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Abstract: Our study is concerned with the time-varying formation tracking problem for second-order multi-agent
systems that are subject to unknown nonlinear dynamics and external disturbance, and the states of the followers
form a predefined time-varying formation while tracking the state of the leader. The total uncertainty lumps the
unknown nonlinear dynamics and the external disturbance, and is regarded as an extended state of the agent. To
estimate the total uncertainty, we design an extended state observer (ESO). Then we propose a novel ESO based
time-varying formation tracking protocol. It is proved that, under the proposed protocol, the ESO estimation error
and the time-varying formation tracking error can be made arbitrarily small. An application to the target enclosing
problem for multiple unmanned aerial vehicles (UAVs) verifies the effectiveness and superiority of the proposed

approach.
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1 Introduction

There has been a spurt of interest over several
decades in the area of formation control of multi-
agent systems (Oh et al., 2015; Li and Xie, 2018).
It is partly due to the fact that the formation con-
trol can find broad application in many engineering
fields, such as attitude control of spacecrafts (Du
et al., 2016), flying control of unmanned aerial vehi-
cles (UAVs) (Zhu et al., 2017), control of autonomous
underwater vehicles (AUVs) (Leonard et al., 2010),
and formation control of mobile robots (Li et al.,
2017). To improve the intelligence, reliability, and ef-
ficiency of multi-agent systems without human inter-
vention, different formation control approaches have
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been proposed. These approaches can be roughly
categorized as the leader-follower strategy, the be-
havioral approach, the virtual structure method, and
the artificial potential mechanism (Liu and Jia, 2012;
Peng et al., 2013; Yang et al., 2014). Ren (2007)
proposed a consensus based formation control ap-
proach to second-order multi-agent systems, and it
was shown that the leader-follower strategy, the be-
havioral approach, and the virtual structure method
can be unified in the framework of consensus based
approaches. More consensus based formation con-
trol approaches can be found in Ren and Sorensen
(2008), Guo et al. (2010), Lin et al. (2013), Oh and
Ahn (2014), and Dong et al. (2015).

In some practical applications, to accomplish
more complex tasks, it is only the first step for a
multi-agent system to form a desired time-varying
formation. For example, to perform a source seek-
ing or target enclosing task, the whole formation
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needs to further track the leader’s trajectory. In such
circumstances, the time-varying formation tracking
problem arises; namely, the followers form the pre-
defined time-varying formation when tracking the
leader’s trajectory. Although there are many differ-
ent approaches to formation control of multi-agent
systems, only a few studies are concerned with the
time-varying formation tracking problem. Ren and
Sorensen (2008) considered the formation tracking
problem for first-order multi-agent systems with a
virtual leader. Guo et al. (2010) studied the target
enclosing problem for first-order multi-agent systems
subject to switching topologies, which is considered
as a special case of the formation tracking prob-
lem. Lin et al. (2013) adopted a complex Laplacian
based formation tracking approach to second-order
multi-agent systems. Dong et al. (2017a) studied the
time-varying formation tracking problem for second-
order multi-agent systems with a leader. Dong et al.
(2017b) established the switching topologies coun-
terpart of the approach in Dong et al. (2017a).

In the aforementioned studies on formation con-
trol of multi-agent systems (Ren and Sorensen, 2008;
Guo et al., 2010; Lin et al., 2013; Oh and Ahn,
2014; Dong et al., 2015, 2017a,b), the dynamics of
each agent are limited to be linear. However, most
of practical control systems are inherently nonlin-
ear (Khalil, 2002). Therefore, it is meaningful and
important to study formation control problems for
multi-agent systems with nonlinear dynamics (Meng
et al., 2014; Li et al., 2017). What is more, in
practice, it is generally hard to establish the accu-
rate mathematical model of the nonlinear dynam-
ics (Bechlioulis and Rovithakis, 2017). To the best
of our knowledge, time-varying formation tracking
for multi-agent systems subject to unknown nonlin-
ear dynamics is still open. In practical applications,
external disturbance may disturb the dynamics of
the agents. For example, for an underwater vehicle,
the external ocean disturbance, perhaps induced by
wave, ocean-current, and so on, cannot be ignored in
the control design (Cui et al., 2010; Chen YY et al.,
2017D).

In this study, we investigate the time-varying
formation tracking problem for multi-agent systems
subject to unknown nonlinear dynamics and external
disturbance. We model the followers by second-order
uncertain nonlinear systems with external distur-
bance. Our study is inspired by Han (2009), where

an active disturbance rejection control (ADRC) ap-
proach was proposed. In recent years, ADRC has re-
ceived increasing attention, in both academia (Guo
and Zhao, 2011; Zheng et al., 2012; Jiang et al., 2015;
Ran et al., 2017a,b; Hu et al., 2018) and industry
(Castaneda et al., 2015; Chang et al., 2015; Herbst,
2016; Lotfi et al., 2016; Wang et al., 2016). In ADRC,
the total uncertainties are regarded as an extended
state of the system, estimated by an extend state ob-
server (ESO), and finally cancelled out in the control
loop. Such design philosophy will be applied to the
current study to solve the time-varying formation
tracking problem for multi-agent systems with un-
known nonlinear dynamics and external disturbance.
We design a third-order ESO to estimate the defined
extended state, which is the combination of the un-
known nonlinear dynamics and external disturbance,
and propose a novel ESO based time-varying forma-
tion tracking protocol. Rigorous theoretical analysis
shows that, under the proposed protocol, the con-
vergence of the ESO estimation error and the time-
varying formation tracking error can be guaranteed.

