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Abstract:    We propose an optimal approach to solve the problem of multi-degree reduction of C-Bézier surfaces in the norm L2 
with prescribed constraints. The control points of the degree-reduced C-Bézier surfaces can be explicitly obtained by using a 
matrix operation that is based on the transfer matrix of the C-Bézier basis. With prescribed boundary constraints, this method can 
be applied to piecewise continuous patches or to a single patch with the combination of surface subdivision. The resulting 
piecewise approximating patches are globally G1 continuous. Finally, numerical examples are presented to show the effectiveness 
of the method. 
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1  Introduction 
 

Splines are important in engineering applica-
tions (Huang et al., 2017; Nguyen-Thanh and Zhou, 
2017; Nguyen-Thanh et al., 2017; Tan et al., 2017). 
As a new spline modeling tool, C-Bézier curves and 
surfaces have received much attention from geomet-
ric design researchers (Zhang, 1996; Fan et al., 2002; 
Mainar and Peña, 2002). Compared with rational 
Bézier curves or rational B-splines, C-Bézier curves 
can exactly represent not only circular arc and poly-
nomial curves of high order but also transcendental 
curves such as the helix and the cycloid (Chen and 
Wang, 2003; Yang and Wang, 2004). In particular, by 
using the C-Bézier model, repeated differentiation 

and integration can get rid of high-degree curves. 
Therefore, the geometric property and computation of 
C-Bézier curves have become a research focus in 
computer aided geometry design. Currently, most 
research focuses on the geometric properties and 
representation of C-Bézier curves (Shen and Wang, 
2015; 2016).  

Degree reduction is important and classical in 
computer aided design (CAD). For example, com-
pressing data, finding intersection between two 
curves, and computing the roots of polynomials are 
all based on degree reduction (Liu et al., 2009). There 
are fruitful studies on the degree reduction of Bézier 
curves and surfaces (Zheng and Wang, 2003; Zhou 
and Wang, 2009a; 2009b; Rababah and Mann, 2013; 
Zhou et al., 2014; Gospodarczyk, 2015; Ait-Haddou 
and Bartoň, 2016). These methods have been ex-
tended to C-Bézier curves (Zhou, 2012; Qin et al., 
2013). 

However, the degree reduction of C-Bézier sur-
faces has not been presented. It is necessary to  
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develop an ideal algorithm for the degree reduction of 
C-Bézier surfaces. The ideal algorithm should have 
the following characteristics: (1) multi-degree reduc-
tion at one time; (2) certain constraints; (3) best pre-
cision. This paper is a summary of the results of re-
search that aims to address these issues. 

To achieve the above objective, we first give the 
explicit expression of the C-Bézier basis in space Γn= 
span{1, t, …, tn−2, sin t, cos t}. Then we present an 
algorithm for the multi-degree reduction of C-Bézier 
surfaces in the norm L2 with prescribed constraints, 
based on the geometric joining condition. This algo-
rithm aims to fulfill the need for multi-degree reduc-
tion of each patch of such a surface, which is piece-
wise continuous or is formed by combining some 
sub-surfaces, so that the resulting piecewise ap-
proximating surfaces are globally smooth. In this 
study, we assume that the continuous order is G1, 
which usually appears in engineering applications. 
The control points of degree-reduced curves or sur-
faces are determined by some simple matrices. Since 
these matrices depend only on the degrees before and 
after degree reduction, we can calculate this series of 
matrices one time and then store them in a database 
before degree reduction. By doing this, our method is 
effective. 

 
 

2  Preliminaries 

2.1  Definition and properties of C-Bézier basis 

Given an angle α, we define two initial functions 
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where t∈[0, α]. The C-Bézier basis can be recursively 
defined by 
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where ( ) 1
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The C-Bézier basis has the following properties 
(Chen and Wang, 2003): 
Property 1 (Properties at endpoints)    u0, n(0)=1, 
un, n(α)=1, and ( ) ( )

, ,(0) ( ) 0,j l
i n i nu u α= =  where j=0, 1, …, 

i−1, and l=0, 1, …, n−i−1. 
Property 2 (Linear independence)    {ui, n(t)} is a 
basis. 

