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Abstract:
transfer problem between two coplanar circular orbits as a static nonlinear programming problem with an inequality

Inspired by the geometric method proposed by Jean-Pierre MAREC, we first consider the Hohmann

constraint. By the Kuhn-Tucker theorem and a second-order sufficient condition for minima, we analytically prove
the global minimum of the Hohmann transfer. Two sets of feasible solutions are found: one corresponding to the
Hohmann transfer is the global minimum and the other is a local minimum. We next formulate the Hohmann
transfer problem as boundary value problems, which are solved by the calculus of variations. The two sets of feasible
solutions are also found by numerical examples. Via static and dynamic constrained optimizations, the solution
to the Hohmann transfer problem is re-discovered, and its global minimum is analytically verified using nonlinear

programming.
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1 Introduction

In 1925, Dr. Hohmann, a civil engineer, pub-
lished his seminal book (Hohmann, 1960), in which
he first described the well-known optimal orbital
transfer between two circular coplanar space orbits
by numerical examples, and this transfer is now
generally called the Hohmann transfer.
claimed that the minimum-fuel impulsive transfer
orbit is an elliptic orbit tangent to both the initial
and final circular orbits. The idea of the tangent-
impulse transfer conceived by Hohmann has been
used to solve more complicated space transfer prob-
lems (Zhang et al., 2014). A mathematical proof
to its optimality was not addressed until the 1960s.

Hohmann
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Ting (1960) considered the local optimality of gener-
alized Hohmann transfers. Barrar (1963) proposed
an analytic proof; see also references therein.
Pontani (2009) reviewed the literature concern-
ing the optimality of the Hohmann transfer from the
1970s to the 1990s. Marec (1979) showed a geomet-
ric method in view of a hodograph plane. Based on
Green’s theorem, Hazelrigg (1984) established opti-
mal impulsive transfers. Palmore (1984) provided an
elemental proof with the help of the gradient of the
characteristic velocity. Battin (1987) considered the
Hohmann transfer as a nonlinear optimization prob-
lem with equality constraints, and a Lagrange mul-
tiplier method was used. Prussing (1992) simplified
Palmore’s method by using the partial derivatives of
the characteristic velocity. Yuan and Matsushima
(1995) carefully used two lower bounds of velocity
changes for orbital transfers and showed that the
Hohmann transfer is optimal in both total veloc-
ity change and each velocity change. We note that
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a similar argument to Prussing (1992) appeared in
Vertregt (1958), which was summarized in Cornelisse
et al. (1979).

In the Chinese literature, the issue of optimal
orbital transfers was also addressed (Yu, 1990; Li
and Li, 1991); in particular, in Li and Li (1991),
the optimality of the Hohmann transfer was estab-
lished by using nonlinear programming with inequal-
ity constraints on perigee and apogee radii. These
inequality constraints were used in Vertregt (1958),
Cornelisse et al. (1979), and Prussing (1992).

Miele et al. (2004) considered the optimality
of the Hohmann transfer using nonlinear optimiza-
tion with equality constraints associated with the
energy and angular momentum; see also Mathwig
(2004). Recently, Gurfil and Seidelmann (2016) con-
sidered the effects of the Earth’s oblateness Jy on
the Hohmann transfer. By using Lagrange multi-
pliers, the optimal impulsive transfer has been de-
rived. This transfer is referred to as the extended
Hohmann transfer, which degenerates to the stan-
dard Hohmann transfer as J, = 0. Avendano et al.
(2016) presented a pure algebraic approach to the
minimum-cost multi-impulse orbit-transfer problem.
By using Lagrange multipliers, as a particular exam-
ple, the optimality of the Hohmann transfer has also
been shown by this algebraic approach. These au-
thors are all devoted to proving the optimality of the
Hohmann transfer but without considering its global
minimum.

In Section 2, we present a different method to
prove the global optimality of the Hohmann trans-
fer, from which the global minimum of the Hohmann
transfer easily follows. Inspired by the geometric
method in Marec (1979), we transform the Hohmann
transfer problem into a nonlinear programming prob-
lem with an inequality constraint, and then using the
results in nonlinear programming such as the well-
known Kuhn-Tucker theorem and a second-order suf-
ficient condition for minima, we analytically prove
the global minimum of the Hohmann transfer. Two
sets of feasible solutions are found: one correspond-
ing to the Hohmann transfer is the global minimum
and the other is a local minimum. The orbital trans-
fer pushed by the local minimum is opposite to the
Hohmann transfer.

It is known that orbital transfer problems can
be formulated as dynamic optimization problems,
which can be solved by the calculus of variations.

Lawden (1963) used variational methods to investi-
gate the dynamic optimization problem of a space-
craft in an inverse square law field, and invented
the primer vector methodology. According to differ-
ent thrusts, the trajectory of a spacecraft is divided
into the arcs of three types: (1) null thrust arc, (2)
maximum thrust arc, and (3) intermediate arc. If
we approximate the maximum thrust by an impulse
thrust, then orbital transfer problems can be stud-
ied by the primer vector theory. These are therefore
called impulsive transfers, and the Hohmann transfer
is a special case. Lawden (1963) also derived all nec-
essary conditions that the primer vector must satisfy.
A systemic design instruction can be found in Pruss-
ing (2010). For N-impulse coplanar orbital trans-
fers, Moyer (1965) verified the techniques devised
individually by Breakwell and Constensou via varia-
tional methods. Compared to the dynamic equation
for position and velocity vectors in Lawden (1963),
the dynamic equation involved was established for
orbital elements.