Compared with existing studies, our contribu-
tions of are twofold. First, we attempt to tackle the
time-varying formation tracking problem for multi-
agent systems subject to unknown nonlinear dynam-
ics and external disturbance. In practical applica-
tions, the inevitable unknown nonlinear dynamics
and external disturbance may reduce the formation
performance and even lead to instability of multi-
agent systems. In Ren and Sorensen (2008), Guo
et al. (2010), Lin et al. (2013), Oh and Ahn (2014),
and Dong et al. (2015, 2017a,b), these approaches
cannot be applied to deal with the time-varying for-
mation tracking problem related to our study. Sec-
ond, we propose a novel ESO based time-varying for-
mation tracking protocol. In Guo and Zhao (2011),
Zheng et al. (2012), Castatieda et al. (2015), Chang
et al. (2015), Jiang et al. (2015), Herbst (2016),
Lotfi et al. (2016), Wang et al. (2016), Ran et al.
(2017a,b), and Hu et al. (2018), the observer and
the control law were both designed in a centralized
manner. In this study, we assume that each agent
operates solely on the basis of its neighborhood infor-
mation, and consequently the centralized approaches
in Guo and Zhao (2011), Zheng et al. (2012), Cas-
taneda et al. (2015), Chang et al. (2015), Jiang et al.
(2015), Herbst (2016), Lotfi et al. (2016), Wang et al.
(2016), and Ran et al. (2017a,b), cannot be straight-
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forwardly applied in the considered formation control
problem.

2 Preliminaries and problem descrip-
tion

2.1 Notations

R and C denote the set of the real numbers and
the set of the complex numbers, respectively. R™
and R"*™ denote the n-dimensional real vector space
and n x n real matrix space, respectively. X 7T rep-
resents the transpose of vector or matrix X. For
A € C, Re()) is the real part of \. || - || represents
the Euclidean norm. Apax(P) and Apin(P) denote
the maximum and minimum eigenvalues of matrix
P, respectively. 1x € RY with one in its elements.
I denotes the N x N dimensional identity matrix.
A ® B denotes the Kronecker product of matrices A
and B.

2.2 Graph theory

Let a multi-agent system consist of N agents.
A directed graph G = (V,E) is used to model
the communication among the agents, where V =
{vi,v9,...,un} and E C V? denote the set of ver-
tices and the set of edges, respectively. The graph
is assumed to be simple, ie., (v;,v;) ¢ E. The
adjacency matrix associated with graph G is de-
noted by A = [aij] € RVXN with aj; € {0,1},

1, =1,2,...,N. a;; = 1 means that agent ¢ can ob-
tain information from agent j (namely, (v;,v;) € E),
while a;; = 0 means that there is no information

flow from agent j to agent ¢ (namely, (v;,v;) ¢ E).
The neighborhood of a vertex w; is denoted by
N; = {vj|(vi,vj) € E}, and the degree matrix is de-
fined as D = diag[d;] € RV*¥ with d; = > jen; Qij-
The Laplacian matrix with graph G is denoted by
L =D—-A ¢ RV*N_ A directed path in G is a
finite sequence v;,, vj,, ..., v; of vertices such that
(vi;,vi;,,) € Efor j = 1,2,...,1 —1. An agent is
called a leader if it has no neighbor and is called a
follower if it has at least one neighbor.

2.3 Problem description

Consider that a multi-agent system consists of
N — 1 followers, labeled from 1 to N — 1, and one
leader, labeled N. F = {1,2,...,N — 1} is the
follower subscript set. The dynamics of follower 4

(i € F) are given by

@i(t) = vi(t),
0;(t) = fi(i(t), vi(t)) + di(t) + wi(t), (1)
yi(t) = zi(t),

where x;(t) € R”, v;(t) € R", u;(t) € R", and
y;(t) € R™ are the position, velocity, control input,
and measured output vectors of follower ¢, respec-
tively, d;(t) € R" is the external disturbance, and
fi() : R™ x R® — R”™ is the unknown continuously
differentiable system function. Similar to Dong et al.
(2017a,b), the dynamics of the leader are given by

{ dSN(t) = ’UN(t>, (2)

’l'}N(t) = Oém.’BN(t) + ozva(t),

where zy(t) € R™ and vy (t) € R™ are the posi-
tion and velocity vectors of the leader, respectively,
and a, € R and «, € R are known damping con-
stants. Without loss of generality, we assume n = 1
henceforth.

