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Abstract: We study the optimal precoding for a full-duplex (FD) system, where one FD multi-antenna base
station (BS) respectively transmits to and receives from two half-duplex single-antenna mobile users (MUs) on the
same time slot and frequency band. At the FD BS, the received signal from the desired MU is severely affected
by the extremely strong self-interference (SI) from its transmit antennas to the receive antennas. In the presence
of residual SI after imperfect SI cancellation, the downlink transmission rate maximization problem subject to a
targeted uplink rate is formulated as a non-convex optimization problem to characterize the achievable rate region
for the considered system. Considering the case in which the SI channel is strongly correlated, the above problem
is transformed into a convex problem by exploiting the rank-one property of the SI channel, which can be solved
efficiently. Finally, numerical results validate the effectiveness of the proposed scheme.
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1 Introduction

Full-duplex (FD) radios, which simultaneously
transmit and receive on the same frequency, can
potentially double the spectral efficiency compared
with the conventional half-duplex (HD) ones (e.g.,
frequency division duplexing (FDD) or time division
duplexing (TDD) radios), for which two orthogonal
channels are respectively allocated for transmission
and reception (Cirik et al., 2014; Sabharwal et al.,
2014). However, it is difficult to completely re-
move severe self-interference (SI) between the trans-
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mit (Tx) and receive (Rx) antennas at the FD radio
by using the existing SI cancellation methods, and
the residual SI may significantly degrade the system
performance (Sabharwal et al., 2014).

In the presence of residual SI, linear precoding
was studied for the FD cellular systems, to balance
the SI suppression and the data transmissions for
both the uplink (UL) and downlink (DL) channels
(Nguyen et al., 2013; 2014; Cirik, 2015; Huberman
and Le-Ngoc, 2015). With perfect channel state in-
formation (CSI) available at both the base station
(BS) and mobile users (MUs), Nguyen et al. (2013;
2014) developed precoding algorithms to maximize
the sum rate of the UL and DL channels separately
for the cases with and without the co-channel inter-
ference from the UL MU to its DL counterpart. Due
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to the non-convexity of the sum rate maximization
problems, sequential convex approximation (SCA)
based methods were adopted and only local optimal
solutions were obtained (Nguyen et al., 2013; 2014).

For the case with imperfect CSI of the SI chan-
nel, a non-convex sum rate maximization prob-
lem was formulated, and two sub-optimal precod-
ing algorithms based on sequential convex program-
ming (SCP) and sequential convex approximation for
matrix-variable programming (SCAMP) were pro-
posed (Huberman and Le-Ngoc, 2015). Moreover,
Cirik (2015) considered the SI channel with imper-
fect CSI and modeled the nonlinearities and phase
noises at the transmitters and receivers as Gaus-
sians. Then a gradient projection method was de-
veloped to approximately solve the non-convex pro-
portional fairness (PF) based optimization problem,
which yielded a near-maximum sum rate of the UL
and DL channels (Cirik, 2015).

To sum up, the existing research on precoding
design for the FD cellular system focuses mainly on
the general SI channel case, which leads to non-
convex optimization problems, and the obtained
precoding schemes achieve only sub-optimal perfor-
mance. Since the relative positions between the
transmit and receive antennas of the FD transceiver
are fixed, the correlations between the multiple-
input multiple-output (MIMO) SI channels of the
FD transceiver are fixed, and can be deduced at
the beginning. Therefore, given a specific antenna
placement, the correlations between the MIMO SI
channels can be used as prior knowledge to design
a more efficient precoding scheme. As a commonly
existing scenario in short-range communications, we
consider the case in which the SI channel is strongly
correlated, i.e., the SI channel matrix is of rank one.
Haneda et al. (2013a; 2013b) pointed out that the
MIMO channel matrix was a rank-one matrix in a
single-polarized line-of-sight (LoS) scenario, where
the Tx and Rx arrays were with different polariza-
tions. Furthermore, in the case that the Tx and Rx
arrays had the same polarization, Pu et al. (2015)
showed that the MIMO channel matrix in short-
range communications was approximatively of rank
one when the elevation angle of the Rx array was
small or any one of the azimuth angles of Tx and
Rx arrays was almost π/2, assuming that the Tx
array and the center of the Rx array lay in the xy-
plane. Then we propose a precoding scheme, which

is claimed to achieve the optimal performance by ex-
ploiting the strong correlation of the SI channel. For
the purpose of exposition, a simple system with one
FD multi-antenna BS and two HD single-antenna
MUs is considered. First, the DL rate maximization
problem subject to a targeted UL rate is formulated
as a non-convex optimization problem to character-
ize the achievable rate region for the considered sys-
tem. In the considered scenario of the rank-one SI
channel matrix, the above optimization problem is
transformed into a convex problem, which can be
solved by standard convex optimization tools. More-
over, the proposed scheme is applied to the general
SI channel case with proper approximation to the SI
channel. By analysis and simulation, the proposed
scheme is validated to be effective to characterize the
achievable rate region for the considered system.