Instead of the static optimization problem, in
Section 3, we consider the Hohmann transfer prob-
lem as dynamic optimization problems with equal-
ity constraints, one of which has an unspecified final
time and the other has interior point constraints with
a known final time. Then using variational meth-
ods, the related dynamic optimization problems are
converted into two-point and multi-point boundary-
value problems. Boundary conditions (BCs) are de-
rived in terms of the primer vector and the position
costate.

In Section 4, three numerical examples are used
to demonstrate the theoretical results of static and
With the help of Matlab
boundary value solvers, the Hohmann transfer is
solved from these constrained dynamic optimization
problems. With different initial values, the local
minimum given by static optimization also appears.
The numerical solutions show that the variational

dynamic optimizations.

method as an indirect optimization method provides
highly accurate solutions by using Matlab boundary
value solvers once the solutions are found by trial
and error.

By formulating the Hohmann transfer prob-
lem as static and dynamic constrained optimiza-
tion problems, the solution to the Hohmann transfer
problem is re-discovered and its global minimum is
analytically verified.
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2 Optimality of the Hohmann transfer

The Hohmann transfer is a two-impulse orbital
transfer from one circular orbit to another; for the
background, see, e.g., Marec (1979), Prussing and
Conway (1993), Curtis (2014), and Longuski et al.
(2014). We use the same notation as in Marec (1979).
Let Oy denote the initial circular orbit of a space-
craft, and the radius and the velocity of the initial
circular orbit are rg and Vj, respectively. Let Of
denote the final circular orbit, and its radius and ve-
locity are r¢ and V%, respectively. For simplicity, let
r¢ be greater than rg. We use boldface to denote
vectors. The center of these two coplanar circular
orbits is at the origin of the Cartesian inertial refer-
ence coordinate system. Suppose all transfer orbits
are coplanar to Oy for simplicity. An extension to
the three-dimensional (3D) case is also considered
in the sequel. Hence, we need only to consider the
x — y plane of the reference coordinate system. As-
sume that the spacecraft is initially located at the
point (rg,0) of the initial circular orbit. At the ini-
tial time tg, the first velocity impulse vector AV} is
applied, and its components in the direction of the
radius and the direction perpendicular to the radius
(cross-radial direction) are AXy and AYj, respec-
tively. Similarly, at the final time tf, the second
velocity impulse AV; occurs, and its components are
AX; and AY;. Hence, at the time t§ just after to,
the components of the velocity of the spacecraft are
(AXy, Vo + AY)). Then to enter the final circular or-
bit, the components of the velocity of the spacecraft
must be (—AX¢, V; — AY}) at the time ¢; just before
ts.

During the period from ta’ to t; , the spacecraft
is on a transfer orbit (conic) and the angular mo-
mentum & and the energy (per unit mass) £ are con-
served; hence, we have

h = ro(Vo + AY) = re(Vi — AY),
1
€=, [(VO+AYO)2+AX§} —f
0
_ 1 . 2 2] M
S (USSP NORERLS A€

Note that for a circular orbit, its radius and velocity
satisfy V = \/ wu/r and p is the gravitational con-
stant. It follows from Eq. (1) that we can express
AXy and AYj in terms of AX¢ and AY:, and vice
versa. To simplify equations, first, using the initial
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orbit radius and velocity as reference values, we de-
fine new variables as follows:

—— U_Vf _AYp
f ro’ f Vi Yo 7
- _AXO _AYf - _AXf (2)
(O ‘/07 Yt = V()7 f= V()'

Substituting Eq. (2) into Eq. (1) yields the follow-
ing non-dimensional angular momentum and energy
equalities (Marec, 1979):

h=1+yo) = 7e(ve — ys),
1
&=, [(1+yo)2+x§} —1

1 1
o] -

Then we express x¢ and y in terms of xy and yg as
follows:

ye=vi— (L+yo)ry " =7 2= L+ yo)rr ", (3)

o =23+ (1+y0)® — 20— 77 ) — (v — yp)’
= a4+ 1 +p)? - -21-77Y, (@)
from which we have
AV
AU?Z(VO ) = 2} +uf
=ag+ (1 +yo)* (1 =77 ?) —2(1 — 7 ")

2
+ (r‘f‘l/z —(1+ yo)fgl)

2
:x3+(yo+1—f;3/2)

— (= 1)(2rF — 7 — 1)
2
=22+ (yo +1-— ff‘3/2> — (7 — 1)2(27¢ + )77 3,
(5)
AU(Q) = x% + yg,

where we define Avy = /22 + 92 > 0 and Avy =
\/x% +y? > 0. Thus, the cost function (i.e., the
characteristic velocity) can be written as

Av(zo,y0) = Avg + Avg = \/x% +y2
2 32\ _ 9o .
+ :Jco-i-(yo—i—l—rf ) — (Fe—1)2(2r¢ + 1)7; .

The above background can be found in Marec (1979)
which is specified here.

Observing Eq. (4), it is noted that we must make
the following constraint on the first impulse:

w24+ (1 +yo)?(1—72) —21 -7 >0, (6)
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That is, when we use energy conservation to calcu-
late the non-dimensional component of the second
impulse z¢, inequality (6) must hold such that a non-
negative number is assigned to z7, which actually
requires that the transfer orbit intersect the inner
circle and the outer circle.

Marec (1979) used the independent variables x
and yo as coordinates in a hodograph plan and in
geometric language, an elegant and simple proof was
given to show the optimality of the Hohmann trans-
fer. Marec’s geometric method encourages us to con-
sider the Hohmann transfer in a different way. We
formulate the Hohmann transfer problem as a non-
linear programming problem subject to inequality
constraint (6), in which xy and yo are independent
variables. Then the global minimum of the Hohmann
transfer analytically appears.