Remark 1 From Eq. (1), the followers are subject
to unknown nonlinear function f;(x;(t),v;(t)) and
external disturbance d;(t). If f;(z;(t),v;(¢)) =0 and
d;(t) = 0, the dynamics of each follower become the
well-studied double integrator; if f;(x;(t),v;(t)) = 0,
the dynamics of each follower are reduced to the
double integrator with external disturbance stud-
ied in Galzi and Shtessel (2006); if f;(z;(t),v:(t)) =
i (t)+ o, (t) and d;(t) = 0, the dynamics of each
follower become the linear time-invariant second-
order system considered in Dong et al. (2017a,b).
In Chen YY et al. (2017a,b), the robust formation
tracking problem was considered for second-order
uncertain nonlinear multi-agent systems. However,
in Chen YY et al. (2017a,b), the uncertain nonlin-
ear functions were composed of known base vectors
and unknown coefficients, and the velocity vector
was assumed to be available directly. In this study,
the nonlinear functions f;(-), ¢ € F, are totally un-
known, and the velocity vector of each follower is not
available for control design.

Let the time-varying formation for the followers
to form be specified as hr(t) = [hi(t), A1 (1), ...,
R, ()], where hi(t) = [hia(t) (D)7 (i € F)
and hi,(t) = hig(t). Denote ¢;(t) = [z:(t),vs(t)]T,
i=1,2,...,N.

Definition 1 (Dong et al., 2017a,b) The multi-
agent system formed by Egs. (1) and (2) is said to
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achieve time-varying formation tracking if for any
given bounded initial states,

Hm (@i(t) = hi(t) = dn () = O2xa, i € F. o (3)

Remark 2 Aspointed out in Dong et al. (2017a,b),
the target enclosing problem and the consen-
sus tracking problem can be regarded as special
cases of the time-varying formation tracking prob-
lem specified by Definition 1. Specifically, if
lim; oo 211\511 h;(t) = 0241, from Eq. (3), we can
obtain

N—1
Jim 3 0= (V1) i o)
which indicates that the leader lies in the center when
the time-varying formation tracking is accomplished.
Hence, Definition 1 is reduced to the target enclos-
ing problem in the case lim; Zfi}l h;(t) = 0ax1.
What is more, if hp(t) = 0, Definition 1 becomes
the consensus tracking problem.

Then, in this study, we will design the protocol
u;(t), i € F, such that the uncertain nonlinear multi-
agent system formed by Egs. (1) and (2) achieves the
time-varying formation tracking specified by Defini-
tion 1. To accomplish the purpose, we make the
following assumptions:

Assumption1 The external disturbance d;(t), i €
F, and its derivative d;(t) are uniformly bounded
with respect to t.

Assumption 2 There exists at least one directed
path from the leader to each follower.

Considering the leader-follower topology struc-
ture, the Laplacian matrix L satisfies

I L Ly

_ 6]RNXN7 4
O1x(v-1) O1x1 @

where L; € RN=DX(N=1 apnd L, € RV-Dx1 If
Assumption 2 is satisfied, the following lemma holds:
Lemma 1 (Meng et al., 2010)  If the directed in-
teraction topology G satisfies Assumption 1, then all
the eigenvalues of L; have positive real parts. What
is more, each row sum of —Lfng is one, and each
entry of _L1_1L2 is nonnegative.

Assumption 3  The state of the leader ¢n(t),
the formation vector h;(t), i € F, and hy,(t) are
uniformly bounded with respect to t.

Remark 3 Assumption 3 implies that the leader’s
state ¢n(t), the formation vector h;(t), ¢ € F, and

hiy(t) are upper-bounded by some constants (which
could be large though). The leader’s state being
bound is reasonable because usually in real appli-
cations the leader will not diverge, and similar as-
sumptions can be found in many previous multi-
agent studies (Zhang and Lewis, 2012; Li et al.,
2016). Considering that the states of the practi-
cal dynamic system are bounded and continuous,
and that the control is also bounded due to the
inherent actuator limitations, it is impossible and
impractical for the states of the followers to form
the time-varying formation described by h;(t) with
[Riw(t), hiv(t), hiy(t)]T trending to infinity. Thus, the
boundedness requirement of h;(t) and h;,(t) is also
reasonable.

3 Main results

In this section, we investigate the time-varying
formation tracking protocol design and analysis
problems for the multi-agent system formed by
Egs. (1) and (2). We design an ESO to estimate
the unmeasurable states and uncertainty, and then
present a novel ESO based time-varying formation
tracking protocol.

