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Abstract: Single-station passive localization technology avoids the complex time synchronization and information exchange 
between multiple observatories, and is increasingly important in electronic warfare. Based on a single moving station localization 
system, a new method with high localization precision and numerical stability is proposed when the measurements from multiple 
disjoint sources are subject to the same station position and velocity displacement. According to the available measurements 
including the angle-of-arrival (AOA), time-of-arrival (TOA), and frequency-of-arrival (FOA), the corresponding pseudo linear 
equations are deduced. Based on this, a structural total least squares (STLS) optimization model is developed and the inverse 
iteration algorithm is used to obtain the stationary target location. The localization performance of the STLS localization algorithm 
is derived, and it is strictly proved that the theoretical performance of the STLS method is consistent with that of the constrained 
total least squares method under first-order error analysis, both of which can achieve the Cramér-Rao lower bound accuracy. 
Simulation results show the validity of the theoretical derivation and superiority of the new algorithm. 
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1  Introduction 
 

Radiation source location technology can be di-
vided into active location technology and passive 
location technology according to the nature of the 
radiation source. According to the number of obser-
vation stations, it can be divided into single-station 

location (Bar-Shalom and Weiss, 2014; Li et al., 2014) 
and multi-station location (Ho et al., 2007; Chalise  
et al., 2014). Compared with active location tech-
nology, passive location technology has the ad-
vantages of stronger concealment and longer detec-
tion distance, which can greatly improve the surviv-
ability and combat capability of the system in elec-
tronic warfare (Torrieri, 1984). Single-station passive 
location technology not only avoids time synchroni-
zation and data fusion between multiple observation 
stations, but also has the characteristics of flexibility, 
mobility, and simplicity. Thus, it has been of wide 
concern and has been studied intensely in recent 
decades. A maneuverable single station receives 
source emissions and extracts positioning parameters 
at different measurement points to determine source 
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positions. Generally, the positioning parameters can 
be obtained, including the angle of arrival (AOA) 
(Knapp and Carter, 1976; Li and Lu, 2008; Yin et al., 
2014; Giacometti et al., 2016), time of arrival (TOA) 
(Bamler, 1991; Belouchrani and Aouada, 2003; An-
treich et al., 2011), and frequency of arrival (FOA) 
(Wang et al., 2001; Liu et al., 2017). TOA can be 
converted to the distance between the target and ob-
servation station. FOA is caused by the Doppler effect, 
and is equivalent to the range rate. Parameter estima-
tion is an important research issue in the field of array 
signal processing. There are two main approaches for 
estimating these parameters. The first is to estimate 
individually each parameter of interest in the signal 
(Knapp and Carter, 1976; Bamler, 1991; Li and Lu, 
2008; Yin et al., 2014), and then the results of pa-
rameter estimation are paired using a matching algo-
rithm. This estimation method belongs to the tradi-
tional one-dimensional parameter estimation category, 
and does not make full use of the relationship between 
the parameters. There is a multi-parameter matching 
threshold problem. To obtain higher estimation ac-
curacy, joint parameter estimation was proposed as an 
alternative (Antreich et al., 2011). This method can 
make full use of the relationship between the param-
eters to improve the estimation accuracy and achieve 
multi-parameter automatic matching. Because the 
joint estimation problem of three parameters is dif-
ficult to solve, multi-parameter joint estimation in-
cludes mainly the joint angle and delay estimation 
(Wang et al., 2001; Belouchrani and Aouada, 2003) 
and joint angle and Doppler frequency estimation 
(Lemma et al., 2003; Liu et al., 2010). Generally, the 
estimated parameters are algebraic equations with 
respect to target position, and the solution of the pas-
sive location is to determine the target position from 
these algebraic equations. 

Clearly, existing measurements are non-linear 
functions about the target position, and we can 
transform them into pseudo linear equations accord-
ing to the algebraic characteristics of the functions. 
During the past few decades, a number of least 
squares localization algorithms have been proposed, 
and most are for a single source location. The Taylor 
series method presented by Foy (1976) provides a 
least-sum-squared-error solution for a set of simul-
taneously linearized algebraic equations. Although 
the method can converge to the correct solution under 

certain conditions, it is very sensitive to the initial 
value. Thus, location robustness needs to be enhanced 
further. Doğançay (2005) and Sun et al. (2008) pro-
posed a total least squares (TLS) positioning ap-
proach based on different measurements, which 
achieves zero bias and coincides approximately with 
the Cramér-Rao lower bound (CRLB) under small 
measurement noise. The TLS algorithm can achieve 
an asymptotic optimal performance when the noise 
component is independent and identically distributed 
in the observation matrix. Nevertheless, after pseudo 
linearization is used, noise components in the obser-
vation matrix are structured, which will lead to a 
sharp drop in the performance of the TLS algorithm. 
There is no doubt that the TLS method performs 
poorly with high noise levels, and cannot approach 
the CRLB. To overcome the drawback of the TLS 
algorithm, Abatzoglou et al. (1991), Yang et al. 
(2010), and Yu et al. (2012) proposed the constrained 
total least squares (CTLS) localization algorithm, 
which considers fully the algebraic structure of noise 
distribution in the observation matrix, and thus has 
high positioning accuracy. Wang et al. (2007) pro-
posed CTLS methods based only on AOA measure-
ments. Although the corresponding performance 
curve attains the CRLB and possesses a higher 
threshold compared with the closed-form method, the 
Newton iterative algorithm used in the CTLS method 
has high computational complexity. Wang et al. (2011) 
extended the CTLS method to localization scenarios 
based on wireless sensor networks. To suppress the 
influence of coefficient matrix disturbance in the 
linear equation, de Moor (1994) and Lemmerling et al. 
(1996) proposed another method to solve the param-
eters: the structural total least squares (STLS) algo-
rithm. This method also needs to accurately model the 
perturbation term of the coefficient matrix, and a new 
optimization model and numerical iterative algorithm 
have been designed from the perspective of rank loss. 
However, in the literature, there are only few studies 
in which the STLS method was applied to the passive 
location, and only Wang et al. (2009) and Wu et al. 
(2015) proposed the STLS method based on angle 
information. However, the algorithm was deduced 
under a single measurement and did not consider the 
errors of the station position and velocity. 

In this study, we consider the problem of local-
izing multiple disjoint sources (Carevic, 2007; Yang 
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and Ho, 2009; Sun and Ho, 2011; Hao et al., 2012; 
Shen et al., 2014; Griffin et al., 2015; Li et al., 2015; 
Jia et al., 2017) whose emissions do not interfere with 
each other, and the disjointedness can be achieved by 
limiting the source signal to different frequency bands 
and/or time intervals (Rockah and Schultheiss, 1987a; 
Raykar et al., 2005). In practice, multiple disjoint 
sources exist in some specific location scenes. In 
addition to practical consideration, the measurements 
from different sources contain the same number of 
displacements in the station position and velocity, 
which helps improve the positioning accuracy, and a 
lower CRLB can be obtained. This approach is also 
called self-calibration in direction of arrival (DOA) 
estimation (Rockah and Schultheiss, 1987b; Weiss 
and Friedlander, 1989; Raykar et al., 2005; Mir et al., 
2007). 