Notations: HT, H∗, HH, tr(H), |H |, and ‖H‖
denote the transpose, conjugate, conjugate trans-
pose, trace, determinant, and Frobenius norm of ma-
trix H , respectively. H � 0 means that H is a posi-
tive semi-definite matrix. In addition, we define ‘log’
to be base-2.

2 System model

As shown in Fig. 1, we consider a single cell cel-
lular system, which consists of one FD BS equipped
with multiple antennas and two HD MUs each with
one antenna. The FD BS transmits to the DL MU
(Sd) and receives from the UL MU (Su) at the same
time and frequency slots. Similar to Nguyen et al.

Base station

SdSu

SI channel

Uplink Downlink

NTNR

Fig. 1 A single cell cellular system consisting of one
full-duplex base station with multiple antennas and
two half-duplex mobile users each with one antenna
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(2013), the co-channel interference from the UL to
DL MUs is ignored due to the relatively long distance
between the two MUs. The BS can simultaneously
transmit and receive by shared antennas with cir-
culators or by separated antennas (Bharadia et al.,
2013). Taking the case with separated antennas as
an example, the numbers of Tx and Rx antennas are
denoted as NT and NR, respectively.

By applying linear precoding at the BS, the
received signal yd at the DL MU (Sd) is given as
follows:

yd = hT
dWdsd + nd, (1)

where hd ∈ C
NT×1 represents the DL channel, Wd ∈

CNT×NT is the linear precoding matrix at the BS,
sd ∈ CNT×1 denotes the signal transmitted from the
BS to Sd, and nd is the circularly symmetric complex
Gaussian (CSCG) noise with zero mean and variance
N0.

Without loss of generality, the elements of sd

are assumed to be independent of each other, i.e.,
E[sds

H
d ] = INT , and perfect CSI (even if the SI chan-

nel at the BS is perfectly known, the SI cannot be
completely cancelled due to the quantization errors
of analog-to-digital converters (ADCs) (Sabharwal
et al., 2014)) is available at both the BS and Sd.
Then the maximum transmission rate Rd of the DL
channel is given as follows (Nguyen et al., 2013):

Rd = log
(
1 + hT

dQdh
∗
d/N0

)
, (2)

where Qd = WdW
H
d represents the precoding co-

variance matrix, and tr(Qd) ≤ Pd with Pd being the
power budget of the BS.

By applying the Cauchy-Schwarz inequality, it
follows

hT
dWdW

H
d h∗

d ≤ ‖hd‖2
NT∑

i=1

‖wi‖2, (3)

where wi is the ith column vector of Wd. As a result,
the upper bound on the maximum DL transmission
rate is given as

RU
d = log

(
1 + Pd‖hd‖2/N0

)
. (4)

Similarly, the received signal yu ∈ C
NR×1 at the

BS is given as

yu = husu +HsWdsd + nu, (5)

where hu ∈ CNR×1 represents the UL channel, su

is the signal from Su, Hs ∈ CNR×NT is the channel

matrix of the residual SI after imperfect SI cancella-
tion at the BS, and nu is the CSCG noise satisfying
nu ∼ CN (0, N0INR).

In general, the residual SI is non-Gaussian, while
Gaussian distributed SI provides a lower bound on
the achievable rate for the UL transmission to char-
acterize the UL performance (Nguyen et al., 2013;
Cirik et al., 2014). Therefore, the maximum trans-
mission rate Ru of the UL channel can be computed
as follows (Nguyen et al., 2013):

Ru = log
∣
∣
∣I + Pu(N0I +HsQdH

H
s )

−1
huh

H
u

∣
∣
∣ ,

(6)
where Pu = E[sus

∗
u] is the transmit power at Su.