3.1 Time-varying formation tracking protocol
design

For follower i (i € F), the extended state is
defined as the combination of the unknown nonlinear
function f;(z;(t),v;(t)) and the external disturbance
d;(t), that is,

§i(t) = filzi(t),vi(t)) + di(t). (5)

Then, the following ESO is designed for follower ¢
(i€ F):

iz(t) = 0i(t) + L (t) — (1),
oilt) = &(t) + B (wi(t) — (1) +uilt),  (6)
Gi(t) = B (zi(t) — 24(t)

where [&;(t), 0:(t), & ()]T € R? is the observer state,
¢ is a small positive constant, and [I1,l2,l3]T € R?
is the selected observer gain, so that the following
matrix is Hurwitz:

I
E=| -

0
1 | e R¥3, (7)
—l3 0

o O =
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The scaled ESO estimation error is defined as 1, (t) =
[7i1(t), mia (), mia(t)]" € R?, i € F, with

nin(t) = &(x
iz (t) = £(v;

Then, from Egs. (1) and (6), the dynamics of n;(t),
1 € F, can be written as

enin(t) = ni2(t) — i (1),
enia(t) = i3 (t) — lamin (1), 9)
eniz(t) = e&i(t) — lani (1).

Denote ¢;(t) = [2:(t),9;(t)]T, i € F. Let the
eigenvalues of Ly be \;, i € F, with 0 < Re(\;) <
Re(A2) < ... < Re(Any-1). The ESO based time-
varying formation tracking protocol is given by

ui(t) =K Z aij ((éz(t) — hi(t))

JEN;,j#N
~(5(1) — (1))
+ Kaow ((61(0) ~ ha(0) ~ 9w 1)

+a (Gilt) = hi() + han (1) = &i(t), i € F,
(10)

where
a = [a,, ], K = —§[Re(\)] 'R 'B; Pk.

Here 6§ > 0.5, and Px € R?*? is the solution of the
following equation:

Px (B1BY + Bya) + (BiBY + Bsa)' Pk
—~PxByR 'BI Pk + I, =0, (11)

where By = [1,0]T, B, =[0,1]T, and R > 0.

Let
dr(t) = [1(t), ¢3 (1), ..., N5 _1 ()",
br(t) =[dT (1), (1), ..., o5 _,(1)]",
br(t) = dr(t) — dr(t),

Under protocol (10), the multi-agent system formed

by Egs. (1) and (2) can be written as

ér(t) = (In-1 ® (B1B} + Byav)

+L1 ® BoK) ¢p(t) + (L2 ® BoK)én (1)
— (Ll ® Bo K — I]y_l X BQOC) hF(t)
+(In-1 ® B2B3 )hp(t) +73(t) @ By

- (IN71 oy (Bl~BgT + B2Oé)

+ L1 @ B K) ¢r(1),
d)N(t) = (BlB2T +Bga) d)N(t).

(12)

What is more, similar to Freidovich and Khalil

(2008), Jiang et al. (2015), and Ran et al. (2017b),

the control injected into the system is bounded by

M;sat(u;(t)/M;), where M; is the saturation bound,

and sat(-) is the saturation function defined by
sat(v) = sign(v) - min{1, |v|}.

3.2 Time-varying formation tracking protocol
analysis

Let Up € RIN-Ux(N=1) be a nonsingular ma-
trix such that UElLlUF = Jp, where Jp is the
Jordan canonical form of L. Define 0;(t) = ¢;(t) —
hi(t), i € F, 0n(t) = [07(), 03().....0% ()",
and

s(t) = (Up' @ I)8r(t) — (Ug'1n_1 © I2)pn (1)
(13)
Then, the following lemma holds:
Lemma 2 The multi-agent system formed by
Egs. (1) and (2) achieves time-varying formation
tracking under protocol (10) if and only if

tllg)loc(t) = 0N -2)x1- (14)
Proof Let T = [ Ur Iy ], and con-
Onv_1)x1 1
-1 -1
sequently T—1 = [ Up Up 1n- ] By
On—1)x1 1

Lemma 1, we obtain —L1_1L2 = 1x_1, which im-
plies that

Liiy-—1+ Ly =0n_1)x1- (15)
From Eq. (15), we can obtain
_ Jr 0
T 'LT = . 1
v (16)

Define ¢(t) = [¢pk(t), dn(1)]" and 9(t) = ¢(t)
—[I2702X2(N,1)]Thp(t). From Eq. (12), we can
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obtain

D(t) =
IN,1 (24 (Bl_B;F + BQQ) 0 ﬁ(t)
0 BlB;F + BQ(X

Iy ® B BY
BB

|: In_1® (BlBQT +Bga) +Li®BsK 0 ]
+ 0 0

_ [ Iy 1 ® BB} } :

+ (L ® BoaK)(t) — {

0 hi(t)

, [ dr(t)
0

N [ M5(t) @ By }

0 (17)

Define 9(t) = [¢T(t), % ()]T. Then, we obtain

(T™' @ I) 9(t) = 9(1), (18)

and consequently from Eq. (17), the dynamics of ()
can be written as
¢(t) = (In-1® (B1By + Baa) + Jr @ BoK) 6(t)
+ (Up' @ (B1By)) he(t) - (Up' @ (B1BY))
~hp(t)+ (Up' ® (B1B} + Baa)
+U;'Ly @ BoK) ¢p(t) + Un'T5(t) @ Bo
=In1® (B1B] + Bya) + Jr ® ByK)s(t)
+ (U;'® (B1B3 + Bsa) + Uy 'Ly ® B3K)