In this study, we develop an STLS localization 
algorithm for locating multiple disjoint sources when 
the station position and velocity are not known  
accurately. First, we deduce the pseudo linear equa-
tions according to the available spatial-, time-, and 
frequency-domain measurements. Then, we construct 
an STLS optimization model and apply the inverse 
iteration method to solve this problem and obtain the 
source position. Moreover, we develop a unified 
theoretical framework in which the STLS localization 
algorithm performance is derived. It is strictly proved 
that the theoretical performances of the STLS and 
CTLS methods are consistent under first-order error 
analysis and coincides with the CRLB. Finally, sim-
ulation results verify the validity of theoretical deri-
vation, higher location accuracy than the general 
single-source location, and lower computational 
complexity compared with the CTLS and Taylor se-
ries method.  

Notations used in this paper are listed in Table 1. 
 
 

2  Measurement model and pseudo lineariza-
tion process 

 
Consider a single moving station localization 

system placed on an airborne or carrier platform in a 
three-dimensional (3D) scenario. Assume that M 
measurements are obtained during its movement. The 
true position and speed of the station at the ith meas-
urement are denoted by o o o o T[ , , ]

i i ii x y z= s s ss  and 

o o o o T[ , , ]
i i ii x y z=   s s ss , i=1, 2, …, M, respectively, and are 

assumed to be known. Let the unknown fixed source 
position be o o o o T[ , , ]

j j jj x y z= u u uu , j=1, 2, …, N. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In the absence of the measurement noise and 

system error, the AOA measurement at the ith meas-
urement for the jth source can be modeled as 
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where o

ijθ  and o
ijβ  represent the true azimuth and el-

evation for i=1, 2, …, M, j=1, 2, …, N, respectively. 
The range and range rate at the ith measurement for 
the jth source are 
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where i=1, 2, …, M and j=1, 2, …, N. The TOA and 
FOA measurements are then denoted by 
 

o
,o

,

co o
, ,

,
 

,

i j
i j

j
i j i j

r
c
f

f r
c

τ


=

 =



                        (3) 

Table 1  Mathematical notation 

Notation Description 
ON×n N×n matrix with all-zero entries 

( )l
Mi  

M×1 vector of zeros except for the lth 
element, which has a value of 1 

IN N-dimensional identity matrix 
⊗ Kronecker product 

diag( ) Diagonal matrix equipped with the ele-
ments of a vector 

blkdiag( ) Block diagonal matrix consisting of the 
matrix or vector 

< >n nth element of a vector 
|| || Euclidean norm of a vector 
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where c is the signal propagation speed, and fcj is the 
carrier frequency for the jth source, i=1, 2, …, M, and 
j=1, 2, …, N. Note that fcj is assumed to be known 
because it can be estimated or measured in practical 
applications (Luise and Reggiannini, 1995). For 
convenience, we replace the TOA and FOA meas-
urements with the range o

ijr  and range rate o
,i jr , re-

spectively, in the following localization problem. 
Collect the measurements from the same source 

together given by o o o o T
1, 2, ,[ , , , ] ,j j j M jθ θ θ= θ  o

j =β  
o o o T

1, 2, ,[ , , , ] ,j j M jβ β β  o o o o T
1, 2, ,[ , , , ] ,j j j M jr r r=r   and 

o o o o T
1, 2, ,[ , , , ] .j j j M jr r r=r   

  Then all measurements are 

collected in the 4M×1 vectors o oT oT oT[ , , ,j j j j=ξ θ β r  
oT T]jr . 

To make full use of the information with respect 
to the target location to improve the positioning ac-
curacy, we construct a joint positioning mode based 
on the AOA/TOA/FOA. Note that some measurement 
equations can be transformed into pseudo linear 
equations (So and Lin, 2011) directly, and other 
measurement equations can be transformed into 
pseudo linear equations by combining other meas-
urement equations. 

AOA measurement equations can be formatted 
into pseudo linear equations directly: 

 
o o o o o o

,

o o o o o o
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o o o o
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(4) 

 
Rewrite Eq. (4) into vector format: 

 
T o o T o o
1 , 1 ,

T o o o T o o o
2 , , 2 , ,

( ) ( ) ,

( , ) ( , ) ,
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where  
o o o T

1 , , ,

o o o o
2 , , , ,

o o o T
, , ,
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( , ) [cos sin ,

                       sin sin , cos ] .
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Different from AOA equations, TOA equations 

cannot be transformed into pseudo linear equations 

directly. However, this problem can be solved effec-
tively by combining angle measurements. Resort to 
the geometry relationship of targets and observation 
stations as follows: 

 
o o T o o o o

3 , ,|| || ( , )( ),j i i j i j j iθ β− = −u s ω u s              (7) 
where 

o o o o
3 , , , ,

o o o T
, , ,

( , ) [cos cos ,

                      sin cos ,sin ] .
i j i j i j i j

i j i j i j

θ β θ β

θ β β

=ω
       (8) 

 
Substitute Eq. (7) into TOA measurement equations 
and obtain the TOA equations: 
 

o T o o o T o o o
, 3 , , 3 , ,( , ) ( , ) .i j i j i j i i j i j jr θ β θ β+ =ω s ω u            (9) 

 
FOA measurement equations can also be trans-

formed into pseudo linear equations using Eq. (8): 
 

o T o o oT o o T o o o oT o
, 3 , , , 3 , ,( ( , ) ) ( , ) . i j i j i j i j i j i j i j i i ir rθ β θ β+ = +  ω s u ω s s s  

(10) 
We define the measurement vector o o o

1 2[ , ,ξ ξ=ξ  
o T, ]Nξ (let its dimension be p=4MN), observation 

station position and velocity vector o oT oT oT
1 1 2[ , , ,= s s s s  

oT o T o T T
2 , , , ]M M 
s s s (let its dimension be r=6M), and 

unknown source position vector o oT oT
1 2[ , , ,= u u u  

o T T]Nu (let its dimension be q=3N). Then the simul-
taneous equations of Eqs. (5), (9), and (10) give the 
joint localization equation set based on the AOA, 
TOA, and FOA measurements: 

 
o o o o o( , ) ( , ),=A ξ s u b ξ s                  (11) 

 
where A(ξo, so) represents the coefficient matrix and 
b(ξo, so) the pseudo linear measurement vector. Their 
composition is described in Appendix A. 