Property 3 (Normalization)    ,
0

( ) 1.
n
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i
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=

=∑  

2.2  Transfer matrix of C-Bézier basis 

We consider the approximation error in the norm 
L2. So, it is necessary to compute the integration  
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However, it is difficult to obtain the above inte-

gration directly, according to the definition of the 
C-Bézier basis. We introduce a transfer matrix be-
tween the Γn basis and the C-Bézier basis to derive the 
integration gi,j explicitly. The transfer matrix is de-
rived based on Properties 1 and 3. 

Based on the linear independence of two bases, 
the relationship between them can be described as 
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Let 
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Then Eq. (4) can be simplified as 
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According to Property 1, we have 
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where 
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Then Eqs. (8) and (9) can be rewritten as 
 

T
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The vectors ( ) (0)T k
n  and ( ) ( )αT k

n  can be calcu-
lated as follows: 
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where the arrangement number is 
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When k=n−1 or n, we have 
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Based on Properties 2 and 3, we obtain 
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According to Eqs. (11) and (17), we derive 
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identity matrix of degree n+1. 
Now the transfer matrix of the C-Bézier basis 

can be described by the following lemma: 
Lemma 1    The C-Bézier basis of degree n can be 
expressed in basis {1, t, …, tn−2, sin t, cos t} as  
follows: 
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Remark 1    Although we need to calculate the in-
verse of a matrix of degree (n+1)2×(n+1)2 in Eq. (22), 
it is a sparse matrix. So, we can obtain the transfer 
matrix easily and store it in a database before degree 
reduction. 

According to Lemma 1, we compute the inte-

gration , , ,0
( ) ( )d .i j i n j mg u t u t t

α
= ∫  Let 
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Then we have 
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Now we denote 
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which has some good algebra properties.  
Remark 2    ,Gn n  is invertible because it is a real 
symmetric positive definite matrix.  
Remark 3    ,Gn m  depends only on the degrees of the 
input and output curves.  
Remark 4    We can obtain the coefficients of matrix 
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2.3  G1-continuity splicing of C-Bézier surfaces 

It is difficult to describe a complex surface using 
a single C-Bézier surface. A better way is to describe 
it using two or more patches. In engineering, 
G1-continuity is a basic requirement between the 
patches with the same tangent plane along their 
common boundary. 

Denote two C-Bézier surfaces with degrees n×m 
and n×l, respectively, as 
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where 0≤α≤π, 0≤s, and t≤α. 

Lemma 2    A necessary condition for the G1- 
continuity condition of two C-Bézier surfaces in the t 
direction is 
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where χ>0 and j=0, 1, …, n. 
Remark 5    Lemma 2 indicates that C-Bézier sur-
faces have the same G1 joining condition as Bézier 
surfaces.  
 
 
3  Degree reduction of C-Bézier surfaces 
 

Given control points {pi,j} and shape parameter α, 
a degree n×m tensor product C-Bézier surface can be 
expressed as 
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The unconstrained multi-degree reduction of 
surface P(s, t) is to find a degree n1×m1 (n1<n, m1<m) 
C-Bézier surface  
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with the same shape parameter α, such that the dis-
tance ε between these two surfaces in the norm L2 
reaches a minimum, where 
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3.1  Constrained control points determination 

The unconstrained degree reduction of C-Bézier 
surfaces has one limitation. If we start with several 
smoothly joined C-Bezier patches and apply degree 
reduction to each patch, gaps might arise along the 
boundary. Furthermore, we cannot derive continuous 
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approximating patches from the original surface 
within a user-prescribed tolerance since this method 
cannot be combined with surface subdivision. So, we 
need some constraints to smooth the degree-reduced 
surfaces. In Fig. 1, the control points of the four 
boundaries of degree-reduced surfaces can be deter-
mined by the user’s design. 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
In this study, we assume the G1-continuity join-

ing condition of two surfaces. Based on Lemma 2, we 
can determine the common boundary of the degree- 
reduced surfaces and its derivation of the boundary. 
Fig. 2 is a control net of a degree-reduced surface, 
which is combined with two C-Bézier surfaces that 
have boundary G1-continuity. The thick line denotes 
the control net of the boundary. The thick dots denote 
the constrained control points, which are determined 
by the G1-continuity condition and the assigned 
boundaries. Here, we denote these two surfaces as left 
degree n×m surface and right degree n×l surface, 
respectively. 