- pr(t) + Uy '7,(t) © Bs. (19)
Let

B (t) =(T @ I) [010v 1), SN ()], (20)

O+(t) =(T © Ip) [¢"(£), 01x2] (21)

Note that [OlXQ(N,l),qb%]T = ey ® ¢n(t), where
ey € RN with 1 as its N*® entry and 0 elsewhere. It
follows from Eq. (20) that

ﬁf(t):TeN(@(ﬁN(t):1N®¢N(t). (22)
It follows from Egs. (18), (20), and (22) that
9(t) = 9¢(t) + 95(1), (23)

and 97 (t) and ¥5(?) are linearly independent as T'®
I, is nonsingular. From Eqs. (22) and (23), one has

I

9
O2x2(N-1)

?(t) = ¢(t) — [ } hrp(t) — 1y ® dn (1),

(24)

which is equal to

95(t) = or(t) — hOF(t) — 1y ®@ on(t)
2%x2(N-1)

From Eq. (25), it holds that the multi-agent system

formed by Egs. (1) and (2) achieves time-varying

formation tracking under protocol (10) if and only if

(26)

(25)

tllf& 94(t) = Oanx1-

Since T' ® I is nomsingular, it then follows from
Eq. (22) that condition (26) is satisfied if and only
if Eq. (14) is satisfied. The proof of Lemma 2 is
completed.

Remark 4 Note that the result stated in Lemma 2
is generalized from Dong et al. (2017a,b), in which
the followers are modeled by linear time-invariant
second-order dynamics and the velocity vector of
each follower is available for control design. How-
ever, we should point out that this generalization is
not straightforward, because of the more complex
agent dynamics and the coupling of the ESO. It can
be clearly observed from the dynamics of ¥(t) and
() specified by Egs. (17) and (19), respectively.

To proceed, select the Lyapunov function
candidate
Ve(s(t) =<"()In-1 @ Pg)s(t).  (27)
Let
r= sup Va(s(t) + 1,

SHERN =2 Jls(®) | <lls(O)l
20 ={s(t) € R* 2|V (s(t)) <7},
2 ={s(t) e R*N 2|V (s(t)) < T+ 1}.

Lemma 3 Consider the closed-loop system formed
by Egs. (1), (2), (6), and (10). Assume that the
saturation bounds M;, ¢ € F, are appropriately se-
lected and Assumptions 1-3 are satisfied. Then there
exists g9 > 0 such that for all € € (0,&0) and any ini-
tial conditions of the closed-loop system, ¢(t) € 21,
vt € [0,00).

Proof (For notation simplicity, a time-varying vec-
tor p(t) will be replaced by p in the proof of
Lemma 3) We prove Lemma 3 by contradiction.
Suppose Lemma 3 is false. Considering ¢ is contin-
uous with respect to ¢, ¢(0) € 2y — 92, and u;
is bounded, there exist t1, to, and e-independent ¢
such that to > t1 > tg > 0 and

Ve(s(tr)) =,
T+1<Ve(s(ta)) <T+2,
T < V;(C(t)) <7t+4+1,te (tl,t2>.

(28)
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The differentiation of the extended state &;, ¢ €
F, can be computed as

Ofi . Of; :
fz —Il xz (xlvvl) + 'U1a_vi(xzvvz) + dz
Ofi -
_’Uia—xi(l'“'l}l) + d?,
w; dfi
+ (fl(xz,vl) + dz + Misat (M)) B—W(Il,vz).

(29)

Considering Eq. (28) and Assumption 1, we can con-
clude that there exists e-independent positive con-
stants N, i € F, such that |&;] < N;, Vt € [0, ta).

Note that the matrix E specified by Eq. (7) is
Hurwitz, and there exists a positive definite matrix
Pg that satisfies PR E + ETPg = —I5. Define the
Lyapunov function candidate V;(n;) = n. Pgn;, i €
F, and let )\il = )\min(PE> and Aig = /\max(PE)- It
follows that

Nit[lmil|* < Vi(mi) < Nzl |,
Vi

nis (m:)
Then computing the time derivative of V;(n;) in the

interval [0, t3], in view of Eq. (9) and inequality (30),
yields

< 2Xiz|[m4- (30)

av; 1< av;
= (M) =2 > (mgn — i) ;s

e \‘o i

(mi)

%

a‘/z : [
—l3n;1 %(mo + 51%(771)

1
< - g||77i|\2 + 2Xi2 Ni||mi|

Vi(n:)

Vi) + 2Xio N; ——=.
(m:) 2 Now

<" e oy

Let n = ,ny_]T and

N-1
= Vilm).
i=1

(31), the time derivative of V,(n) in
0, to] satisfies

i mz, ..
(32)