In practice, the AOA, TOA, and FOA meas-
urements available for processing, denoted by ξ, have 
random noise. The measurement noise in ξ is 

 
o

1 ,= −e ξ ξ                           (12) 
 

where T T T T
1 1,1 1,2 1,[ , , ]= , Ne e e e =[e1,1, e1,2, …, e1,4MN]T 
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follows a zero mean Gaussian distribution with a 
covariance matrix T

1 1 1= [ ].Q E e e  Specifically, e1,j= 
[e1,4M(j−1)+1, e1,4M(j−2)+1, …, e1,4Mj]T represents the 
measurement noise for the jth source, where the first 
2M elements, 2M+1 to 3M elements, and the latter M 
elements represent the measurement noise of the 
AOA, TOA, and FOA, respectively. We define the 
covariance matrices of these measurement noises: 
 

AOA 2
1, AOA 2

TOA 2
1, TOA

FOA 2
1, FOA

,

,  

,
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j M

σ

σ

σ
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 =
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=

Q I
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Q I

                    (13) 

 
where σAOA, σTOA, and σFOA represent the noise power 
of the AOA, TOA, and FOA measurements for j=1, 
2, …, N, respectively. Assume that different meas-
urements are independent of each other. Therefore, 
we have Q1,j=blkdiag AOA TOA FOA

1, 1, 1,( , , )j j jQ Q Q  and Q1= 

blkdiag(Q1,1, Q1,2, …, Q1,N). Let the AOA measure-
ment for the jth source be T T T

,AOA [ , ]j = j jξ θ β , and 

probability density functions (PDF) of the AOA, 
TOA, and FOA are given by 
 

,AOA /2 AOA 1/2
1,

o T AOA 1 o
,AOA ,AOA 1, ,AOA ,AOA

/2 TOA 1/2
1,

o T TOA 1 o
1,

/2 FOA 1/2
1,

o T FOA
1,

1( )
(2 ) | |

exp[ ( ) ( ) ( ) / 2],

1( )
(2 ) | |

exp[ ( ) ( ) ( ) / 2],

1( )
(2 ) | |

exp[ ( ) (

j M
j

j j j j j

j M
j

j j j j j

j M
j

j j j

f

f

f

−

−

=
p

⋅ − − −

=
p

⋅ − − −

=
p

⋅ − −

ξ
Q

ξ ξ Q ξ ξ

r
Q

r r Q r r

r
Q

r r Q



 

1 o

 

) ( ) / 2].j j
−














 − r r 

(14) 
Further, the AOA, TOA, and FOA measurements are 
located in the following intervals with a probability of 
99.7%: 
 

o o
,AOA AOA ,AOA ,AOA AOA

o o
AOA AOA

o o
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(15) 

By contrast, although so is easy to access through 
the actual measurement, it may inevitably be dis-
turbed by noise, such as sensors fixed on the moving 
airborne and marine platforms, or random positions. 
Then, we assume that the system error is 

 
o

2 ,= −e s s                              (16) 

 
where s is the station position and velocity vector 
available and e2=[e2,1, e2,2, …, e2,6M]T is the zero mean 
distributed with a covariance matrix T

2 2 2= [ ]EQ e e . 

Because the measurement noise e1 and system 
error e2 are independent of each other for different 
originations, we can gather the two types of noise as 
vector T T T

1 2[ , ]=e e e , and the covariance matrix can be 
expressed as Q=cov(e)=E[eeT]=blkdiag(Q1, Q2). 
 
 
3  STLS localization algorithm 

3.1  Constructing the STLS localization model 

According to Doğançay (2005), Markovsky and 
van Huffel (2007), and Sun et al. (2008), the meas-
urement noise can be effectively suppressed using the 
TLS positioning algorithm when the coefficient ma-
trix is subject to noise. However, the TLS method can 
achieve optimal statistical performance when all 
disturbance components are independent and identi-
cally distributed in the coefficient matrix and obser-
vation vector. Considering that the disturbance in A(ξ, 
s) and b(ξ, s) must be structuralized for A(ξo, so) and 
b(ξo, so), which are the function matrices with respect 
to ξo and so, collectively, the TLS localization algo-
rithm cannot achieve the optimal statistical perfor-
mance. Through more detailed modeling analysis, the 
STLS method can overcome the shortcomings of the 
TLS method, so that a more accurate positioning 
solution can be obtained. 

To establish the STLS positioning optimization 
model, we first expand A(ξo, so) and b(ξo, so) with 
respect to ξ and s using the Taylor series, and ignore 
the second- and higher-order terms: 
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Substituting Eq. (17) into Eq. (11) yields the follow-
ing approximate equation constraint: 
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According to Eq. (20) and the second-order statistical 
properties of measurement noise e1 and system error 
e2, we can establish the following STLS optimization 
model: 
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( ) 1
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R
R

( )
1 1 1
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( )
2 2 2
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min ,
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r
k
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∈
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=

+
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=

∑

∑

r
e

e Q e

b ξ s A ξ s

e B ξ s i A ξ s r

e B ξ s i A ξ s

i r

0




(21) 

 
Define the vector 
 

o

( )
1 1 1

( )
2 2 2

1

2

( , ) [ ( , ) ( , )],

( , ) [ ( , ) | ( , )],

( , ) [ ( , ) | ( , )],

( , ) ( , ),  1 ,

( , ) ( , ),  1 .

k
k p k

k
k r k

k k

p k k

k p
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
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

= −
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



R ξ s b ξ s A ξ s

R ξ s B ξ s i A ξ s

R ξ s B ξ s i A ξ s
R ξ s R ξ s
R ξ s R ξ s

       (22) 

 
Furthermore, Eq. (21) can be simplified as  
 

( 1) 1

( ) 1

T 1

R
R
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1 1o
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s. t . ,  1.( , ) ( , )

q
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e

e Q e

r i rR ξ s e R ξ s 0
 

(23) 
To obtain the standard form of the STLS opti-

mization model, define 1/2 .−=e Q e  Then we have 
 

1/2 1/2

1

,  1 .
p r

k k km m
m

k p r
+

=

〈 〉 = 〈 〉 = 〈 〉 〈 〉 ≤ ≤ +∑e Q e Q e  (24) 

 
Therefore, Eq. (23) can be reformulated as  
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( ) 1

2
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R
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o

11/2
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( , )
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∈
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+
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=

∑ ∑

r
e

e

R ξ s
r

e Q R ξ s

i r

0   (25) 

 
To proceed, we define vector 
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1/2

1

( , ) ( , ).
p r

k km m
m

+

=

= 〈 〉∑R ξ s Q R ξ s              (26) 

 
As a result, Eq. (25) can be further simplified as 
 

( 1) 1

( ) 1

2
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min || ||
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(27) 
Because vector r is in the null space of 

o
1

( , ) ( , )
p r

k k
k

+

=

+ 〈 〉∑R ξ s e R ξ s , where the first element is 

one, the change of the constraint on r has no direct 
influence on the solution to the location problem. 
Then, we need only to let ˆ ˆ ˆ(2 : 1) (1)q= +u r r  be the 
solution of the location problem. Thus, we transform 
the linear constraint in Eq. (27) into the secondary 
constraint ||r||2=1. The standard form of the STLS 
optimization model is given by 

