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Abstract:  Transient imaging is a technique in photography that records the process of light propagation before it reaches a
stationary state such that events at the light speed level can be observed. In this review we introduce three main models for tran-
sient imaging with a time-of-flight (ToF) camera: correlation model, frequency-domain model, and compressive sensing model.
Transient imaging applications usually involve resolving the problem of light transport and separating the light rays arriving along
different paths. We discuss two of the applications: imaging objects inside scattering media and recovering both the shape and

texture of an object around a corner.
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1 Introduction

Continuous advances in imaging technology
have greatly improved the ways in which human eyes
can observe the natural world in both scale and di-
mension. However, due to the limitations of classical
imaging models, it is still difficult to observe ultra-
high speed phenomena such as the transport of light.
In such a model, a pixel is formed by integrating the
photons of incident light over time at a point deter-
mined by the camera sensor. Thus, a shorter exposure
time means fewer incident photons and consequently
a lower signal-to-noise ratio (SNR). For events
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occurring at light speed, the exposure time required
by such an imaging system is insufficient to capture
enough photons to form images. Therefore, a new
imaging model is needed to achieve breakthroughs in
the speed of imaging.

In this paper, we first introduce techniques for
acquiring transient images and their imaging models,
and then discuss two potential applications for han-
dling transient images, i.e., recovering both the shape
and texture of an object (1) inside scattering media
and (2) around corners beyond the line of sight. A
transient image i(x, y, t) is the record of the transient
process of light propagation before it reaches a sta-
tionary state, while a conventional image i(x, y) is the
steady state of light distribution. When a ray of light
interacts with a subject, the transient image of the
subject carries spatial and surface information in the
path of the light. If the ray of light reaches the subject
only once, it carries the depth information of the spot
it reaches. If the ray of light reflects inside the subject,
it carries the internal spatial relationship information
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along its path. Thus, from transient images we can
observe visual information about a subject, which is
otherwise unobservable by conventional methods.

2 Time-domain transient imaging

Directly acquiring a transient image requires an
ultra-fast imaging system (Velten et al., 2013). To
record the light signal in an ultra-short exposure time,
the sensor must be ultra-sensitive. An ultra-fast streak
camera can work at a sampling time of less than 1 ps,
but it can acquire only one line encompassing hun-
dreds of pixels each time. To acquire a two-
dimensional (2D) plane, a scanning mirror is required
to scan in the direction vertical to the pixel line, and
then the pixel lines for all scanning angles are com-
bined into a 2D image. To acquire a transient image,
the imaging system requires a femtosecond laser as
the light source, which emits ultra-short laser pulses.
However, the photos from a laser pulse are very few
such that the pixels captured by a streak camera will
be too weak to read. To address this issue of insuffi-
cient incident photons, the laser needs to emit pulses
for some time at each scanning angle. Then all the
images from the same angle are added together to
increase the SNR of the image. This method requires
that the laser synchronize with the camera using a
light splitter. This results in a bulky, sophisticated,
and expensive system. However, it can obtain tran-
sient images at a high temporal resolution for up to
several picoseconds.

Transient imaging with a time-of-flight (ToF)
camera (Heide et al., 2013) is more convenient and
cheaper than using a streak camera. A ToF camera
(Fig. 1) is a compact imaging system, which modu-
lates both its laser and its sensor with the same
high-frequency periodic signal. The operating prin-
ciple is shown in Fig. 2. The camera accumulates the
incident light energy over the exposure time, and thus
the image acquired by the ToF camera is an integra-
tion of the reflected light and the modulated gain of
the sensor. The image obtained for each pixel is for-
mulated as follows:

H(o,9) = [i()C(,p,7)d7, (M)

where C(w, ¢, 7) is the correlation function between
the modulated laser signal and modulated sensor gain,
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and i(7) is the transient image. After measuring cor-
relation function C(w, ¢, 7) and acquiring images
H(w, ¢) at a range of frequencies and phases, the
transient images can be solved from Eq. (1).