3 Characterization of the achievable
rate region

In this section, we discuss the achievable rate
region for the considered system, which character-
izes the optimal performance of the corresponding
UL and DL channels. The achievable rate region is
defined as follows (Zhang et al., 2009):

R(Pd) �
⋃

tr(Qd)≤Pd

{(ru, rd)|ru ≤ Ru, rd ≤ Rd} ,

(7)
where ru and rd represent the achievable rates of the
UL and DL channels, respectively.

3.1 General self-interference channel case

A commonly adopted method to find all the rate
pairs on the boundary of the achievable rate region
defined in Eq. (7) is to maximize the rate of the DL
channel subject to a targeted rate of the UL channel,
i.e.,

(P1) max
{Qd}

Rd

s.t. Ru ≥ α, tr (Qd) ≤ Pd, Qd � 0,
(8)

where α ≥ 0 is a constant denoting the targeted rate
of the UL channel. The goal of Problem (P1) is
to maximize the rate of the DL channel under the
conditions in which the rate of the UL channel is not
less than α and the maximum transmit power of the
BS is Pd.

Denote β as the optimal solution to Prob-
lem (P1) under a given α, and (α, β) is thus one rate
pair on the boundary of the desired achievable rate
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region. As a result, all the rate pairs on the bound-
ary of the achievable rate region can be calculated
by solving Problem (P1) with different α’s. How-
ever, by substituting Eqs. (2) and (6) into Eq. (8),
Problem (P1) is proved to be non-convex in general
(Boyd and Vandenberghe, 2004), and thus its glob-
ally optimal solution cannot be found efficiently.

3.2 Strongly correlated self-interference
channel case

In this subsection, Problem (P1) is further an-
alyzed under the case in which the SI channel is
strongly correlated, i.e., the matrix Hs is of rank
one. In this case, the singular-value-decomposition
(SVD) of Hs can be expressed as follows (Yousif
et al., 2015):

Hs = λusv
H
s , (9)

where both us and vs are complex-valued unit vec-
tors, and λ > 0 is the non-zero singular value of Hs.
We then have the following proposition:
Proposition 1 With a rank-one SI channel ma-
trix Hs, the maximum UL transmission rate given
in Eq. (6) is simplified as

Ru = log

[
1 +

Pu

N0 + λ2vH
s Qdvs

hH
u
(
usu

H
s
)
hu

+
Pu

N0
hH

u
(
I − usu

H
s
)
hu

]
.

(10)

The proof is given in Appendix A.
Since Qd � 0, it follows vH

s Qdvs ≥ 0. Then
the upper and lower bounds on the maximum UL
transmission rate are respectively computed as

RU
u = log(1 + Pu‖hu‖2/N0), (11)

RL
u = log

[
1 +

Pu

N0
hH

u (I − usu
H
s )hu

]
, (12)

with vH
s Qdvs being equal to 0 or infinity.

Based on Proposition 1, the design of the vari-
able in Problem (P1) can be simplified. First, a new
matrix G = [h∗

d,vs] is introduced, whose SVD is
given as follows (Yousif et al., 2015):

G = UΣV H, (13)

where U ∈ CNT×2, Σ = diag(σ1, σ2), and V ∈
C2×2. Then we can show the simplified structure
of the optimal precoding covariance matrix Qd.

Proposition 2 With a rank-one SI channel matrix
Hs, the optimal precoding covariance matrix Qd for
Problem (P1) has the following structure:

Qd = UBUH, (14)

where B ∈ C
2×2.

The proof is given in Appendix B.
Remark 1 Given that U represents a subspace
generated by vectorsh∗

d and vs, Proposition 2 reveals
that the optimal precoding at the BS depends only
on the DL and SI channels. The reason is that the
optimal precoding at the BS is designed to ensure the
DL transmission as well as to suppress the residual
SI.

With Propositions 1 and 2, Problem (P1) is sim-
plified as

(P2) max
{B}

log
(
1 + ĥH

d Bĥd/N0

)

s.t. log

[
1 +

Pu

N0 + λ2v̂H
s Bv̂s

hH
u
(
usu

H
s
)
hu

+
Pu

N0
hH

u
(
I − usu

H
s
)
hu

]
≥ α,

tr (B) ≤ Pd, B � 0,

(15)

where v̂s = UHvs and ĥd = UHh∗
d. Note that the

variable in Problem (P2) is B while that in Prob-
lem (P1) is Qd. Once Problem (P2) is solved, Qd

can be reconstructed by Eq. (14). In other words,
Problem (P2) is equivalent to Problem (P1) when
Hs is a rank-one matrix.