By inequality
the interval [0

=2

o =30 G )
N-1
< ( Vi(m:) + 202N Vi;"”)
i—1 il
<- gnm>+m Vam.(33)

where

1
I, = min{—} , Il = max
iEF )\1'2 iEF

= 2V, d v V (m) , inequal-

ity (33) can be rewrltten as

dVVom) 1,
de =gt

{ 2v/N — 1)\;sN; }
it '

e dV
Considering —*

11,

Valm+ 2 (34)

It follows from inequality (34) that Vt € [0, ¢2],

n Hg
_ = 25t _Z
\/Vn(n)§<\/v a)e +H1<€
< ZNWhW——Eg%
11,
+ E (35)
Since [|n;(0)[]* = &|2:(0) — :(0)]* + Z[vi(0) —
9;(0))% + [£(0) — &(0)]? = O(a%), i € F, it can

be concluded that the right-hand side of inequal-
ity (35) converges to 0 as ¢ — 0 in the time in-
terval [to,t2]. It follows from inequality (30) that
Inill = 0 as € — 0 in the time interval [to, t2].
Note that |5 < |zi| + *[nal, |05 < |vil + elmazl,
& < |&] + |mis], i@ € F. Together with inequal-
ity (28), and Assumptions 1 and 3, it enables one to
select appropriate M;, © € F, such that the control is
out of saturation in the time interval [to,t2]. That is
Mlsat(uz(t)/M) = Uz(t), i € F, Vit € [to,tQ].

By Eq. (19), the time derivative of V() in the
time interval [to, t2] can be computed as

o)

T (Iy 1 ® (BiBY + Bya) + Jp @ ByK) "

(I ® Pg)s+ ¢ (Up' @ (B1B] + Bza)

+Uz'Li® B,K)' (I Pg)s

+ (U1, @ By)' (I Py)s
¢"(I® Pk) (In-1® (B1Bj + Byar)

+Jr ® BoK)s+¢" (I ® Pk)

(Up' @ (BiB} + Bea) + Uy 'Ly @ B:K) ¢
"(I® Pk) (Up'n; ® Bs). (36)

=¢MI ® Pr)s+ T (I @ Pg)é

From Eq. (11), the matrix @ = ¥ + %7, where ¥ =
(In_1® (Bi1BY + Bya) + Jr © B.K)" (I ® Py),
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is negative definite. Let kK = Apax(P) < 0. It follows
from Eq. (36) that Vt € [to, t2],
dvg

—=(<) < &llsl* + Nolls|llInll,

i (37)

where Ny is an e-independent positive constant.
Since Vt € [t1,t2], T < Ve(s)) <742, and ||n|| — 0
as e — 0, there exists g¢ such that for any € € (0, &),

v

dt (§) < 0, Vt € [tl,tQ],

(38)
which contradicts inequality (28). Thus, there exists
€0 > 0 such that for any ¢ € (0,¢0) and any initial
condition of the closed-loop system, ¢ € (2, Vt €
[0,00). This completes the proof of Lemma 3.
Theorem 1 Consider the closed-loop system
formed by Egs. (1), (2), (6), and (10). Assume that
the saturation bounds M;, ¢ € F, are appropriately
selected and that Assumptions 1-3 are satisfied. For
any initial condition of the closed-loop system and
T >0,

lim ||; (¢)]| = 0, i € F, (39)
e—0

uniformly in ¢ € [T, c0), and

E—)loi,ItIl)oo (@i(t) — hi(t) — Pn(t) = 021, i € I

(40)
Proof From Lemma 3, ¢(¢) € £2; for all € € (0,¢0)
and t € [0,00), it follows that inequality (35) holds
for t € [0,00). From inequality (35), we can obtain
that for any 7' > 0, ||n;(t)|| — 0, @ € F, uniformly
in the time interval [T, c0), as ¢ — 0. Consequently,
from inequality (37), we have ¢(t) — 0 as e — 0 and
t — oo. Finally, from Lemma 2, we can conclude that
Eq. (40) holds. The proof of Theorem 1 is completed.
Remark 5 It should be pointed out that the ESO
estimation errors and the time-varying formation
tracking errors can be specified in the sense that
there exists ty > 0 such that

SUP¢e(tg,00) |lzi(t) — 2
SUP¢elto,o00) v (t) — 0i(t
SUDy e (10.00) 1€ (1) — &i(t)] = O(e),
limy o0 sup || (t) — hi(t) — PN (1)

Theoretically, to achieve better estimation and track-
ing performance, we can select the value of £ to be
arbitrarily small. However, there will be some lim-
itations on the value of ¢ due to both noises and

| =0(e),i € F.

sampling constraints when the protocol is imple-
mented on computers (Jiang et al., 2015; Ran et al.,
2017b). What is more, similar to Freidovich and
Khalil (2008) and Ran et al. (2017b), it is gener-
ally not straightforward to calculate the saturation
bounds M;, i € F. In practice, the values of £ and
M;, i € F, can be selected by a simple trial-and-
error procedure, based on the obtained estimation
and formation tracking performance. Our simulation
experience and many examples in the literature, e.g.,
Freidovich and Khalil (2008) and Ran et al. (2017b),
indicate that it is very easy to select a group of sat-
isfactory € and M;, i € F.