Fig. 1 A prototype time-of-flight (ToF) camera
The laser (right) and the camera (left) are modulated by
the same signal generator

Laser Si(wt)
Signal S Ei}/ AAAAAAAA
— » [}- ==
generator N —~<_ i@ \
L | Sensor /,———/”'ﬂ
S{wt)

Ss(wt+
Phase (w9)

shifter fat H(w.¢)

Fig. 2 Operation principle of a time-of-flight (ToF)
camera

If the laser and sensor in a ToF camera are
modulated by different signals, the imaging equation
still holds. By designing a modulation signal such that
the correlation function is invertible, the transient
image can be solved from Eq. (1) in a single shot
(Kadambi et al., 2013). In theory, the modulation
signals need to be across a wide spectrum. In practice,
the distortion of the light emitted by the laser will
degrade the quality of the solved transient images.

3 Frequency-domain transient imaging

The methods mentioned in Section 2 obtain a
temporal sequence of images either by optical means
(using a streak camera) or by solving an imaging
equation (using a ToF camera). Therefore, we char-
acterize these methods as ‘time-domain transient
imaging’. When the sequence of images obtained is in
the frequency domain, i.e., the Fourier transform
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along the time axis of a transient image, we call these
methods ‘frequency-domain transient imaging’. It has
been proven that such images can be achieved with a
ToF camera working at frequencies ranging from low
to high by emitting an ideal sinusoidal laser signal and
recording the optical response (Lin et al., 2014). In
this case, the correlation function C(w, ¢, 7) in Eq. (1)
must be an ideal sine function of 7, i.¢.,

C(w,p,7)=cos(wt + @). 2)

The frequency sequence of images can be
transformed into a transient image by the inverse
Fourier transform.

Two issues need to be addressed for frequency-
domain transient imaging. The first issue is that gen-
erating an ideal sinusoidal laser signal is difficult due
to the nonlinearity of electrical components. In prac-
tice, the modulation signal is usually a square wave
and the emitting light is a periodic signal with a dis-
torted shape. One way to address the issue is by
making a Fourier series decomposition. Specifically,
we first acquire the correlation function at a series of
equally spaced phases for each frequency w (Fig. 3)
and then decompose them into a Fourier series:

Clw,p,7)= Z A, cos(nwt +np+@,). 3)

n=0

Next, we acquire the images at a series of equally
spaced phases for each frequency and decompose
them into a Fourier series. After removing phase
offset ¢; and amplitude 4; from the fundamental
component of the phase series of images, we obtain an
image at each frequency w.

The second issue is that the highest frequency of
the modulation signal of a ToF camera is limited.
When the working frequency is close to the upper
boundary, the amplitude of the signal decreases dra-
matically (Fig. 4). For example, a PMD PhotonICs
19k-S3 sensor can work at a frequency less than 165
MHz. That is, while the frequency of the image series
goes up to 165 MHz, the corresponding sampling
time of the transient image remains about 6 ns.

One way to improve the frequency is by ex-
ploiting high-order harmonic components from the
above Fourier series decomposition (Lin ef al., 2017).
The image of the harmonic component of order n
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Fig. 3 The correlation function at a pixel at different
frequencies: (a) 130 MHz; (b) 110 MHz; (c) 70 MHz;
(d) 50 MHz; (e) 30 MHz

The waveforms at low frequencies contain more harmonic
components, whereas the waveforms at high frequencies are
close to sine waves

at frequency w is equivalent to the image at frequency
nw. However, the amplitudes of high-order harmonic
components are usually much lower than that of the
fundamental component. When the modulation signal
is a square wave, the amplitudes of the components of
odd orders are the inverse of the order and the am-
plitudes of the components of even orders are trivial.
Moreover, high-frequency distortion of the electrical
circuit suppresses the amplitudes of high-order
components. For example, Fig. 4 shows the amplitude
of each component of a prototype ToF camera. The
third-order harmonic component (43) is nontrivial at
frequencies below 90 MHz. Thus, the maximum
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frequency of the image series obtained can get up to
90x3=270 MHz. If the distortion of the electrical
circuit can be rectified, higher-order components can
be achieved.
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Fig. 4 Amplitude of each frequency component of the
correlation function at a pixel

The third-order harmonic component (4;) is nontrivial at
frequencies below 90 MHz