 

( 1) 1

( ) 1

2
2

R
R

o 1 2
1

min || ||

s. t .  ( , ) ( , ) ,  || || 1.

q

p r

p r
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∈
∈

+

×
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 
+ 〈 〉 ⋅ = = 

 
∑

r
e

e

R ξ s e R ξ s r r0
 

(28) 

3.2  Inverse iteration algorithm to solve the STLS 
localization model 

Eq. (28) is a standard form of the STLS optimi-
zation model; thus, there is a unified numerical algo-
rithm. de Moor (1994) provided the basic concept of 
solving the STLS problem. However, it is not an ex-
ecutable numerical algorithm. In this subsection, we 
propose a specific algorithm and steps. The essence of 
the solution is to determine the triad (α, τ, β) that 
minimizes |τ|, in which 1p×∈α , ( 1) 1q+ ×∈β  and 

τ∈ , and they meet the following constraints: 
 

T
o 1 1
T T
o 2 2

( , ) ( ) ,   ( ) 1,

( , ) ( ) ,   ( ) 1,

τ

τ

 = =

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R ξ s β S β α α S β α
R ξ s α S α β β S α β

         (29) 

where  

T T
1

1

T T
2

1

( ) ( , ) ( , ),

( ) ( , ) ( , ).

p r

k k
k
p r

k k
k

+

=

+

=


=


 =

∑

∑

S β R ξ s ββ R ξ s

S α R ξ s αα R ξ s
        (30) 

 
Eq. (30) is also called ‘Riemannian singular 

value decomposition’, which can be solved using the 
inverse iteration algorithm. The main idea is to use the 
current latest iteration values α and β to calculate 
matrices S2(α) and S1(β), respectively, in each itera-
tion. Then, they are substituted into Eq. (29) as the 
constant matrix to obtain the iteration update values 
of α and β. This process is repeated until the iteration 
converges. 

The iteration update values of α and β can be 
obtained using QR decomposition of Ro(ξ, s). The QR 
decomposition of Ro(ξ, s) is expressed as 

 

o 1 2( , ) [ ] , 
= ⋅  

 

R
R ξ s P P

Q
                  (31) 

 
where ( 1)

1 ,p q× +∈P   ( 1)
2 ,p p q× − −∈P   ( +1) ( 1) ,q q× +∈R   

and ( 1) ( 1) .p q q− − × +∈Q  P=[P1, P2] is an orthogonal 
matrix; that is, PTP=Ip. R is the upper triangular ma-
trix, and α can be decomposed as 
 

1 2 2 ,= +1α P α P α                        (32) 
 

where ( 1) 1
1

q+ ×∈α   and ( 1) 1
2

p q− − ×∈α  . From Eq. (29), 
the following linear equations can be deduced:  
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R
P S β P P S β P
P S β P P S β P R

α S α β
α
β

0 0
0

0
0

  (33) 

 
It is clear that the number of unknowns in 

Eq. (33) is p+q+1 and the number of equations is 
p+q+1. Hence, a unique solution can be determined. 
Because the coefficient matrix on the left-hand side of 
Eq. (33) is a block of the lower triangular matrix, the 
solution can be determined using the form of the 
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recurrence formulas as follows: 
 

T
1 2

T 1 T
2 2 1 2 2 1 1 1

1 2 2
1 T

1 1

( ) ,

( ( ) ) ( ) ,
,

( ) .

τ

τ

−

−

−

 =


= −


= +
 =

1

α R S α β
α P S β P P S β P α
α P α P α
β R P S β α

     (34) 

 
The specific implementation of the inverse iter-

ation algorithm is listed as follows: 
Step 1: initialization. Select α0, β0, and τ0, and 

construct S1(β0) and S2(α0). Then, normalize them to 
satisfy 

 
T T
0 1 0 0 0 2 0 0( ) ( ) 1.= =α S β α β S α β             (35) 

 
Step 2: use QR decomposition of matrix Ro(ξ, s) 

according to Eq. (31) to obtain P1, P2, and R. 
Step 3: let k:=1 and compute the following 

equations in turn: 
(1) T

1 1 2 1 1: ( ) .k k k kτ −
− − −=α R S α β  

(2) T 1 T
2 2 1 1 2 2 1 1 1 1: ( ( ) ) ( ) .k k k k

−
− −= −α P S β P P S β P α  

(3) 1 2 2:k k k= +1α P α P α  and S2(αk). 

(4) 1 T
1 1 1: ( ) .k k k

−
−=β R P S β α  

(5) 2: || ||k k k=β β β and S1(βk). 

(6) T 1/4
1: ( ( ) ) .k k k kx = α S β α  

(7) αk:=αk/xk  and βk:=βk/xk. 
(8) 2

1 1( ) : ( ) /k k kx=S β S β  and  
2

2 2( ) : ( ) .k k kx=S α S α  

(9) T
o: ( , ) .k k kτ = α R ξ s β  

(10) T: ( , ) ,  1 .m k k m k m p rτ〈 〉 = − ≤ ≤ +e α R ξ s β  

(11) 
1

( , ) ( , ).
p r

k o m m
m

+

=

= + 〈 〉 ⋅∑X R ξ s e R ξ s  

Step 4: calculate the maximum singular value 
σk,max and minimum singular value σk,min of Xk. Then, 
assess whether σk,max/σk,min<ε and pause the iteration if 
true; otherwise, let k:=k+1 and go to step 3. 

Finally, if the iterative convergence value of βk in 
the above iterative algorithm is β̂ , then the solution 

to the STLS localization problem is ˆˆ (2 :  q= +u β  
ˆ1) / (1)β . 
For the above iteration algorithm, three remarks 

are provided: 

Remark 1    In step 1, the initial values α0, β0, and τ0 
can be obtained using singular value decomposition 
of matrix Ro(ξ, s), where τ0 is the minimum singular 
value, and α0 and β0 are the left singular vector and 
right singular vector, respectively, corresponding to 
the smallest singular value. 
Remark 2    To normalize α0 and β0 according to 
Eq. (35), let α0:=α0/x and β0:=β0/y. Thus, we have 
 

T T 2
0 1 0 0 0 1 0 0

T 2 2
0 1 0 0

T T 2
0 2 0 0 0 2 0 0

T 2 2
0 2 0 0

( ) : ( / )( ( ) / )( / )

                   ( ) / ( ) 1,
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                   ( ) / ( ) 1.

x y x
x y

x y x
x y

 =
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= =


=
 = =

α S β α α S β α
α S β α

β S α β β S α β
β S α β

  (36) 

 
For simplicity, let T 1/4

0 1 0 0( )x y= = =Sα β α  
T 1/4
0 2 0 0( ) .Sβ α β  

Remark 3    The purpose of normalizing vector βk in 
Eq. (5) of step 3 is to make the algorithm more robust. 