Theorem 1 For the constrained optimization
problem
min Av(zg, yo) (7)

Z0,Yo

st g+ (1+yo)*(1—7 %) —2(1 —77 1) >0,

there are two sets of feasible solutions, one of which
corresponds to the Hohmann transfer and is the
global minimum, and the other is a local minimum.

Before proving Theorem 1, we show that the
constrained optimization problem (7) has a global
minimum since a coercive function always attains a
global minimum on any closed set.

Lemma 1  The cost function Av(xg,yo) is a con-
tinuous and coercive function and has a global min-
imum over the constraint set M defined by inequal-
ity (6).
Proof Denote x = [zo,y0]" and ||z|| = /23 + v3.
Since Av(zo,yo) > v/ + y3, we have

lim  Awv(zo,yo) = oo.

llz]|—o0

Therefore, the underlying continuous cost function
Av(xg,10) is a coercive function; e.g., see Guler
(2010). It is clear that the constraint set M is closed,
and hence this lemma is a direct application of Col-
lorary 2.5 in Guler (2010).

We divide the proof of Theorem 1 into the fol-
lowing three steps. By using the first-order neces-
sary condition, two groups of feasible solutions as
candidates for local minimum points to problem (7)
are found. Then by the second-order sufficient con-
dition, we show that they are strict local minima.

Finally, by comparing them and using Lemma 1, one
of them corresponding to the Hohmann transfer is
the global minimum.

Proof (of Theorem 1) Define an open set as follows:

= . 2 _ 2 _—3/2 2
O ={(z0,0) : Avg —$0+(y0+1—7“f )
— (Fr— 1?27+ 1)7;° > 0} (8)
Denote the constraint function g(zg, yo) as follows:

9(xo,y0) = —xf — (L +y0)*(1 — 77 %) +2(1 — 7 ).
9)

It can be analytically easily shown by Eq. (5) that
M C O; see also the hodograph plane in Marec
(1979) and Fig. 1 in Section 4. Note that in set O,
Av(xo,yo) and the constraint function g(zg, yo) have
continuous second-order partial derivatives since the
origin is also excluded from O. In addition, point
(0,—1) is not in M, which implies that all feasi-
ble solutions are regular; i.e., the linear indepen-
dence hypothesis of Vg(zo,y0) also holds for any
feasible solution. Hence, all the conditions, related
to the continuity of second-order partial derivatives
and the regularity of a local optimum, are satisfied,
for the applications of related results from nonlinear
programming.

As wusual, we use the Lagrange multiplier
method and define the Lagrangian function as
follows:

F(z0,y0) = Av(xo,yo)
+A(=af = (1)’ =) +20 - 77h)
(10)
In view of the Karush-Kuhn-Tucker conditions, e.g.,
given by Proposition 3.3.1 in Bertsekas (1999) and
Corollary 9.6 in Guler (2010), a local optimum

of Av(zg,yo) must satisfy the following necessary
conditions:

oFr i) i)

= —2Xzg =0 11
Org  Auvg + Avg o ’ (11)
OF _ wo yo+1—7;°
dyo Ay Avg

—2M\(1+yo)(1 -7 %) =0,

M=o = A +p)P0 -2 +20 -7 =0,
(13)

—xp— (1 +y)* A -7 %) +2(1 -7 1) <0,A>0.

(12)
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To find a local optimal solution, we divide the
proof of the first part of this theorem into two cases.

Case 1: If A = 0, then due to Egs. (11) and (12),
we have g = 0 and

Yo y0+1—F;3/2

Avg + Avg

respectively. We claim that Eq. (14) does not hold
because the equality ¢ = 0 implies that

=0, (14)

Yo Yo
= N =41,
Avg  |yol
which contradicts with
1< y0+1—Ff_3/2
Avg
. Yo+ 1-— T_f_3/2
2 b
\/<yo +1-— ff‘3/2> — (7 — 1)2(2F¢ + )7 2
or 4o
Yo+ 1— T_f_ / -1
Avg '

Therefore, Eq. (14) has no solution under the as-
sumption A = 0.
Case 2: If A > 0, then Eq. (13) yields

—ap— (L+yo)’ (L= ") +2(1 -7 ) =0, (15)

which together with Eq. (4) leads to 27 = 0. Thus,

Avy = \/I?er? = \/y?zlyfl,

and 72 = —(1+y0)2(1 —7; %) +2(1 —7; ). Then we
obtain

(16)

A = af+ o
=7 *(1+30)” = (1+2y0) +2(1 — 77 )
= (f{1(1 + o) —ff)z +2(1 +yo)
— 7 — (14 2y0) +2(1 — 77 )
= (i7" (1 +w0) - ff)2 +3-7 -2t (17)

From Eq. (11), we have
o o

-2 =0.
Avg + Avg Azo =0

(18)
We now show that o = 0 by contradiction. If xg #
0, then Eq. (18) implies that

1 1

2\ = .
+ Avg

Avg (19)

Substituting Eq. (19) into Eq. (12) gives

_—3/2
Yo yo+1—7”f /

+ Avg

A’UO
1 1
_ 2
— 1177 (e + )

Arranging the above equation and using Egs. (3) and
(16), we obtain

yo— (L+yo)(L—72) 7% — (yo + 1) 2

Avg Avg
_—1/2 __
_ T /2 _ (yO + 1)Tf ! 1Y
= Te = T >
Avg |y

where y¢ # 0 since we have assumed vf > 0 and just
concluded zr = 0. By further rearranging the above
equation, we have

et (l+yo) =7 L, ify >0,

Avg |yl -1, (20)

if yr < 0.
It is noted that Eq. (17) gives a strict inequality:

2
Avg = (f;l(l +90) — ff) +3—7f — 27!

< (f{1(1+yo) —ff)z, (21)

where the function 3 — 72 — 27, ! < 0 since it is
decreasing with respect to 7 and 7¢ > 1. Hence,
Eq. (20) contradicts with inequality (21) and does
not hold, which implies that the assumption A > 0
and the equality zg # 0 do not hold simultaneously.
Therefore, A > 0 leads to xf = 0 and ¢ = 0.