4 Compressive transient imaging

Transient imaging usually requires multiple
images to obtain reliable results and thus the acquisi-
tion process requires much more time than conven-
tional imaging. This prevents it from being applied to
dynamical scenes. Researchers have found that the
number of images taken can be reduced greatly in the
case of a scene with sparse responses. That is, the
optical response is a continuous-time K-sparse signal:

(0= 4B -1)+ Y ASU—1), (@

where 8(+) denotes the Dirac function, K is the number
K

., are the amplitudes

of optical paths, and {4,,,}

and delays. A transient image with K pulse signals can
be reconstructed from a few measurements by em-
ploying an optimization method with sparsity regu-
larization (Bhandari et al., 2014; Peters et al., 2015;
Qiao et al.,, 2015; Bhandari and Raskar, 2016).
However, if K is a relatively large number, it will take
a very long time to solve the transient image.

Instead of directly solving a transient image re-
construction problem based on sparsity regularization,
here we recover the measurements from a few meas-
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urements acquired by a multi-frequency ToF camera
using compressive sensing, a signal processing tech-
nique for efficiently acquiring and reconstructing a
signal by finding solutions to underdetermined linear
systems (https://en.wikipedia.org/wiki/Compressed
sensing). Compared to the frequency-domain method,
this method reduces the number of modulation fre-
quencies from hundreds to dozens.

100

50 f

Amplitude

—50

100 0 50 100 150 200 250

Measurement point

6000

5000

4000

3000

Amplitude

2000

1000 (b)

0 50 100 150 200 250
Fourier point

Fig. 5 The signal in the measurement domain (a) and its
amplitude spectrum in the Fourier domain (b) for pixel
(60, 70) with phase 0°

In this method, we take the measurements as an
original signal, that is XeR", where N is the number
of modulation frequencies. In fact, the measured
signal X is a frequency-domain signal (Lin et al.,
2014) and is not sparse in the measurement domain.
Here we take it in the measurement domain. It is
sparse in the Fourier transform. Take the case of pixel
(60, 70) in the acquired ‘Corner’ image (Heide et al.,
2013) as an example. Fig. 5a shows the signal in the
measurement domain, and Fig. 5b shows its ampli-
tude spectrum in the Fourier transform. Most of the
Fourier coefficients are small, except the first several
large amplitude coefficients.

Therefore, we assume the measurement signal X
to be sparse in the Fourier domain and define

X =0, (5)
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where ¥ is a sparse matrix, and @ is K-sparse. Define
the acquired measurement signal YeR" as

Y=0bX, M<<N, (6)

where M is the number of acquired measurement
signals. From Egs. (5) and (6) we have

Y = W0 = S0, (7)

where S=@ Y. The process of recovering all X’s from
a ¥ can be implemented by solving the L; norm:

min”é”l st. Y=0X=0P0=S0. (8)

The length M of the acquired measurement sig-
nal is randomly selected from the N measurement
signals, that is, m;e[1, N], i=1, 2, ..., M. Define the
element ¢;; of measurement matrix @y as

1) i=172a'”aMaj=m,‘7
o= (9)

0, otherwise.

Define sparse matrix ¥ as

1 1 1 e 1
2n 2n 2n
1 e*JW e*JW'Z *JW'(N*U
1 2n 2 2n
W — —JW-Z —_]W'4 —JW'Z(N_I)
N 1 e e e
2n 2n 2n
! RSROE) 6—172(1\/—1) e—JW«N—l)(N—n

The signal is recovered using the orthogonal

matching pursuit algorithm (Tropp and Gilbert, 2007).

Algorithm 1 summarizes the recovery process.

Solve a least-squares problem to find a new signal estimate:

0, =arg min, HY -76

L
Calculate the new residual r =¥ T4, .

End for

Reconstruct the Fourier spectral vector by 6 .

Recovery X by the inverse Fourier transform.
Apply frequency-domain transient imaging (Lin et al., 2017).