It is noteworthy that although our approach is 
based on a single moving station localization scenario, 
it can be easily extended to a multi-station scenario. 
Measurement model (11) is extensible. For a single- 
station scenario, A(ξo, so)=A1(ξo, so) and b(ξo, so)= 
b1(ξo, so), while for a multi-station scenario, 

o o T o o T o o T o o T
1 2( , ) [ ( , ),  ( , ),  ,  ( , )]L=A ξ s A ξ s A ξ s A ξ s  

and o o T o o T o o T o o T
1 2( , ) [ ( , ), ( , ), , ( , )]L=b ξ s b ξ s b ξ s b ξ s , 

where L is the number of observation stations. On the 
other hand, we establish a measurement model of a 
moving observation station for M measurement mo-
ments in Section 2, which is essentially equivalent to 
the measurement model of M moving stations for one 
measurement moment. 

 
 

4  Performance analysis of the STLS locali-
zation algorithm 

4.1  Cramér-Rao lower bound (CRLB) 

Given that the measurement noise vector e1 and 
system error vector e2 are Gaussian distributed and 
independent of each other, the logarithm of the joint 
probability density function of ξ and s parameterized 
on oT oT T[ , ]=ρ u s  is 
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where k1=−ln[(2π)2p|Q1|]/2 and k2=−ln[(2π)2r|Q2|]/2 
are constants. 

The CRLB of ρ is 
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where  
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                 (39) 

 
The detailed derivatives of Ω1 and Ω2 are shown in 
Appendix B. Applying the matrix inversion formula 
(Kay, 1993), the CRLB of u is given by 
 

T 1 1
11 12 22 12
T T 1 1
1 1 2 2 2 1

CRLB( ) ( )

               [ ( ) ] .

− −

− −

= −

= +

u X X X X
Ω Q Ω Q Ω Ω

      (40) 

 
The square root of the diagonal element sum in 

Eq. (40) is the minimum possible source location root 
mean square error (RMSE) that any linear unbiased 
estimator can achieve (Eldar, 2006). 

4.2  Theoretical performance of the STLS locali-
zation algorithm 

In this subsection, we demonstrate the optimal 
estimate performance of the STLS method using 
first-order perturbation analysis. 
Proposition 1    The optimal solution to Eq. (27) 
satisfies the following constraint optimization  
problem: 

( 1) 1

T T 1 (1)
o 1 o 1

R
min ( , )( ( )) ( , )  s. t . 1.

q q+ ×

−
+

∈
=

r
r R ξ s S r R ξ s r i r  

(41) 
Proof    Because Eq. (27) is an optimization problem 
with equality constraints, we construct the corre-
sponding Lagrange function as follows: 
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(42) 
where l and λ represent the Lagrange multiplier vector 
and scalar, respectively. We consider the derivation in 
Eq. (42) with respect to each component and make the 
gradient zero: 
 

T

T T
o 1

1

T T T
o 2

1

( , ) ,  1 ,

( , ) ( , ) ( , ) ( ) ,

( , ) ( , ) ( , ) ( ) .

k k

p r

k k
k

p r

k k
k

k p r
+

=

+

=

〈 〉 = − ≤ ≤ +


  = =  
  


  = =   

∑

∑

e l R ξ s r

R ξ s r R ξ s rr R ξ s l S r l

R ξ s l R ξ s ll R ξ s r S l r

 (43) 

 
Thus, the objective function in Eq. (27) can be ex-
pressed as 
 

2 T T T T T
2 1

1
|| || ( , ) ( , ) ( ) .

p r

k k
k

+

=

 
= = = 
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(44) 
The second equation in Eq. (43) can be rewritten as 
 

1
1 o( ( )) ( , ) .−=l S r R ξ s r                    (45) 

 
Substituting Eq. (45) into Eq. (44), the cost function 
can be expressed as 
 

2 T T T 1
2 1 o 1 o|| || ( ) ( , )( ( )) ( , ) .−= =e l S r l r R ξ s S r R ξ s r  (46) 

 
At this point, the proof is completed. 
Proposition 2    The localization performances of the 
STLS method and CTLS method are consistent, and 
optimal solutions ûSTLS and ûCTLS both satisfy the 
following unconstrained optimization problem: 

 

1

T T 1

R
min ( ( , ) ( , ) ) ( ( , , ) ( , , ))

      ( ( , ) ( , ) ).
q×

−

∈
−

⋅ −
u
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b ξ s A ξ s u
  (47) 
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Proof    Based on Eqs. (11) and (17), the CLTS op-
timization model can be formulated as  
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1 1 2 2
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(49) 
Then, Eq. (48) can be simplified as  
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 (50) 
Using the Lagrange multiplier method, Eq. (50) can 
be transformed into an unconstrained optimization 
problem (Eq. (47)).  

Based on Eqs. (22) and (25), we have 
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     (53) 

Applying Eqs. (30), (52), and (53), S1(r) can be re-
formulated as 
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  (54) 

 
Based on Eqs. (51) and (54), we obtain 
 

T T 1
o 1 o

T T 1

( , )( ( )) ( , )

( ( , ) ( , )) ( ( , , ) ( , , ))
( ( , ) ( , )).

−

−= −
⋅ −

r R ξ s S r R ξ s r

A ξ s u b ξ s Φ ξ s u QΦ ξ s u
A ξ s u b ξ s

 (55) 

 
At this point, the proof is completed. 

The cost function in Eq. (47) can be rewritten as  
 

T( ) ( , , ) ( , , ) ( , , ),J =u φ ξ s u Ψ ξ s u φ ξ s u             (56) 
where  

T 1

( , , ) ( , ) ( , ),
( , , ) ( ( , , ) ( , , )) .−

= −


=

φ ξ s u A ξ s u b ξ s
Ψ ξ s u Φ ξ s u QΦ ξ s u

    (57) 

 
The derivation of J(u) with respect to u yields the 
gradient vector as 
 

( ) ( )

T

T

T

( ) 2 ( , ) ( , , ) ( , , )

vec ( , , )
         ( , , ) ( , , ) .