To simplify Problem (P2), we discuss it with
different values of α. When RL

u < α ≤ RU
u , Prob-

lem (P2) can be rewritten as

(P2.1) max
{B}

log
(
1 + ĥH

d Bĥd/N0

)

s.t. λ2v̂H
s Bv̂s ≤ f(α), tr (B) ≤ Pd, B � 0,

(16)

where

f(α) =
Puh

H
u (usu

H
s )hu

2α − 1− Pu

N0
hH

u (I − usuH
s )hu

−N0 ≥ 0.

(17)
It is easy to check that Problem (P2.1) is concave and
can be solved by standard convex optimization tools,
e.g., CVX (http://cvxr.com/cvx). Then the rate
pairs on the boundary of the achievable rate region
with RL

u < α ≤ RU
u , can be obtained by solving

Problem (P2.1).
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In addition, if α is greater than RU
u , the feasible

set of Problem (P2) is empty due to its constraint
of the UL rate. If α ≤ RL

u , the constraint of the
UL rate always holds, and the optimal DL rate β for
Problem (P2) is RU

d defined in Eq. (4).
Therefore, there are two corner points on the

boundary of the achievable rate region defined in
Eq. (7), when α is equal to RL

u or RU
u . When α = RL

u ,
the corresponding corner point on the boundary of
the achievable rate region is (RL

u , R
U
d ). When α =

RU
u , the corresponding optimal DL rate, which is

denoted asRL
d , is obtained by solving Problem (P2.1)

with α = RU
u . Then the second corner point on the

boundary of the achievable rate region is (RU
u , R

L
d).

To sum up, the evaluation procedure to char-
acterize the achievable rate region for the consid-
ered system under the case in which the SI channel
is strongly correlated is illustrated in Algorithm 1.
Note that δα is a small positive constant to control
the density of all the obtained rate pairs.

Algorithm 1 Characterization of the achievable
rate region for the considered system under the
strongly correlated SI channel case
1: Initialize: α = 0

2: while α ≤ RU
u do

3: if α ≤ RL
u then

4: The corresponding rate pair is (α,RU
d )

5: else
6: Solve Problem (P2.1) with CVX to obtain

(α, β).
7: end if
8: Update α: α ⇐ α+ δα
9: end while

10: All the obtained rate pairs depict the boundary of
the achievable rate region

3.3 Approximation to the general self-
interference channel case

With some approximations, the proposed
scheme can also be applied to the general SI channel
case, i.e., the scenario that the SI channel matrix Hs

is of the rank more than 1. To begin with, define
Nmin = min{NT, NR} and let the SVD of Hs be

Hs = UsΣsV
H
s , (18)

where Us ∈ CNR×Nmin, Vs ∈ CNmin×NT , and
Σs = diag (σ1, σ2, · · ·σNmin) with its ith diagonal
element being the ith maximum singular value of

Hs. Then approximate Σs by Σ′
s, where Σs =

diag (σ1, 0, · · · 0). By adopting

H ′
s = UsΣ

′
sV

H
s , (19)

we can approximately characterize the achievable
rate region for the considered system under the gen-
eral SI channel case.

Since the alternative SI channel matrix is not
equal to the original SI channel matrix, there ex-
ists performance loss to design optimal precoding by
using the proposed scheme in the general SI chan-
nel case, and its numerical results are shown in Sec-
tion 4.2.

3.4 Comparisons to existing schemes

Note that the precoding matrix obtained in
Nguyen et al. (2013) is only a sub-optimal solution
to the sum rate maximization problem, while the
proposed scheme in this study is claimed to achieve
the optimal performance in the strongly correlated
SI channel case.

The complexity of the two schemes is briefly
compared. In the proposed scheme, Problem (P2.1)
is a semi-definite programming (SDP) problem
(Boyd and Vandenberghe, 2004). If the commonly
used interior-point method is taken, the compu-
tational complexity for solving Problem (P2.1) is
O(43), since B has four variables (Boyd and Vanden-
berghe, 2004). In contrast, the innermost iteration of
the scheme in Nguyen et al. (2013) requires a matrix
inversion and a matrix square root operation as well
as many matrix multiplications, and each of them
requires computation on the order of N3

T, where NT

is the number of Tx antennas at the BS. In general,
the complexity of the proposed scheme will be lower
than that of the scheme in Nguyen et al. (2013) when
the number of Tx antennas is larger than four.