Algorithm 1 Signal recovery process

Input: M*N sensing matrix .S, Mx1 measured vector ¥, and
sparsity level K of the signal.
Output: an estimate X in R" for X.
Initialize residual ry=Y, index set 4=, matrix of the chosen
atoms 7,;=0, and iteration counter =1.
For =1 to 2K do

Solve the optimization problem to find index 4;:

<rt—1’sj>"

Augment index set 4, =A,_, {4} and matrix of chosen

A =argmax,_,

atoms T, =[T,_, s, ].

For example, the number of modulation fre-
quencies of the real dataset ‘Corner’ (Heide et al.,
2013) is N=221. If the sparsity level K=14, we choose
M=Klog(N/K)=39. Then, randomly select 39 fre-
quencies from the original 221 frequencies and re-
construct the signals. Fig. 6 shows the recovered
signal in comparison to the actually acquired signal
for pixel (82, 67). In Fig. 6a, the measured signal is
selected randomly from the actual signals. In Fig. 6b,
the recovered signal is close to the ground truth.

When sparsity level K=10, and M=20, the re-
covered results are shown in Fig. 7. The errors are
larger compared to those in the previous example due
to the fewer measurements.

— Ground truth signal
601 -6~ Measured signal

Amplitude
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(= =)
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,40 L
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80
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-~ Recovered signal

Amplitude

0 50 100 150 200 250

Measurement point

Fig. 6 Recovered signal compared to the ground truth
signal at pixel (82, 67) with phase 90° (K=14, M=39)

In (a), the measured signal is selected randomly; in (b),
the recovered signal is close to the ground truth (MSE=
0.30991)
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Fig. 7 Recovered signal compared to the ground truth
signal at pixel (30, 50) with phase 90° (K=10, M=20)
In (a), the measured signal is selected randomly; in (b), the
recovered signal has larger errors compared to that in the
previous example (MSE=0.59684)

Fig. 8 compares the reconstructed transient im-
ages. The sparsity level is 10, and the number of
measured frequencies is 20. These images are close
even though the reconstructed ones contain more
noise.

Frame 32 Frame 40 Frame 46 Frame 52 Frame 58 Frame 63

Frame 32 Frame 40 Frame 46 Frame 52 Frame 58 Frame 63

Frame 12 Frame 20 Frame 25 Frame 30 Frame 35 Frame 40

W I A0

Frame 12 Frame 20 Frame 25 Frame 30 Frame 35 Frame 40

LT

Fig. 8 Comparison of the recovered images
The first and third rows are the transient images reconstructed
using 221 frequencies; the second and fourth rows are the
transient images reconstructed using 20 frequencies

Experiment results show that the signal can be
reconstructed from its random measurement samples
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if the number of samples is large enough with respect
to sparsity, which is related to the structure of the
observed scene. The sparser the signal is, the fewer
the random measurement samples are required, and
the larger error the reconstruction yields. In the future,
we would like to investigate an optimal method for
measurement selection.

5 Applications

In this section, we apply transient imaging to
obtain both the depth map and texture of an object,
when the object is inside some kind of scattering
media (such as turbid water) or is obstructed and
beyond the line of sight.

5.1 Imaging through scattering media

For simplicity, the behavior of light inside scat-
tering media is usually described as single scattering
with exponential decay (Nishita et al., 1987). As
shown in Fig. 9, the intensity received by the camera
consists of single scattering rays and reflected rays:

a1 fe P Ip
E= IO o dx + e

e*ﬂ(du +dy)

. (10

where [ is the intensity of the light source, £ is the
scattering coefficient of the scattering media, the
phase function is set to n/4 for homogeneous media, x
and y are the lengths of the light path, and p is the
surface albedo of the objects. We call this model a
steady-state single scattering model since it is the
steady-state response of the object.