=

∂ 
+ ⊗ ∂ 

h u A ξ s Ψ ξ s u φ ξ s u

Ψ ξ s u
φ ξ s u φ ξ s u

u

 

(58) 
Assume that the solution of the estimator, denoted by 
uSTLS, is the global minimum, which makes the gra-
dient zero. Then, we have 
 

( )
STLS

T
STLS STLS

T

T

STLS STLS 3 1

2 ( ) ( , , ) ( , , )

vec ( , , )

( ( , , ) ( , , )) .N

=

×

 ∂
 +
 ∂ 

⋅ ⊗ = 0
u u

A ξ Ψ ξ s u φ ξ s u

Ψ ξ s u
u

φ ξ s u φ ξ s u

     (59) 
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The estimate can be expressed as the true value plus 
the error: 

 
o

STLS STLS.= + ∆u u u                      (60) 
 

Substituting Eq. (59) into φ(ξ, s, u) in Eq. (57) 
and ignoring the second-order error term yield 

 
STLS

o o o o o o
STLS

o o
11 12 1 1 1

o o
21 22 2 2 2

o o o o o o o o
STLS 1 1 2 2

o o
ST

( , , )

( , ) ( , ) ( )

 +([ ( , ) ( , ) ( , ) ] ( , ))

 ([ ( , ) ( , ) ( , ) ] ( , ))

( , ) ( , , ) ( , , )

( , )

p

r

= − + ∆

−

+ −

= ∆ − −

= ∆

  



  



φ ξ s u
A ξ s u b ξ s A ξ u

A ξ s u A ξ s u A ξ s u B ξ s e

A ξ s u A ξ s u A ξ s u B ξ s e
A ξ s u Φ ξ s u e Φ ξ s u e
A ξ s u o o o

LS ( , , ) .−Φ ξ s u e
  (61) 

Applying Eq. (61) and omitting the second term in 
Eq. (59), we have 
 

T o o o o o
3 1 STLS

o o o

( ) ( , , )( ( )

          ( , , ) ).
N× ≈ ∆

−

0 A ξ Ψ ξ s u A ξ u
Φ ξ s u e

      (62) 

 
Consequently, the estimation error is given by 
 

T o o o o o 1
STLS

T o o o o o o o

( ( ) ( , , ) ( ))

             ( ) ( , , ) ( , , ) .

−∆ ≈

⋅

μ A ξ Ψ ξ s u A ξ
A ξ Ψ ξ s u Φ ξ s u e

   (63) 

 
Multiplying Eq. (63) by its transpose and taking the 
expectation yield the covariance matrix as  
 

T
STLS STLS STLS

T o o o o o o o 1

T o o o o o T o o o 1

o o 1

( ) [ ]

( ( , ) ( , , ) ( , ))
( ( , )( ( , , ) ( , , ))

 ( , )) .

E
−

−

−

∆ = ∆ ∆

=

=

⋅

u u u
A ξ s Ψ ξ s u A ξ s
A ξ s Φ ξ s u QΦ ξ s u
A ξ s

cov

 

(64) 

4.3  Asymptotic optimal performance of the STLS 
localization algorithm 

In this subsection, we analyze the asymptotic 
performance of the STLS method. Substituting 
ξo=ξo(so, uo) into Eq. (11) yields 

 
o o o o o o o o o( ( , ), ) ( ( , ) , ).=A ξ s u s u b ξ s u s           (65) 

 
Computing the Jacobi matrix (Golub and van Loan, 

2012) of both sides of Eq. (65) with respect to uo 
leads to 

 
o o

11 12 1 1

o o
1 1

( , ) [ ( , ) ( , ) ( , ) ]

( , ) .
p+

=

A ξ s A ξ s u A ξ s u A ξ s u Ω

B ξ s Ω

  



 (66) 
Based on Eqs. (49) and (66), A(ξo, so) is given by  
 

o o o o
1

11 12 1 1

o o o
1 1

( , ) ( ( , )

 [ ( , ) ( , ) ( , ) ])

( , , ) .
p

=

−

=

  



A ξ s B ξ s

A ξ s u A ξ s u A ξ s u Ω

Φ ξ s u Ω
  (67) 

Calculating the Jacobi matrix with respect to so again, 
Eq. (65) are rewritten as 

 

11 12 1 2

21 22 2
o o o

1 2 2

[ ( , ) ( , ) ( , ) ]

[ ( , ) ( , ) ( , ) ]

( , ) ( ).

p

r+

= +

A ξ s u A ξ s u A ξ s u Ω

A ξ s u A ξ s u A ξ s u
B ξ s Ω B ξ

  



  

    (68) 

 
With some algebraic manipulations, we have the 
following equality relationship: 
 

1 o o o o o o
1 2 2( , , ) ( , , ) .−− =Φ ξ s u Φ ξ s u Ω             (69) 

 
Combining Eqs. (67) and (69), Eq. (64) can be sim-
plified as 
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(70) 
In conclusion, the proposed method has asymp-

totic optimal performance and can achieve the CRLB 
accuracy for a moderate noise level. 
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5  Simulations 
 

In the following simulations, the proposed 
method (labeled ‘STLS’) is compared with the TLS 
method (labeled ‘TLS’), the CTLS localization algo-
rithm (labeled ‘CTLS’), and the Taylor series iterative 
algorithm (labeled ‘Taylor’) in the presence of the 
measurement noise and system error. We illustrate 
that both measurement noise and system error are 
Gaussian distributed. To verify the validity of theo-
retical analysis in the text, the following graphs also 
show the theoretical performance curve of the STLS 
localization algorithm and the curve of CRLB. Be-
sides, in the following simulation scenarios. we as-
sume that the single moving station is equipped with a 
uniform circular array (UCA), which is comprised by 
omni-directional antennas (such as monopole and 
dipole antennas). 

The upper and lower bounds of TOA and FOA 
measurements are closely related to the localization 
scene. For example, in the ultra-short wave band, the 
communication distance is about 20 km, and thus the 
upper bound of TOA is about 66.7 μs. In the short 
wave band, the communication distance is about 300 
km, so the upper bound of TOA is about 1 ms. The 
upper and lower bounds of FOA measurement are 
closely related to not only the wave band but also the 
speed of the targets and observation stations. In the 
following simulation scenario, we assume the upper 
and lower bounds of AOA, TOA, and FOA as  

 
o
,

o
,

,

,

0 360 ,

0 90 ,
 

5 20 (μs),

3 10 (Hz).

i j

i j

i j

i jf

θ

β

τ

 ≤ ≤


≤ ≤


≤ ≤
 ≤ ≤

° °

° °
                         (71) 

 

5.1  Comparison of localization performance for 
different algorithms 

We examine the estimation accuracy of the 
source position in a 3D scenario in which a single 
observation station is driving. We assume that three 
measurements are obtained during its movement and 
its locations and velocities are listed in Table 2. There 
are two radiation sources that are located at 

o
1u =[2500, 2000, 1000]T m and o

2u =[1500, 1000, 
−1500]T m, and their carrier frequencies are fc1=50 

MHz and fc2=100 MHz, respectively, belonging to the 
ultra-short wave band. The localization geometry is 
shown in Fig. 1. The open pentagons indicate the 
locations of the disjoint sources and the open circles 
indicate the true station positions at three measure-
ments. The noise powers at different measurement 
moments are unequal with Rs= 2