Summarizing the two cases above, we now con-
clude that a local optimal solution to problem (7)
must have \* > 0, zf = 0, and z§ = 0. Here and in
the sequel, we use an asterisk to denote an optimal
value of variables. Then the corresponding perpen-
dicular component gy, can be obtained from Eq. (15):

27 R 27r¢
x 1, gr=— —1. (22
Yo \/1+ff Yo \/1+ff (22)
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Substituting them into Egs. (3) and (12) yields

v —1/2 2
vi=r (1_\/1+rf>’

A* =

(23)

One can see that there exist two sets of local optimal
solutions, one of which (xf,ys) corresponds to the
Hohmann transfer, and its Lagrange multiplier is A\*.

We are now in a position to show that (z§,yg)
with respect to the Hohmann transfer is the global
minimum. We first show that (zfj,y5) is a strict
Theorem 3.11 in Avriel (2003)
gives a second-order sufficient condition for a strict

local minimum.

local minimum; see also Theorem 6 originally in
McCormick (1967), Proposition 3.3.2 in Bertsekas
(1999), and Corollary 9.22 in Guler (2010). To ap-
ply it, we need to calculate the Hessian matrix of
the Lagrangian function F' defined by Eq. (10) at

(25, 90):

0*F O*F
Ox? 0x90Yyo
V2F(xh, 55, \) = ’
(25,50, A") 2F 2F
0yo0xo 3y(2)

(25,95)
After a straightforward calculation, by Egs. (11) and
(12) and using the fact z = 0, we have

0’F (22 3) 0*F (2t %) = 0
X = X =
a$08y0 0> Yo 8y06$0 0 Y0 )
and also
0*F 1 1
8I%( 0 0) y() yf
1+7 Y1+
= a0
Yo (L +yg)(1+7¢ )
0*F —b
(25, 45) = — 20 (1 -7 %)
s (5 +a)? —b)**
<0,

where a = 1 — 77;3/27 b= (7 — 1)2(2F + )7 >
0. Then one can see that the Hessian matrix is an
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indefinite matrix. Thus, we cannot use the positive
definiteness of the Hessian matrix, that is,

2TVAF (2,5, A )z >0, Vz#0,

as a sufficient condition to justify the local minimum
of (xf,ys) as usual. Fortunately, Theorem 3.11 in
Avriel (2003) tells us that when A* > 0 and the in-
equality constraint is active, if we use the positive
definiteness of the Hessian matrix to justify the lo-
cal minimum, we need to consider only the positive
definiteness of the first block of the Hessian matrix
with the non-zero vector z # 0 defined by

z e Z(ah,yy) = {2+ 2TVg(wsu0) =0}, (25)

where g(zo, yo) is the constraint function defined by
Eq. (9). With this kind of 2, if 2" V2 F(x§, y&, \*)z >
0, then (xf,ys) is a strict local minimum. Specifi-
cally, the vector z defined by the set (25) satisfies

2'Vg(xg, vp)

= [z z} —22o0 =0

B B R ]
Zg,Yo

(26)

Note that 23 = 0 and —2(1+yg)(1—7; %) # 0. Hence,
Eq. (26) implies z; # 0 and z2 = 0. Obviously it
follows from Eq. (24) that
2 * * * 21 a2F PR
{zl O} VeF (x5, y5, A) 0| =4 da3 (x5, ¥5) =1

> 0. (27)

Therefore, in light of Theorem 3.11 in Avriel (2003),
we can conclude that (xf, y3) is a strict local min-
imum. The same argument can be used to show
that (&3, 5) is also a strict local minimum in view of
inequality (27). Meanwhile, a straightforward calcu-
lation gives

Av(zg, yg) < Av(ig; o) (28)

We have shown that the constrained optimiza-
tion problem (7) has a global minimum by Lemma 1,
and also a global minimum is a local minimum; see
Bertsekas (1999) for the definitions of global and lo-
cal minima. Hence, one of these two local minima
must be global. Then by inequality (28), the pair
(x,yg) is a global minimum, and further it is the
global minimum due to the uniqueness. This com-
pletes the proof of the theorem.
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Remark1l Theorem 1 can be extended to the 3D
case; i.e., transfer orbits can be non-coplanar with
the initial and final circular orbits. We resolve a
velocity impulse vector into radial, transverse, and
normal components. Then AV and AV} have com-
ponents (AXy, AYy, AZy) and (AXy, AY:, AZf), re-
spectively. To realize an orbital transfer between two
coplanar circular orbits, the velocity of the spacecraft
must be equal to (AXy, Vo + AYy, AZy) at the time
t('f and (—AXy, Vi—AY;, —AZ;) at the time ¢; . Since
a transfer orbit of a spacecraft is a conic section, it
follows from the conservation of angular momentum
and energy that,

TQAZQ = —TfAZf,
ro(Vo + AYp) = re(Vi — AY}),

1
{(Vo +AY)? + AXZ + Azg} _ K
2 To
1
- [(Vf— AY)? + AX? +AZ§] _
2 T

By an argument similar to that in Section 2, the char-
acteristic velocity Av can be represented in terms of
0, Yo, and zg. A straightforward calculation yields
the following constrained optimization problem:

min  Av(zo, Yo, 20)

Z0,Y0,20

s.toxd+ (L+yo)(1—r %) —2(1L—7p )
+25(1 — 77 %) > 0.