Surface

Scattering medium

Fig. 9 Traditional single scattering model: steady-state
model

We can generalize this model to a transient sce-
nario. In Fig. 10, assume that the incident ray and
reflected ray are in the same direction at each pixel
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(Shim and Lee, 2016). Thus, the image formation at
each pixel is independent and we can estimate the
depth map and texture in a pixel-wise manner. Define
a transient pixel as the impulse optical response at a
pixel. The scattering component of a transient pixel is

18 VR0

S5(0)= Anfety | 2+ x(0)]

1(#), telt,ty], (11)

where ¢ is the traveling time of a given ray, ct, is the

path length before entering the medium, x(7) is the
depth of ray entering the medium, and 1(¢) is a step
function whose value is 1 when #£0. The reflected
component of a transient pixel is

1,0 e—Zﬂx(tR)
Sp(t)=————-0(t —1,). 12
r (1) ENEEETA: (t-1y) (12)
That is, the transient single scattering model is
I e—Zﬂx(t)
S = ﬁ—zltew
4nfct, /2 + x(1)]
I pe2hxm) (13)
A —. )
[et, /2 + x(ty )]
and
c
x(t)=—(1-1,), (14)
2n

where c is the speed of light, and » is the refractive
index of the medium, for example, n=1.33 for a water
medium.

Air Scattering medium

Light source

ctol2 X(tr)

Camera

Fig. 10 Transient single scattering model

In model (13), we need to estimate depth x(zr)
and texture p from transient pixel S(¢#). When using a

ToF camera, the temporal resolution of the recon-
structed transient pixel is limited by the maximum
frequency (Lin et al., 2014). Therefore, the recon-
structed transient pixel is

y(0) = S8(0) *k(0), (15)

where k() is a smoothing kernel function.

To estimate depth x(fg), we first reconstruct a
transient image y;(¢) at location R, and then move the
object to location R, and reconstruct a transient image
Vo(t). Assuming fr;<tgo, we have

Ip e*ZﬁX(fm)
t)— N=—-"—" " [k(t—t
(@) =y, () 2+ 2 )T (t—ty,)
2B x(tr,)
—Ipe—zk(t—tm) (16)
[ct, /12 + x(tp,)]
Iﬁefzﬂx(t)

— 1 1) * k(1).
4nfct, 12+ x(1)] rua () * KO

Note that the third item (scattering component)
on the right-hand side of Eq. (16) is much smaller
than the first and second items (reflected components)
if the movement is small. By Taylor expansion of the
right-hand side of Eq. (16) and keeping the first-order
term, we have

Ip e—zﬁx(fm)

PO =R Ot ~ha) T G OF

(17)

C

~ 1 ey
{;[ﬂ-ﬁ-mjk(t_tlu)‘i‘k(t ZRI):I.

This is a unimodal function whose extreme value is at
G'(t,)=0 and £ is estimated as

nk"(t, —tx,) 1
ck'(t, —ty,)  cty/2+x(ty,)

B~-— (18)

We can see that fr;, fry, and ,3 are one-to-one

correspondence with a profile of y1(f)—y.(f). By trav-
ersing fg; and calculating the corresponding fg; and
B , a group of y1(£)—y,(f) can be obtained. Then fg;
can be estimated by fitting the profile acquired, and
x(tr1) is the depth.

After having fr;, texture p is estimated by the
least-squares method as follows. The reconstructed
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transient pixel y(f) can be expressed as a linear
combination:

y@)=1fO)+1pfr (), (19)
where
~ ﬂe—Zﬂx(z‘) ,
fs(t) - 47'5[0[0 / 2+ x(t)]2 1te[t0,tk) k(t)a (20)
o 2Axw) L .
fR(f)—m (t—1tg). (21)
By discretizing fs(¢), fr(f), and y(¢), we have
Y=4 ! 22
- Ip ’ ( )
where
A{fsal) Ae) fsm} .
Se(t) fr(8) Je(ty)
Y =[y() y() v (24)

Solving Eq. (22) yields the texture.
5.2 Imaging around corners

Looking around corners beyond the line of sight
is a novel application of transient images. The MIT
Media Lab (Kirmani et al., 2009) proposed the orig-
inal setup for the imaging system. This technique
takes a diffuse wall as a mirror and recovers the shape
around a corner by resolving the light paths from the
wall. Another way using a multi-frequency ToF
camera is to formulate the imaging equations based
on the principles of the cameras and to find out their
sparse solutions (Heide et al., 2014). In this applica-
tion, the precision of the recovered structure is basi-
cally decided by the temporal resolution of the im-
aging system (or the maximum frequency of the ToF
cameras).