ss ·blkdiag(I3, 03×3, 

3I3, 03×3, 5I3, 03×3) m and 2
s ss=R
 

·blkdiag(03×3, 2I3, 

03×3, 4I3, 03×3, I3) m/s, and 2 s s=Q +R R


. The noise 
powers of AOA, TOA, and FOA measurements are 
Ra= 2

AOAσ ⋅ blkdiag(I6, 06×6, 2I6, 06×6) m, Rt= 2
TOAσ ⋅  

blkdiag(06×6, I3, 09×9, 3I3, 03×3) m and Rf= 2
FOAσ c2· 

blkdiag(09×9, I3, 09×9, 4I3) m/s, respectively, and 
Q1=Ra+Rt+Rf. We first fix the noise power of the 
station position and velocity as 2

ss =100 m2 and 
2
s 0.1s =


 m2/s2, respectively, and let 2
AOAσ =10−4 2

mσ  

rad2, 2
TOAσ c2= 2

mσ  m2, and 2
FOAσ c2=10−3 2

mσ  m2/s2, 

where 2
mσ  represents the measurement noise power 

which varies from −20 dB to 15 dB in 5 dB intervals. 
We conduct N=500 Monte Carlo (MC) experiments 
and the estimation accuracy is evaluated in terms of 

o 2

1

1RMSE( ) || || ,
N

nN =

= −∑u u u  which is shown in 

log scale as the noise power increases. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The localization accuracy of the proposed solu-

tion is shown in Fig. 2, from which we can observe 
that the TLS algorithm has the worst position esti-
mation performance and always deviates from CRLB 
because of the numerical structure mismatch of the 
coefficient matrix in Eq. (11). Additionally, with the 
exception of the TLS method, the STLS, CTLS, and 

Table 2  Location and velocity of the observation 
station at different measurement time  

Parameter 
Measurement value  

1 2 3 
o
ix (m) 1200 300 −1500 
o
iy  (m) −500 −1100 600 
o
iz  (m) 150 −350 −250 

o
ix  (m/s) −20 10 20 
o
iy (m/s) 30 −20 −20 
o
iz (m/s) 10 −30 −10 
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Taylor series methods attain CRLB at a low noise 
level. As the measurement noise increases, the CTLS 
and Taylor series methods perform worse, and the 
thresholding effect generally appears successively. As 
expected from Proposition 2, under certain conditions, 
the STLS and CTLS algorithms have the same theo-
retical localization performance. However, the nu-
merical stability of the STLS method is higher than 
that of the CTLS method, which can be interpreted as 
the numerical stability of singular value decomposi-
tion being higher than that of the Newton iteration. 
After 2

m10log( )σ  reaches 15 dB, the proposed STLS 
method also suffers from the thresholding effect. 

 
 
 
 
 
 
 
 

 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 

Next, we assume that 2
mσ =5 dB, so 2

AOAσ =10−3.5 

rad2, 2
TOAσ c2=100.5 m2, and 2

FOAσ c2=10−2.5 2
mσ  m2/s2. 

Let 2
ss = 2

0σ  m2 and 2
ss = 2

0σ /200 m2/s2, where 2
0σ  

represents the system error power which varies from 
−10 dB to 30 dB in 5 dB intervals. The simulation 
results are shown in Fig. 3, from which we can obtain 
a conclusion similar to that drawn from Fig. 2; that is, 
the three methods can achieve the CRLB under 
moderate noise. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

With the increase of the system error, the Taylor 
series method suffers from the thresholding effect at 

2
010log( )σ =15 dB, possibly because the initial source 

positions of the Taylor series method (we randomly 
select the initial values within a 1000-m radius of the 
true value) are far from the true locations. Different 
from Fig. 2, the proposed STLS method never suffers 
from the thresholding effect within the range of the 
given system error. This difference demonstrates that 
the STLS method is more robust to the system error 
than the CTLS and Taylor series method. It is evident 
from Figs. 2 and 3 that the STLS method demon-
strates superior performance. It can attain the accu-
racy set by CRLB for both sources before the thresh-
old effect occurs, and its theoretical RMSE coincides 
with CRLB perfectly. These phenomena verify the 
former analysis. 

5.2  Comparison of localization performance for a 
single source and multiple sources 

In this subsection, the superiority of the pro-
posed method in a multi-source scenario is demon-
strated. For simplicity, a two-source scenario is con-
sidered in which the two sources are located at 

o
1u =[2500, 2000, 1000]T m and o

2u =[1500, 1000, 
1500]T m. The simulation conditions are similar to 
those in the case in Section 5.1, and only one source 
position is of interest. Figs. 4 and 5 show the results of 
the proposed solution for the source o

1u . The symbol 
STLS-a represents the RMSE of u1, which is obtained 
by combining the measurements of unknown source 
u2 to estimate the locations of u1 and u2. STLS-b 
represents the RMSE of u1 derived from conventional 

Fig. 1  Localization geometry 

Fig. 2  Curves of source position RMSEs as the meas-
urement noise varies 
 

Fig. 3  Curves of source position RMSEs as the system 
error varies 
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single source positioning. The traces of their CRLBs 
are also shown for comparison. 

It is evident that compared with the previously 
developed single source localization algorithm, the 
proposed algorithm can achieve a lower CRLB; that is, 
lower optimal performance is obtained. From Fig. 4, 
with the increase of the measurement noise 2

m ,σ  the 
performance of the positioning solution STLS-a is 
significantly superior to that of STLS-b. The perfor-
mance gain of STLS-a reaches 17 m over the posi-
tioning solution STLS-b when 2

m10log( )σ =10 dB. 
The significant gain in localization accuracy may be 
attributed to the effect of the measurements from 
source u2 with the same position and velocity dis-
placements. However, as measurement noise 2

mσ  
further increases, the positioning solutions STLS-a 
and STLS-b start deviating from their respective 
CRLB and suffering from the thresholding effect at 

2
m10log( )σ =15 dB. In Fig. 5, when the measurement 

noise is certain, as the system error increases, the 
separation between STLS-a and STLS-b indicates 
that the greater the influence of the public position 
and velocity displacements of measurements from 
different sources, the greater the cooperative location 
gain. These phenomena demonstrate that for the 
multi-source scenario, when only one source position 
is of interest, the proposed algorithm can still explore 
the measurements from other unknown sources with 
the same position and velocity displacements, to im-
prove source localization accuracy under moderate 
measurement noise or a large system error. However, 
the performance improvement comes at the cost of 
increasing computational complexity from the joint 
estimation of multiple sources. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Next, the performance of the proposed algorithm 

is examined in a multi-source scenario as the distance 
from the sources to the station changes (Fig. 6). The 
simulation conditions are similar to those in the case 
in Section 5.1, and only the source position o

1u  is of 
interest. k represents the distance factor which varies 
from 1 to 20, and the larger the value, the greater the 
distance from the sources to the station. From Fig. 6 it 
is observed that both methods attain CRLB at any 
distance factor. However, the proposed algorithm 
STLS-a has a much better theoretical localization 
accuracy than the general single source positioning 
algorithm STLS-b. Fig. 6 also indicates that the larger 
the distance from the sources to the station, the greater 
the cooperative localization gain. 