Remark 6 In the case that the position and ve-
locity vectors of the followers are both available for
control design, the following reduced-order ESO can
be designed:

{ Bit) = &i(0) + L (00(t) = 3:(0)) + et
&i(t) = B(ui(t) — (1)),

where [l1,ls] € R? is selected such that the matrix

(41)

- 1
{ ll 0 } is Hurwitz. Correspondingly, the time-
—l2

varying formation tracking protocol (10) is replaced
by

uz(t) =

K > i (i) — hi(1) — (¢5(t) — hy(t)))
JEN JEN

+ Kain ((¢i(t) — hi(t)) — on (1))

+a(pi(t) — hi(t) + hio(t) — &i(t), i € F. (42)

Redefine i (t) = [7]11 (t), 12 (t)]T, 1€ F, with i1 (t) =
%(’Ui(t) — ’01(t)) and Ni2 (t) = gl(t) — gl(t) It can be
readily verified that the results stated in Theorem 1
hold under protocol (42).

4 Application to target enclosing of
multiple UAVs

In this section, we apply the theoretical ap-
proach to deal with the target enclosing problem
for a group of UAVs, and compare it with existing
approaches.

The formation control design of UAVs falls into a
two-loop structure: the outer loop guides a UAV to-
ward the specified position with a specified velocity,
and yields the attitude commands, while the inner-
loop tracks the attitude commands. Due to the in-
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herent spectral separation between the two loops, the
outer-loop and inner-loop can be designed separately
(Wang and Xin, 2013). The design of the outer-loop
is our focus in this study.

Using the feedback linearization approach, the
outer-loop dynamics of a UAV can be approximately
described by a double integrator (Wang et al., 2007;
Wang and Xin, 2013; Dong et al., 2015; Liao et al.,
2017) or a second-order linear time-invariant sys-
tem (Dong et al., 2017a,b). However, it is now well
recognized that the feedback linearization method
lacks robust capability if the nonlinearity is uncer-
tain (Isidori, 1989). In fact, the nonlinear dynamics
of a UAV are generally uncertain due to the uncer-
tainties in the mass, the moments of inertia, and
so on. What is more, the outer-loop dynamics of
a UAV may be disturbed by external disturbance,
such as wind. Thus, it is important and meaningful
to consider the formation problem for UAVs sub-
ject to unknown nonlinear dynamics and external
disturbance.

Consider a multi-UAV system with five fol-
lowers and one leader in the horizontal X — Y
plane; that is, n = 2. Fig. 1 shows the interac-
tion topology of the multi-UAV system. Different
from Wang et al. (2007), Wang and Xin (2013),
Dong et al. (2015, 2017a,b), and Liao et al. (2017),
the dynamics of each following UAV are described
by the second-order uncertain nonlinear system (1),
with position x;(t) = [z;x (t), z;y (t)]* and velocity
vi(t) = [vix(t),viy (t)]T. Assume ap = —0.64 and
a, = 0. The five following UAVs are required to
maintain a time-varying circular formation while sur-
rounding the moving target in the horizontal X — Y
plane. Specifically, the time-varying formation for
the following UAVs is given as

20 cos(0.5t 4 2(i — 1)m/5)
—10sin(0.5¢ + 2(i — 1)7/5)
20sin(0.5¢t + 2(i — 1) /5) |’
10 cos(0.5t + 2(i — 1)7/5)

i=1,2,3,4,5.

ol

Fig. 1 Network topology

hi(t) =

From hpg(t), it can be verified that when the
desired formation tracking is achieved, the states of
the five followers will keep a time-varying circular
pentagon while enclosing the moving target.

4.1 Effectiveness verification

To verify the effectiveness of the proposed ap-
proach, let f;(x;(t),v;(t)) =

%azix(t) sin(z;y (1)) + %Iiy(t) sin(z;x (1))

%'UiX (t) sin(viy (t)) + %’Uiy (t) Sin(’UiX (t))

d;(t) = ?sin(t), 1=1,2,3,4,5.

Select 6 = 1. Solving the Riccati equation (11) with
R = I, one obtains K = I, ® [—1.8340, —4.8501].
The ESO (6) is designed with observer gain [3, 3, 1]
and ¢ = 0.01. Saturation bounds are selected as
M; = 50,1 =1, 2, 3, 4, 5. The initial conditions
of the UAVs are set as z;x(0) = h, z;y(0) = h,
vix(0) = h, and v;y(0) = h, i = 1, 2, 3, 4, 5,
where h is a random distribution value on the in-
terval (071>; $6X(0) = 5, £L'6y(0) = 5, U6X(O> = 2,
and vgy (0) = 2. The initial conditions of the ESOs
are all set as null.