Here, we extend the existing work on recon-
struction of the shapes of objects around corners
(Heide et al., 2014) to imaging around corners, i.c.,
recovering both the shape and texture around corners.
Color can also be obtained if we use red, green, and
blue laser diodes as the light sources. We show how to
solve for the shape and texture in the following.

The setup of the imaging system is shown in
Fig. 11. The coordinates are set up on the wall. The
laser is located at (x, zj) and shoots at a point x; on the
wall. The camera is located at (x., z.) and faces the

wall. The pixels of the camera can be transformed by
homography to the points, denoted by x;, at the wall.
These values are measured before the experiment.
The transient image i(#, x,) transformed on the wall
coordinates has been acquired. The shape z(x) and
texture r(x) of the object behind the corner, where x
are the coordinates of the object projected on the wall,
are unknown and need to be solved.

Az Light source
nx) (X
» Z1)
/&O
e
rd
\_/\ P 7
N xs) - (X, Z0)
. / \ . 7 //
s 7/ \ Tp PR , Camera
/ \ - /
/ \ P 7
/ \ g ( ) //
/ - Te(Xp
/7 z(x) /) \ v
P \ 7/
/ \ e
/ P \ .
/e o,
/.7 A4 X
& L L i i L 4 >
Xs XP

Fig. 11 Setup of the imaging system for looking around
corners

The equation for transient imaging is as follows:

i(t,x,) = [r(x)3[t — 7.(x, x,)]dx, (25)

where 7, is the time of flight from the laser to the
camera, i.e.,

z'_,=Tl+Ts(x,xs)+rp(x,xs)+rc. (26)

The variable time delay 7, in Eq. (25) is not easy
to handle, so let us take a Fourier transform:

I(o,x,)= Ir(x) exp[—jor. (x,x,)]dx. (27)

Denote
h.(@,x,x,)=exp{-jor.(x,x,)}, (28)
and Eq. (27) becomes
H(w,x,)= j r(x)h.(@,x,x, )dx. (29)

It is easy to find out that Eq. (29) has the same
form as the convolution imaging equation. /. is in fact
the point spread function (PSF). If the PSF is space-
invariant, the image is the convolution of the source
of object r(x) and the PSF; otherwise, the imaging
equation is in the form of Eq. (29).
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Therefore, the problem of imaging around cor-
ners can be solved by classical vision methods, for
example, the methods of depth from defocus. In most
cases, shape z(x) can be solved first and texture r(x)
next. However, the problem of imaging around cor-
ners is more difficult than depth from defocus in that
function 4, is a sine which is spatial-infinite while a
PSF is compact in both space and frequency domains,
i.e., a space-frequency atom.

Except for the difficulty in solving the imaging
equation, there are two more difficulties in imaging
around corners. One difficulty is that the temporal
resolution of transient images limits the depth reso-
lution of the recovered shape. Therefore, a typical
subject is a planar object with holes such that the
shape is either a fixed value (on the plane) or the
maximum value (in the hole). The other difficulty is
that the light reaching the camera is too weak after the
three bounces. This may be overcome by obtaining
more images and summing all of them.

6 Conclusions

We have introduced three models of transient
imaging with a ToF camera, which differ from the
classical integration model. The first is related to a
correlation function, the second is in the frequency

domain, and the third is based on compressive sensing.

Transient imaging applications are based on the fact
that the paths of light rays can be resolved from a
transient image. We discuss the methods for two ap-
plications: (1) imaging objects inside scattering media
and (2) recovering both the shape and texture of an
object around a corner.

At present, these acquisition techniques take too
much time in dynamic scenes given that they require
multiple images at different camera settings, even
using compressive sensing. The acquisition time can
be reduced if more information can be obtained in the
shot, for example, using multiple light sources.

Another difficulty in using transient imaging is
that the intensity of the light becomes too weak to
extract after multiple diffuse reflections, such that
applications relying on resolving multiple ray paths
(like imaging around corners) yield rough results.
This raises the problem of low light signal extraction
in signal processing, and requires new models for
diffuse reflection and advanced signal processing
theories.
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