 

 

 
 
 
 
 
 
 
 
 
 

3.2  Unconstrained control points determination 

In Fig. 2, the thick dots along the boundaries 
have been determined based upon the prescribed 
constraints. First, we determine the unconstrained 
control points of the degree-reduced left surface. Next, 
we deal with the right surface in a similar way. Then 
we need to derive the internal control points {qi,j} (i=1, 
2, …, n1−1; j=1, 2, …, m1−2) such that the approxi-
mation error is minimized. After subtracting the de-
termined term from the original surface P(s, t), we 
obtain a new surface 
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where the degree-raised matrices 
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satisfy 
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and 

 
 

Fig. 2  Control grid of two G1 joined C-Bézier surfaces 
with boundary constraints 

 
Fig. 1  Control grid of one C-Bézier surface with 
boundary constraints 
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respectively. According to Eq. (41), the approxima-
tion error, expressed as Eq. (38), can be rewritten as 
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Taking the partial derivative of Eq. (46) with respect 
to qi,j (i=1, 2, …, n1−1; j=1, 2, …, m1−2) and setting 
the derivative equal to zero, we obtain 
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Denote index sets 
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Then Eq. (47) can be rewritten as follows: 
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Obviously, C and D are both positive definite matri-
ces sand thus are invertible. Hence, the distance ε is 
minimized by choosing 
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Substituting Eq. (41) into Eq. (54), we obtain the 

control points of the degree-reduced left surface: 
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The right surface shown in Fig. 2 can be handled 

in the same way. Then, we derive the two degree- 
reduced surfaces with G1-continuity along the com-
mon boundary. 

3.3  Examples 

For one single surface, we can first determine the 
control points of four boundaries as shown in Fig. 1, 
and then derive the internal control points. In Exam-
ple 1, we perform the degree reduction of four 
boundaries using the degree reduction of curves 
method described by Zhou (2012). Then let the con-
trol points 

1, 1i m −q  (i=1, 2, …, n1−1) in Eq. (47) be 0. 

Thus, according to Eq. (55), we can obtain the de-
gree-reduced surfaces. To show the effectiveness of 
the approximation, we introduce error surface 

( , ) −P s t ( , )s tQ , which is defined by the l2-norm. 
Example 1    The degree of a C-Bézier surface is 
deduced from 5×5 to 3×3 with assigned boundaries. 
The approximation error is 0.1315 in Fig. 3. 
Example 2    The degree of two C-Bézier surfaces is 
deduced from 6×6 to 3×3 with boundary G1- 
continuity. The boundaries of the two degree-reduced 
surfaces are obtained using the method described by 
Zhou (2012) with G1-continuity in Fig. 4.  
 
 
4  Conclusions 
 

In this study, we present an optimal method for 
the degree reduction of C-Bézier surfaces. We calcu-
late the transfer matrix of the C-Bézier basis in space 
{1, t, …, tn−2, sin t, cos t}. The constrained multi- 
degree reduction of C-Bézier surfaces is explicitly 
derived in matrix form (Eq. (55)). The transfer matrix 
Bn in Eq. (22) is large but sparse. In particular, it de-
pends only on the degrees of both the original and the 
degree-reduced surface. That is, we can calculate this 
series of matrices beforehand and store them in a 
database for use at any time. So, the calculation of 
degree reduction is simple and quick. Numerical 
examples show that our method is effective. 
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We consider the G1-continuity along the com-
mon boundary of two patches. The resulting degree- 
reduced surfaces can keep G1 continuous globally. In 
fact, our method can be generalized to cases with 
higher continuity such as C1, G1, C2, G2—we just 
need to modify the boundary control points in Eq. (40) 
to deal with higher continuity.  

Degree reduction is often used in CAD systems  

 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 
 
 

 
 

with degree limitation. Our method is useful for 
transferring and compressing product model data.  

We deal with tensor product C-Bézier surfaces in 
this study. We will focus on the degree reduction of 
triangular surfaces in future work. 
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