future work, the proposed AFTTCS
will be validated on a real QBall-X4 testbed.
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