 
 
 
 
 
 
 
 
 
 
 

 
 

5.3  Comparison of computational complexity 

To highlight the superiority of the STLS method, 
the complexity of the proposed method is compared 
with those of the Taylor series method and CTLS 
localization method. Proposition 1 has proved that the 
STLS method and CTLS method have the same  

Fig. 4  Curves of source position RMSEs as the meas-
urement noise varies 

Fig. 5  Curves of source position RMSEs as the system 
error varies 

Fig. 6  Curves of source position RMSEs vs. the dis-
tance factor 
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localization error under certain conditions, and the 
Taylor series method can also achieve CRLB before 
the threshold effect occurs when a good initial value 
is obtained. However, by comparing the computations 
of the three methods, we determined that each itera-
tion of the STLS method requires a (p−q−1)-order 
matrix inversion (Eq. (2) in step 3). In contrast, each 
iteration of the CTLS method (the variable-step 
Newton iteration method is used to solve this problem) 
requires a number of p-order matrix inversions and a 
number of q-order matrix inversions. Additionally, 
each iteration of the Taylor series requires a p-order 
matrix inversion and q-order matrix inversion. Thus, 
the computation quantity of the STLS method is less 
than that of the CTLS and Taylor series methods. 
Additionally, through a simulation, it is found that 
under the given simulation conditions, the number of 
iterations of the STLS method is generally smaller 
than five, which is smaller than that of the CTLS and 
Taylor series methods. A 3D scenario is considered 
with the same simulation conditions as those in the 
case in Section 5.1. Simultaneously, we set the noise 
power of station position and velocity as 2

ss =100 m2 

and 2
ss =0.1 m2/s2, respectively, and let 2

AOAσ =10−4 

rad2, 2
TOAσ c2=1 m2, and 2

FOAσ c2=10−3 m2/s2. The 
simulations are based on 500 MC runs. The RMSEs, 
average iteration numbers, and total running time of 
three methods are shown in Table 3. Then, the noise 
power of the station position and velocity are changed 
to 2

ss =1000 m2 and 2
0σ =1 m2/s2, respectively, and the 

simulation results are shown in Table 4. 
It can be observed from Table 3 that there are no 

significant differences in the localization errors for 
the above three algorithms. However, the STLS 
method has a smaller average iteration number and a 
shorter total running time than the other two methods, 
which confirms that the STLS method requires a 
smaller iteration number and fewer calculations. 
From Table 4, the RMSEs of the STLS and Taylor 
series methods are much greater than that of the STLS 
method. This demonstrates that, with the increase of 
the system error, the solutions to the CTLS method 
and Taylor series method are prone to deterioration, 
and the solution to the STLS method is more stable. 
So, we can conclude that the STLS method is more 
robust to system errors than the CTLS and Taylor 
series methods. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5.4  Localization performance under a multi- 
station scenario 

In this subsection, we aim at verifying that the 
proposed algorithm can be applied to a multi-station 
scenario. It is assumed that there are four available 
array observation stations, which can receive and 
locate the radiated source signals, and their locations 
and velocities are listed in Table 5. The positions of 
two radiation sources are o

1u =[2500, 2000, 1000]T m 

and o
2u =[1500, 1000, −1500]T m. The localization 

geometry is illustrated in Fig. 7. Then, let 
Q1=blkdiag 2

AOA 8( ,σ I  2 2
TOA 4 ,cσ I  2 2

FOA 4 ,cσ I  2
AOA 82 ,σ I  

2 2
TOA 43 ,cσ I  2 2

FOA 44 )cσ I  and Q2=blkdiag 2
s 3( ,s I  

2 2 2 2 2 2 2
s 3 s 3 s 3 s 3 s 3 s 3 s 32 ,3 ,4 ,5 ,3 ,2 , ).sssssss      I I I I I I I
   

  
 

 
 
 
 
 
 
 
 
 
 
 
 

Table 3  Comparison of three algorithms in calcula-
tion with 2

ss =100 m2 and 2
0σ =0.1 m2/s2 

Method RMSE of 
position (m) 

Average itera-
tion number 

Total run-
ning time (s) 

STLS 37.7781 1.1700 3.8286 
CTLS 37.7245 8.2067 477.7594 
Taylor 
series 37.7098 9.2233 4.8978 

 
 

Table 4  Comparison of three algorithms in calcula-
tion with 2

ss =1000 m2 and 2
0σ =1 m2/s2 

Method RMSE of 
position (m) 

Average iter-
ation number 

Total run-
ning time (s) 

STLS 72.1213 1.9333 5.1219 
CTLS 205.0680 9.1833 532.6493 
Taylor 
series 337.7194 9.8600 5.2545 

 

Table 5  Location and velocity of the observation 
stations at one measurement moment for four dif-
ferent observation stations 

Parameter 
Measurement value 

1 2 3 4 
o
ix  (m) 1200 300 −1500 600 
o
iy  (m) −500 −1100 600 3000 
o
iz  (m) 150 −350 −250 −500 

o
ix  (m/s) −20 10 20 −20 
o
iy  (m/s) 30 −20 −20 −10 
o
iz  (m/s) 10 −30 −10 30 
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All other simulation conditions are the same as 
those described in Section 5.1. The simulation results 
are shown in Figs. 8 and 9. As expected, the proposed 
algorithm can achieve CRLB under moderate noise, 
and suffers from the thresholding effect later than 
other algorithms. From these figures, we can con-
clude that, the proposed algorithm is still valid and 
outperforms the other localization algorithms under 
the condition of multiple stations. 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6  Conclusions 
 
Based on the STLS localization algorithm with 

only angle information (Wang et al., 2009), in this 
study, we extended the STLS algorithm to the single- 
station passive location of multiple disjoint sources, 
and the observation station position and velocity er-
rors were considered. The study began with the es-
tablishment of the measurement model according to 
the available measurements: AOA, TOA, and FOA. 
Then, we deduced the corresponding pseudo linear 
equations, based on which the STLS localization 
model was formulated and the inverse iteration algo-
rithm was used to solve this problem. Moreover, it 
was strictly proved that the theoretical performance of 
the STLS method and CTLS method was consistent 
under first-order error analysis, and coincided with 
that of CRLB. Several simulations based on AOA/ 
TOA/FOA measurements were designed to verify the 
superiority of the new algorithm and the validity of 
theoretical derivation. For the multi-source scenario, 
when only one source position is of interest, the 
proposed algorithm can still exploit the same station 
position and velocity displacements of measurements 
from other unknown sources to improve the source 
localization accuracy. Furthermore, simulation results 
illustrated that the cooperative positioning gain is 
proportional to the distance from the sources to the 
station, and that the proposed localization algorithm 
requires less computation than the CTLS and Taylor 
series algorithms. Finally, the proposed algorithm can 
be easily extended to the multi-station scenario. 
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Appendix B: Expressions of 1Ω  and 2Ω  
 
The detailed derivatives of 1Ω  and 2Ω  are addressed below: 
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