Then the same conclusion as in Theorem 1 with
(x§,25) = (zf,2f) = 0 can be drawn, and the de-
tails are omitted.

3 Hohmann transfer as dynamic opti-
mization problems

In this section, the orbital transfer problem is
formulated as two optimal control problems of a
spacecraft in an inverse square law field, driven by
velocity impulses, with boundary and interior point
constraints. The calculus of variations is used to solve
the resulting constrained optimization problems.

3.1 Problem formulation

Consider the motion of a spacecraft in the in-
verse square gravitational field, and the state equa-
tion is
I

r=wv, v =—
3
r

T, (29)
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where 7(t) is the spacecraft position vector and v(t)
its velocity vector. The state vector consists of r(t)
and v(t). We use Eq. (29) to describe the state of
the transfer orbit, which defines a conic; see Curtis
(2014).

Problem 1  Take the initial position and velocity
vectors of a spacecraft on the initial circular orbit,
r(to) and v(tp). The terminal time ¢, is not specified.
Let td signify just after to and ¢ signify just before
t1. During the period from ta’ to t1 , the state evolves
over time according to Eq. (29). To guarantee at time
tf, the spacecraft enters the finite circular orbit, we
impose the following equality constraints on the final
state:

g1 (r(E) =|r ()| e =0,
g (0(t)) =[v(t))| = vr =0,

g2(r(t), o(t])) = r(t]) - v(t) =0, (30)

where vt is the orbit velocity of the final circular
orbit vy = /p/rr. Suppose that there are velocity
impulses at time instants ¢ty and 1,

v(tf) =v(t;)+Av;, i=0orl,

where v(ty) = v(tgp). The position vector r(t) is
continuous at these instants. The optimal control
problem is to design Aw; that minimizes the cost

functional:

J =|A’Uo| +|A’l)1| , (31)

subject to constraint (30).

In control theory, such an optimal control prob-
lem is called an impulse control problem, in which
there are state or control jumps. Historically, an op-
timal problem with the cost functional (31) is also
referred to as a minimum-fuel problem; see the clas-
sical books Bryson and Ho (1975), Leitmann (1981),
and Hull (2003). Problem 1 has been proposed in
the free version of a Matlab-based software GPOPS
solved by a direct optimization method. Here, we
use the indirect method, i.e., the calculus of varia-
tions. In the next problem we consider the orbital
transfer problem as a dynamic optimization problem
with interior point constraints.

Problem 2
Problem 1. Let tgT be the Hohmann transfer time.
Instead of the unspecified terminal time, here the
terminal time instant ¢¢ > ty7 is given and the time

Consider a situation similar to that in
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instant £; now is an unspecified interior time instant.
Condition (30) becomes a set of interior boundary
conditions. The optimal control problem is to design
Aw; that minimizes cost functional (31) subject to
interior boundary condition (30).

3.2 Two-point boundary conditions for Prob-
lem 1

Problem 1 is a constrained optimization prob-
lem subject to static and dynamic constraints. We
use Lagrange multipliers to convert it into an uncon-
strained one. Define the augmented cost functional
as follows:

J:=|Avg| +|Av, |

+ah [r(t) = r(to)] + @ [r) —r(7)

+aly [v(t]) — vlto) - Avg)
+aly [o(t]) = () — Av] + g (r(E)
31901 (0(t)) + 22002 (r (£ ), 0(]))

/t
+

0

(v —7)+pk (—gr—i;)]dt?

where Lagrange multipliers p,. and p,, are also called
costate vectors; in particular, Lawden (1963) termed
—p, the primer vector.

We introduce the Hamiltonian function as

TM

T
H(’I"7’l)7p) _prv — Py T3 , P= |:p’l“ p’U:| . (32)

By taking into account all perturbations, the first
variation of the augmented cost functional is

- Avd vl _
8= o A, 57+ ah [ar(eg) - ar(ty)]

+ b [ar(tr) - dr(e)|
+qy [d (ty

)
+ qyy |dv(t])

(S'Uo +

dgri (r(t]))
d T t+ 1 a
+dr (1) 8r(tf) *71
9gu1 (v(t7))
doT (7 ! v
+dv ( 1) 8v(tf) L’y 1

e PO
(4

0g2(r(t]), v(ty))
+doT(th) do(th) ’*72
+ (H.—pli - plo) | st ()
+p; (t)8r(tg) —py (t7)8r (1)
+py (t)80(t5) — py (t7)80(t7) (%)

where we use d(-) to denote the difference between
the varied path and the optimal path taking into
account the differential change at a time instant, for
example,

do(t]) = v(t]) —v" (),

and §(-) is the variation (for example, Sv(t}) is the
variation of v as an independent variable at t7).
Here, the optimal path and optimal impulse time
are indicated by an asterisk. Note that dr(t;) = 0,
dv(ty) = 0 since to is fixed. The parts of §.J in
Eq. (33) marked with asterisks are respectively due

to the linear term of

t 45t
/ (H(r,v,p)—p r—pv )dt
"

and the first term in the right-hand side of the fol-

lowing equation:
—« 2
T ty
D, 6r|t+ _/
0 t
0

o "
/ plordt = prordt,
t
obtained by integrating by parts. To derive bound-

0

ary conditions, we next use the following relation:

do(t]) = dv(t]™) + v(t] *)dts; (34)
see Bryson and Ho (1975) and Longuski et al. (2014).