4 Numerical results

In this section, the proposed scheme and the
one in Nguyen et al. (2013) are compared by sim-
ulations. The entries of channel vectors hu and hd

are chosen as independent and identically distributed
(i.i.d.) complex Gaussian random variables with zero
mean and unit variance, and the noise power N0 is
set as 1. In addition, the transmit powers at the BS
and UL MU, i.e., Pd and Pu, are set as 40 dBm.
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4.1 Strongly correlated self-interference
channel

In this subsection, the achievable rate region for
the considered system under the case in which the
SI channel is strongly correlated is simulated. The
BS is equipped with four Tx antennas and four Rx
antennas. The channel matrix of the residual SI at
the BS is generated as a rank-one matrix according
to Hs = δsiu

′
s(v

′
s)

H, where both the entries of u′
s

and v′
s are i.i.d. complex Gaussian random variables

with zero mean and unit variance, and δ2si represents
the average power of the residual SI.

Given a random strongly correlated SI channel
realization, Fig. 2 depicts the achievable rate regions
by exploiting the proposed scheme under different
residual SI powers. Considering that the power of
severe SI is greatly reduced after adopting the ex-
isting SI cancellation methods, the residual SI is as-
sumed weak and its average power is respectively set
as −5, 0, 5 dB in the simulation. It is observed that
the achievable rate region becomes larger as δ2si de-
creases. It is due to the fact that when δ2si decreases,
the power of the residual SI at the BS decreases, and
thus the performance loss induced by the residual SI
is reduced. Moreover, as δ2si decreases infinitely, the
achievable rate region is asymptotically approaching
its upper bound depicted by a dashed line, which is
in the case of no residual SI.
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2

Fig. 2 Achievable rate regions characterized by the
proposed scheme under a random strongly correlated
self-interference channel realization

Figs. 3 and 4 show the achievable rate regions
characterized by the proposed scheme as well as the
rate pairs evaluated by the scheme in Nguyen et al.
(2013) under four different random channel realiza-

tions with δ2si = 3 dB. Note that the rate pairs eval-
uated by the scheme in Nguyen et al. (2013) are
marked as circles in the figures. Specifically, we
focus on the right upper portion of the achievable
rate region, which is sufficient to explain the perfor-
mance difference between the two schemes. From
the perspective of sum rate maximization, there ex-
ist two local maxima in the achievable rate region
in each figure, and their corresponding sum rates
are also labeled. It is observed from Fig. 3 that the
sum rates evaluated by the scheme in Nguyen et al.
(2013) are equal to the global maxima respectively,
with 0.72 and 0.95 bits/(s·Hz) higher than the other
local maxima. However, they are just local maxima
in Fig. 4 respectively, with 1.35 and 0.36 bits/(s·Hz)
lower than the global maxima. As a consequence,
only a local optimum, which is not always the global
optimum, is derived by using the scheme in Nguyen
et al. (2013). Nevertheless, the optimal performance
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Fig. 3 Achievable rate regions calculated by using
the proposed scheme, compared with the rate pairs
evaluated by the scheme in Nguyen et al. (2013) under
two different random strongly correlated SI channel
realizations, where the sum rates evaluated by the
scheme in Nguyen et al. (2013) are the optima
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is achieved by exploiting the proposed scheme in this
study.

4.2 General self-interference channel

In the general SI channel case, NT and NR are
both set as two or four for simplification. Under the
simulation condition ofNT = NR = 2, the eigenvalue
ratio of the SI channel matrix Hs ∈ C2×2 is defined
as the ratio of the amplitude of its smaller eigen-
value to that of the larger one. When NT = NR = 4,
the amplitudes of the other three eigenvalues except
the largest one are assumed to be identical, and the
eigenvalue ratio of the SI channel matrix Hs ∈ C4×4

is defined as the ratio of the identical amplitude of
the other three eigenvalues to that of the largest one.
A temporary matrix J ∈ CNT×NR , the entries of
which are i.i.d. complex Gaussian random variables
with zero mean and variance δ2si = 3 dB, is generated
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Fig. 4 Achievable rate regions calculated by using
the proposed scheme, compared with the rate pairs
evaluated by the scheme in Nguyen et al. (2013) under
two different random strongly correlated SI channel
realizations, where the sum rates evaluated by the
scheme in Nguyen et al. (2013) are not the optima

by MATLAB. Then we perform eigenvalue decom-
position on matrix J , and regulate the amplitudes
of its eigenvalues with the given eigenvalue ratio, to
obtain the final SI matrix Hs.