)

Fig. 2 shows the state trajectories of the six
UAVs within 10 s, where the final states of the fol-
lowers and the leader are marked by hexagrams and
circle, respectively. It can be observed that the states
of the five followers form a circular pentagon forma-
tion, and the state of the leader stays in the cen-
ter of the pentagon. Fig. 3 illustrates the position
and velocity trajectory snapshots of the six UAVs at
t=10s,t =14 s, and t = 18 s. One can see that
both the position and velocity components of the five
following UAVs form the time-varying circular pen-
tagon formation, which keeps rotating around the
leader UAV. Fig. 4 depicts the states and the ESO
estimated states corresponding to follower 1, from
which one can see that the states x(¢), v1(t), and
the extended state &;(t) are well estimated by the
ESO.

4.2 Comparison with previous work

To further show the superiority of the proposed
approach, we compare the proposed approach with
the approach in Dong et al. (2017a,b). Suppose that
the five following UAVs are modeled by the following
second-order time-invariant linear system subject to
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30, 20, Sx 50 =20
(a) (b) 5 :
20 < X
10 2 O/\/ = 0
10 >:F<—50 ::—20
= 0 S> 0 2 4 6 8 10 0O 2 4 6 8 10
x =0 t(s) t(s)
-10| SX 20, < 20
20 -10] <:: O/\/\ <f O/\—————/
30 20 >>F<—2(} ?-20
_30_20_10x0(t)10 20 30 =20 -10 vO(t) 10 20 0O 2 4 6 8 10 0 2 4 6 8 10
X X t(s) t(s)
. is . . . e £20 = 10
Fig. 2 Position (a) and velocity (b) trajectories within or =
t=10s S OVWVV\,/\N\/V\’\ =0
Positi Velocit x =
osition elocity W0 Goqoll

4 6 8
t(s) t(s)

Fig. 4 States (solid lines) and ESO estimated states
(dashed lines) of follower 1

Note that protocol (44) is based on full state-
feedback and that the influence of external distur-
bance is not taken into account. Let d;(t) = 25 sin(t),
1 =1, 2, 3,4, 5. To make a fair comparison, all the
parameters and initial conditions are the same as
before. Figs. 5 and 6 depict the simulation results
under protocols (44) and (10), respectively. Fig. 5
shows that the time-varying formation tracking
failed. However, Fig. 6 shows that the desired

-5 0 5 10
v,x(10)

_1:
=20 =10 010 20 275 -10 - . . . . . .
X,(14) 510 Vi(“?) > 10 time-varying formation tracking was achieved satis-
10 factorily by the proposed protocol. The main reason
5
2o
= o 45
30l (@)
-10 15
-15 - =
-20 -10 0 _ 10 20 25 -10 5 0 5 10 £ 0 )
x,(18) v,(18) - =
-15
Fig. 3 Position and velocity trajectory snapshots of 30
the six UAVs at t=10s, t=14 s, and t=18 s
4945 =30-15 0 15 30 4 30 =15 0 15 30
external disturbance: X (1) v, (t)
. Fig. 5 Position (a) and velocity (b) trajectories within
(1) = vi(t),

t=10 s under protocol (44)
yl(t) = wi(t), 1= 172,374,5.

30
(43) @)

20
In Dong et al. (2017a,b), the following time-

10
varying formation tracking protocol is proposed: 0

X [t)

ul(t) -10

K > ai ((¢ilt) — hi(t)) — (¢ (1) — hy(1))) -30 -20

N j£EN =30-20-10 0 10 20 30 -20 -10 0 10 20
J isJ

x,d0) vpdt)
Ka; i(t) — hi(t)) — t
+ Ko ((¢( ) ) — én(®)) Fig. 6 Position (a) and velocity (b) trajectories within
—ah;(t) + hiy(t), i =1,2,3,4,5. (44)  t=10 s under protocol (10)
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is that in the proposed protocol, the external distur-
bance is estimated by the ESO, and compensated for
in the control protocol in real time. From this view-
point, the proposed approach provides a more prac-
tical solution to the time-varying formation tracking
problem.

5 Conclusions and future work

In this study, we study the time-varying for-
mation tracking problem for uncertain second-order
nonlinear multi-agent systems, and propose an ESO
based time-varying formation tracking protocol. The
proposed approach provides a novel and practical so-
lution to the time-varying formation tracking prob-
lem for multi-agent systems, especially in the case
where the agent is subject to unknown nonlinear dy-
namics and external disturbance. An application to
the target enclosing of UAVs shows the effectiveness
and superiority of the proposed approach. Exten-
sion of the proposed approach to more complex for-
mation problems, such as the formation-containment
problem (Chen LM et al., 2017; Li et al., 2018), is
part of our future work. What is more, note that
the proposed protocol relies on the knowledge of A;.
In Li et al. (2015), a consensus protocol was pro-
posed which was independent of any global informa-
tion of the communication graph. Designing a fully
distributed time-varying formation tracking proto-
col based on the idea proposed in Li et al. (2015) is
under investigation.
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