In view of the necessary condition 8J = 0 and
the fundamental lemma, we have the costate equa-
tions as follows:

OH (r,v,p)

pr(t) = - ’

O0H(r,v,p)
or '

pu(t) = - ov
(35)
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Based on the definition of the Hamiltonian function

in Eq. (32), the costate (Eq. (35)) can be rewritten
as
. 0 (u w3
Pr = or <T3T) Dy = T3 (7’2 rr’ — I3><3) Do,
Dy = —Pr,

where I3y3 is the 3 x 3 identity matrix.

Using Eq. (34)
Eq. (33) yield the following terms or equalities for
Awvg, Avy,and dv:

(|§:0| —qu)TAUO, (|§:11| —qU2)TA01,
ahdv(t) + py (1)v(t) = (qvl +py () do(t),
—pr(t;¥) (61} )6t1)

~ (ak + () dvlt),

8 b1 (U tii_ 8 (T t
(qsm sale)| o ot

~do(t]).

and regrouping terms in

- qud” (ty)

1), v(t))

As usual, to assure 8. = 0, we choose Lagrange mul-
tipliers to make the coefficients of Avgy, Awvy, dv(ta'),

dv(t]), and dv(t]) in Eq. (36) vanish:
qu1 — |§:§| =0, qu— |§:;1| =0,
Po(t) + 41 =0, Pu(t7") +qu2 =0,
oz + 7 291 OE) Ogar (1), 0(tD))| g
u(tf) s dv(t]) .
(37)

Applying an argument similar to above for p, gives

( >+QT1—O pr( >+QT2—O
dgr1(r(t])) Aga(r(ty),v(t)) | _
qr2 + Yri a,,‘(t?_) . or (ti’_) . =0.
(38)

We now choose H (") to cause the coefficient of 5¢;
in Eq. (33) to vanish:

H(ty") = p, (t; oty ) —p, (8,

=0.

Finally, by solving the first and second compo-
nent equations of the last vector equation in Eq. (37),

Xie et al. / Front Inform Technol Electron Eng 2018 19(11):1444-1458

we obtain the Lagrange multipliers v,1 and 2. Then
substituting them into the first component equations
of the last vector equation in Eq. (38) yields the La-
grangian multiplier v,1. With these Lagrange multi-
pliers and rearranging the second and third compo-
nent equations of the last vector equation in Eq. (38),
we obtain a boundary value equation denoted by

g (r(t) v )P (7), put7)) = 0.

List 1  Two-point boundary conditions for Prob-
lem 1:
(1) r(to)—roAzo v(td) —v(ty) — Avg =0
v _ U1
2) po (1) + =0, p,(t7)+ =0:;
()P(o) |A | p(l) |A’U1|
(3) H(ty) = 0;

(5) g (r(th), ot )i po(t7), po(t7)) =0,

In summary, a complete list including 19 bound-
ary conditions is shown in List 1 where »(t]) =
r(t]),v(t]) = v(t]) + Av;. Note that to simplify
notation, the “x” symbol which denotes an optimal
value has been removed.

3.3 Multi-point conditions for

Problem 2

boundary

Define the augmented cost functional as follows:
=|Awvg| +|Av ]|
+ah [rt) = r(to)] + gk [r(th) - r(t7)
+ql [v(t) = vlto) — Avo|
+ b [v(tF) = v(t7) = Avi| + 719 (r(E)
+ 701901 (V(t)) + 72gr2(r (), v(t]))

ty
+/ [?(v—?’")+pr5<—/;r—1}>]dt
td r

te
+/ ,T(v—f“)—i—pf(—/ér—b)}dt.
+ T

1
We introduce the Hamiltonian functions for two time

sub-intervals [td, t7] U [t t:
w
Hi("',v,pi) = p}l pgz 37"
T .
pi = [pm' pm} ) 1=1or 2.
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A tedious and similar argument as used in Problem 1
can be applied to Problem 2 to derive the costate
equations and boundary conditions. The two-phase
costate equations are given by

. _ aHi("'a'%ﬁ’i)

pri(t) = o ;

. _ aHi(T7v7pi) .

Dui(t) = 5o , i=1or2.

A complete list for boundary conditions is given in
List 2.

List 2  Thirty-one boundary conditions for Prob-
lem 2:
’I’(t()) — Ty = 0,
(1) 'U(tg) - v(tg) - AUO - 07
r(ty) —r(ty) =0,
v(ty) —v(t}) — Av, = 0;
A'UO
w1 (tg 0,
p 1( 0 ) + |A’Uo|
)+ AU g
(2) Pv1(ly |Av, | )
pvQ(tf) — 07
prQ(tf) = Oa
(3) Hi(ty) — Ha(tf) =0 or —pfi(t7)Avy = 0;
r(tf) —re=0,
@ S loth)| = v =0,

N
1)

(5) g (T(tf),v(tf);pm(tl‘),pﬂ(tf),

pvl(tf)vpvl(tf)> =0.