Fig. 5 shows the approximate maximum sum
rate found from the achievable rate region charac-
terized by the proposed scheme, compared with the
global maximum sum rate obtained by the exhaus-
tive search as well as the local maximum one evalu-
ated by the scheme in Nguyen et al. (2013). It is ob-
served that the sum rate loss of the proposed scheme
increases along with the eigenvalue ratio’s growth. In
detail, even when the eigenvalue ratio is 1, the sum
rate loss of the proposed scheme relative to the global
maximum is no more than 0.5 bits/(s·Hz) under the
channel realization when NT = NR = 2 (Fig. 5a),
and it is almost 1 bit/(s·Hz) under the channel real-
ization when NT = NR = 4 (Fig. 5b). Furthermore,
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Fig. 5 Evaluated maximum sum rates under differ-
ent eigenvalue ratios by using the exhaustive search
(global optimal solutions), the proposed scheme in
this study, and the scheme proposed by Nguyen et al.
(2013): (a) NT = NR = 2; (b) NT = NR = 4
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the performance of the proposed scheme is better
than that of the scheme in Nguyen et al. (2013).

5 Conclusions

We have investigated the optimal precoding for
an FD cellular system in the strongly correlated SI
channel case. The non-convex DL rate maximization
problem subject to a targeted UL rate was adopted
to characterize the achievable rate region for the con-
sidered system. Considering the strongly correlated
property of the SI channel, the original problem was
transformed into a convex problem, and solved by
the standard convex optimization tools. Then the
achievable rate region for this FD cellular system was
derived by solving a sequence of the DL rate maxi-
mization problems with different targeted UL rates.
Compared to the precoding design in Nguyen et al.
(2013), which offered a sub-optimal solution, the pro-
posed scheme achieved the optimal performance un-
der the case in which the SI channel was strongly
correlated. In addition, the proposed scheme was
applied to the general SI channel case with some
approximations.
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Appendix A: Proof of Proposition 1

Considering the fact that the SI channel matrix
is of rank one, i.e., Hs = λusv

H
s , Ru can be rewritten

as

Ru = log
[
1 + Puh

H
u (N0I + λ2usv

H
s Qdvsu

H
s )

−1hu
]
.

(A1)
Define a unitary matrix Us, the first column of which
is us. Then M = (N0I+λ2usv

H
s Qdvsu

H
s )

−1 can be
shown equal to

M = Us

⎡

⎢
⎢⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

N0 + λ2vH
s Qdvs

1

N0
. . .

1

N0

⎤

⎥
⎥⎥
⎥
⎥
⎥
⎥
⎥
⎦

UH
s .

(A2)
After simplification, Ru becomes Eq. (10), which
completes the proof.

Appendix B: Proof of Proposition 2

To begin with, a unitary matrix [U ,U⊥]NT×NT

is introduced, where U is given in Eq. (13) and
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U⊥(U⊥)H = I − UUH. Without loss of general-
ity, Qd can be expressed as

Qd = [U ,U⊥]
[

B C

D E

]
[U ,U⊥]H

= UBUH +UC(U⊥)H

+U⊥DUH +U⊥E(U⊥)H,

(B1)

where B ∈ C2×2, C ∈ C2×(NT−2), D ∈ C(NT−2)×2,
and E ∈ C(NT−2)×(NT−2).

Recall that U is spanned by vs and h∗
d, and

thus all columns in U⊥ are, respectively, linearly in-

dependent of vs and h∗
d. Therefore, the two terms,

hT
dQdh

∗
d in Eq. (2) and vH

s Qdvs in Eq. (10), are
simplified as hT

dUBUHh∗
d and vH

s UBUHvs, respec-
tively. Since Rd and Ru are given in Eqs. (2) and
(10) respectively, they are independent of C, D, and
E. In addition, referring to Qd being a positive
semi-definite matrix and tr(Qd) = tr(B) + tr(E),
tr(B) ≥ 0 and tr(E) ≥ 0 are derived, and then the
power constraint tr (Qd) ≤ Pd in Problem (P1) can
be relaxed as tr (B) ≤ Pd. From the above, Prob-
lem (P1) has no relationship with C, D, or E. Thus,
Qd = UBUH is concluded.
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