4 Numerical examples

In this section, we provide numerical examples
to validate the theoretical results of this study. We
first consider the Hohmann transfer via static op-
timization presented in Section 2 and then the dy-
namic optimization method in Section 3. For the
latter, we demonstrate that the variational method
as an indirect optimization method provides highly
accurate solutions by using Matlab boundary value
solvers.

4.1 Static optimization

Consider the orbital transfer problem
The altitudes of the initial
and final circular orbits are 200 km and 800 km,

Example 1
of two circular orbits.

respectively. Hence, their radii are

ro = Re+ 200000 m, 7= Re+800000 m,

where the Earth’s radius Re=6 378 145 m. To com-
pare the accuracy of numerical methods, we next dis-
play numbers in long format of Matlab. By Egs. (22)
and (23), the magnitudes of velocity impulses for the
Hohmann transfer are

. 2F
== ({17,

=1.679487971110013e+02 m/s,

. __ 2
A}/f:yf"/O:'f’fl/2 (1_\/1+Tf> \/,ZJ

= 1.643 226 559 358 388e+02 m /s,

where 7t = r¢/rg. The cost function is Av =
AYy+ AYr = 3.322714 530468 401e+02 m/s. Mean-
while, the magnitudes of velocity impulses for the

local minimum are given by
1) \/ K
To

~ . 27
AYo=do Vo = <_\/1+Tf a

=-1.573645419952013e+04 m/s,

N : 2 o
AVi=gi -Vo=7 7|1 \/
=Y Yo =Ty Vg Vo
= 1.473932 344 656 825¢+04 m /s,

which drive the spacecraft in the opposite direction
to enter the final orbit. The cost function is Av =
’AYO’ + ’AYf‘ — 3.047 577 764608 838¢ + 04 m/s.

The constrained optimization problem (7) can
also be numerically solved using the Matlab solver
fmincon. Then these two sets of solutions can be
numerically found by setting different initial values.
Fig. 1b shows the 3D graph of the cost function
Av(xo,90), in which the point marked by the lower
“0” corresponding to the Hohmann transfer is the
global minimum and the other point is the local min-
imum. In the hodograph plane of Fig. 1, the global
minimum My and the local minimum M; are the ap-
sides of the elliptical boundary of the constraint set
M.

4.2 Dynamic optimization

The Matlab boundary value solvers bvpdc
and bvpdc can deal with multi-point boundary
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Fig. 1 Hodograph plane (a) and the 3D graph of the
cost function Av(zo, yo) (b)

value problems with unknown parameters. These
two solvers are essentially based on the differ-
ence method, collocation, and residual control; see
Kierzenka (1998) and Shampine et al. (2003). To
use them, we introduce a time change technique. We
first consider Problem 2 with an unknown instant ¢1.
Define a time change

t—tp

. tE [to byl
tr — to [O f]

(39)

Then tg, tr, and t; are transformed into 0,1, and 7

i1 —to .

T = , respectively.
te — 1o
Hence, the time change (Eq. (39)) transforms

[to, t1] and [t1,t¢] into [0, 7] and [71, 1], respectively.
The non-dimensional factor 7 is called a scaled time
instant. We now introduce other time changes for
each sub-interval:

4 , T €[0,m],
27’1
s= 7'—27'1—|—1 6[ 1] (40)
T € |1, 1].
21 —m7) b

With the time changes (Egs. (39) and (40)), we have

de ) f(z), t€totr),
dt f(z), te [tl,tf],
dz - 2T1tff($), ES [07 1/2)7
ds 21— m)tef(z), s € (1/2,1).

Therefore, the boundary conditions at ¢; are
transformed into the boundary conditions at 1/2 and
so on. Then the Matlab solvers can be used to solve
the multi-point boundary value problem of the above
piecewise continuous ordinary differential equations
(ODEs) with unknown parameters. The number of
BCs is the sum of the number of sub-intervals mul-
tiplied by the number of equations and the number
of unknown parameters. For Problem 1 with an un-
specified final time t¢, we need only to nondimension-
alize the time:

dx

a = f(x),t € [to, 1] = di =t1f(z), s € [0,1],

d

where ¢; is an unknown parameter. For time
changes, we refer to, e.g., Zefran et al. (1996) and
Longuski et al. (2014), for details.

Example 2 Example 1 illustrates that the
Hohmann transfer is the solution to Problem 1. The
two groups of analytical solutions have been ob-
tained in Example 1. The Hohmann transfer time

is given by

" T (’r‘o +r1>3/2
HT =
Vi 2

= 2.838 495539 521 862e+-03 s.

By trial and error, this example is successfully
The solution message for the
Hohmann transfer is shown in Table 1.

solved using bvp4c.

Here, we provide the solver with analytical Ja-
cobians and the dynamical equation is vectorized,
which dramatically reduces the computation time.
Fig. 2 shows the Hohmann transfer orbit and the
magnitude of the primer vector, in which the sym-
bol “0” corresponds to the time instant at which the
velocity impulse occurs, the two circles denote the
initial circular orbit and the final circular orbit, and
between them is the Hohmann transfer orbit. By
assuming different initial values of the velocity im-
pulses, the local minimum appears and the message
provided by solver bvp4 is shown in Table 2.
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Table 1 Solution message for the Hohmann transfer in Example 2

Ttem Value

1.464e-09

187.023 398 s

[0.000 000 000 000 000; 167.948 797 111 000 2; 0]
[0.000 000 000 000 000; —164.322 655 935 838 8; 0]
2.838 495 539 521 862e+-03

2.842171e-14

Maximum residual

Elapsed time

First velocity impulse

Second velocity impulse

Time instant of the second velocity impulse
Maximum error of boundary conditions

Table 2 Solution message for the local minimum in Example 2

Ttem Value

1.464e-09

243.502 088 s

[0.000 000 000 000 000; —15 736.454 199 520 13; 0]
[0.000 000 000 000 000; —14 739.323 446 568 25; 0]
2.838 495 539 521 862e+-03

1.818 989e-12

Maximum residual

Elapsed time

First velocity impulse

Second velocity impulse

Time instant of the second velocity impulse
Maximum error of boundary conditions

@ g, Example 3 Consider the Hohmann transfer
o as the multi-point boundary value problem (Prob-
lem 2). The altitudes of the initial and final circular
= | orbits are 200 km and 400 km, respectively. By the
5 2 1 formulas of the Hohmann transfer, the magnitudes
= of : of two velocity impulses are given by
-2 Av; = 58.064 987 253 967 857,
- | Avy = 57.631 827424 189 602.
_6 F 4
8 The Hohmann transfer time is

810 -08 06 04 02 0 02 04 06 08 1.0
107
h 107 m) tir = 2.715594 949 192 177¢ 4 03 s.

(b) 1.0000 Hence, we choose the terminal time ¢y = 2800 s. By
trial and error, this example is successfully solved by
bvp4c, and the solution message is shown in Table 3.

Fig. 3 shows the Hohmann transfer and the mag-

nitude of the primer vector. Fig. 4 is a zoom of the

0.9999
0.9998
0.9997

0.9996 primer vector magnitude, from which one can see

that the primer vector achieves its maximum mag-
nitude one at the impulse instants ty and ¢;. In
addition, the discontinuity of the primer vector at ¢;

0.9995

0.9994

0.9993

Magnitude of the primer vector

is a supplement to the primer vector theory for the

0.9992; 500 1000 1800 2000 25003000 time-open case where the primer vector and its first

t(s) derivative are continuous everywhere; see Prussing
(2010).

By taking different initial values of the velocity

Fig. 2 Hohmann transfer (a) and the magnitude of
the primer vector in Example 2 for Problem 1 (b)

impulses, the solution corresponding to the local

This example shows that the variational method
as an indirect optimization method provides highly
accurate solutions once the solutions are found.

minimum (£, §3) is found by the solver bvp5ec. The
solution message is shown in Table 4.
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Table 3 Solution message for the Hohmann transfer in Example 3

Maximum residual
Elapsed time
First velocity impulse

Second velocity impulse

Value

4.887e-08

406.320 776 s

[0.000 000 000 000 001; 58.064 987 253 970 472; 0]
[0.000 000 000 000 924; —57.631 827 424 187 151; 0]

Scaled instant of the second velocity impulse
Time instant of the second velocity impulse
Maximum error of boundary conditions

0.969 855 338 997 211
2.715594 949 192 190e+-03
4.263 256e-13

Table 4 Solution message for the local minimum in Example 3

Item

Maximum error

Elapsed time

First velocity impulse

Second velocity impulse

Scaled instant of the second velocity impulse
Time instant of the second velocity impulse
Maximum error of boundary conditions

81008 06 04 02 0 02 04 06 08 10

r, (x10” m)

0.8

0.6

0.4

0.2

Magnitude of the primer vector

1500 2000 2500

t(s)

0 500 1000 3000

Fig. 3 Hohmann transfer (a) and the magnitude of
the primer vector in Example 3 for Problem 2 (b)

Fig. 5 shows the orbital transfer and the magni-
tude of the primer vector corresponding to the local
minimum (&, §3), where the spacecraft starts from

5.291e-14

190.920474 s

[0.000 000 000 000 001; —15 626.570 389 663 10; 0]
[0.000 000 000 000 011; —15279.466 972 805 44; 0]
0.969 855 338 997 205

2.715594 949192 175e+03

4.403 455e-10

Value

1.000 00

0.999 99
0.999 98
0.999 97
0.999 96
0.999 951
0.999 94 ¢
0.999 931

Magnitude of the primer vector

0.999 921

0.999 91

1500 2000 2500

t(s)

0 500 1000 3000

Fig. 4 A zoom of the primer vector magnitude in
Example 3

the initial point on the initial orbit, moves clockwise
along the transfer orbit until the second pulse point,
and then travels counterclockwise along the final cir-
cular orbit until the terminal point marked with the
symbol “x”.

5 Conclusions

In this paper, by a static constrained optimiza-
tion, we have studied the global optimality of the
Hohmann transfer using a nonlinear programming
method. Specifically, an inequality associated with
the conservation of energy has been used to de-
fine an inequality constraint. Then we formulated
the Hohmann transfer problem as a constrained
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(@)

r (x10°m)

y
o

810 -08-06 04 02 0 02 04 06 08 10
r, (x107 m)
(b)

1.0

0.8

0.6

0.4

0.2

Magnitude of the primer vector

0 500 1000 1500 2000 2500 3000
t(s)

Fig. 5 Orbital transfer (a) and the magnitude of the
primer vector corresponding to the local minimum in
Example 3 for Problem 2 (b)

nonlinear programming problem. A natural appli-
cation of the well-known results in nonlinear pro-
gramming such as the Kuhn-Tucker theorem and a
second-order sufficient condition for minima clearly
showed the global minimum of the Hohmann trans-
fer. We also have introduced two optimal control
problems with two- and multi-point boundary value
With the help of Matlab solvers, the
Hohmann transfer and the local minimum were nu-

constraints.

merically obtained successfully. Numerical examples
showed that the variational method as an indirect
optimization method can provide highly accurate so-
lutions once the solutions are found.
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