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Abstract: As a joint-optimization problem which simultaneously fulfills two different but correlated embedding
tasks (i.e., entity embedding and relation embedding), knowledge embedding problem is solved in a joint embedding
scheme. In this embedding scheme, we design a joint compatibility scoring function to quantitatively evaluate the
relational facts with respect to entities and relations, and further incorporate the scoring function into the max-
margin structure learning process that explicitly learns the embedding vectors of entities and relations using the
context information of the knowledge base. By optimizing the joint problem, our design is capable of effectively
capturing the intrinsic topological structures in the learned embedding spaces. Experimental results demonstrate
the effectiveness of our embedding scheme in characterizing the semantic correlations among different relation units,
and in relation prediction for knowledge inference.
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1 Introduction

Knowledge representation and inference in
knowledge base are crucial and challenging prob-
lems in the age of big data. Generally, the pivots of
the knowledge base are constituted by unary atomic
units (i.e., entities), while the semantic structure of
the knowledge base is constituted by higher-level and
interactive atomic units (i.e., relations).

As a popular and powerful tool of knowl-
edge representation and inference, knowledge em-
bedding (Getoor and Mihalkova, 2011; Hoffmann
et al., 2011; Chang et al., 2013) constructs a sta-
tistical model on a low-dimensional vector space to
quantitatively evaluate these atomic units.
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To learn effective embeddings, semantically
similar units should be embedded near each other
in the embedding space, and the main factor to con-
sider is the context information of the knowledge
base, as shown in Fig. 1. The knowledge base is
embedded into the entity and relation embedding
spaces. The embeddings of entities are restricted
by relations among them while those of relations
are restricted by a higher-order context. In each
space, semantically close objects should be near each
other. The context information exists at both en-
tity and relation levels. At the entity level, the
context refers to the relations connecting the enti-
ties. It determines the relative structure of entities
and is important for knowledge representation. at
the relation level, the context refers to the corre-
lation among the relations. It has a higher order
than that at the entity level and is helpful for infer-
ence. The knowledge embedding should be the model
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of taking both the entity and relation levels into
consideration, with the capability of representing the
knowledge base by the coordinates and maintaining
the major context information.
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Fig. 1 An diagrammatic sketch of the joint knowledge
embedding

Most conventional embedding work (Bordes
et al., 2011; 2013; 2014; Nickel et al., 2011; Jenatton
et al., 2012; García-Durán et al., 2015; Lin et al.,
2015) focuses on embedding at the entity level while
the relations are not explicitly embedded, making it
difficult to take advantages of the higher-order con-
text information. In fact, the embedding at the re-
lation level is also important, since relations contain
a rich semantic content and the relationships among
the relations reflect the intrinsic topology structure
of the knowledge base. As a result, it is of great help
to seek an embedding space and model the relations
as embedding vectors in the space to measure their
structure information, namely relation embedding.

In general, entity and relation embeddings are
two important aspects of knowledge embedding. The
relational facts in the knowledge base are determined
by both entities and relations. Only by embedding
the entities and relations well simultaneously can
the knowledge base be well represented, since en-
tities and relations are highly related by semantics.
In the embedding process, entities are restricted by
the relations, while relations are supported by en-
tities. Hence, entity and relation embeddings are
mutually correlated and complementary. Thus we
consider knowledge embedding as a joint optimiza-
tion problem, and propose our embedding model by
connecting the entity and relation prediction tasks.

In our approach, we introduce a cost-sensitive
learning scheme for joint knowledge embedding. We

define an entity–relation–entity score function to
evaluate the relational facts and optimize the entity
and relation embedding vectors in a cost-sensitive
learning framework. Besides, to capture the context
information of the relations, a relationwise weighted
score function is formulated in a max-margin way.
The score function which reflects the topology of the
entities, and the cost-sensitive learning framework
which reflects the topology of the relations, together
provide the jointly optimized embedding vectors of
both entities and relations. As a result, our model
involves the context information of the knowledge
base and generally leads to semantically meaningful
embedding results.

In summary, the main contributions of this work
are summarized as follows:

1. We propose a joint embedding scheme for
knowledge embedding, in which entities and relations
are embedded to different spaces simultaneously, and
the explicit embedding vectors reflect the topological
structure of the knowledge base.

2. We design a cost-sensitive learning frame-
work in the joint embedding scheme to involve the
context information of the knowledge base in the
optimization task and to solve the incompleteness
problem of the knowledge base.

2 Multi-task knowledge embedding

2.1 Joint embedding of entities and relations

The structured content of knowledge bases is
typically represented in a triplet form (Singhal, 2012;
Waters, 2012). Typically, each triplet is a relational
fact. It is composed of a head entity e1, a relation r,
and a tail entity e2. Therefore, a triplet is typically
denoted as (e1, r, e2). Our joint embedding scheme
aims to learn a low-dimensional embedding vector e
for each entity and an embedding vector r for each
relation according to the knowledge base. The em-
bedding results should obey the semantic rules (i.e.,
the known triplets), and can predict unknown links
which predict the correct relations between two given
entities e1 and e2, by solving a relation embedding
problem.

To learn effective embeddings, it is necessary
to define an evaluation metric of the embedding
vectors as the purpose of the optimization. In
our joint embedding scheme, we define a score
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function S(e1, r, e2) to evaluate the plausibility of
triplet (e1, r, e2) by exploiting the corresponding
embedding vectors e1, r, and e2. To connect the
entity and the relation embedding spaces, we restrict
the two spaces with the same dimension and define
the score function as a vector product of the three
embedding vectors in a triplet: the inner product of
the entity embedding vectors and the relation em-
bedding vectors for weighting. Thus the score func-
tion is written as

S(e1, r, e2) = eT1 diag(r)e2, (1)

where diag(r) represents the diagonal matrix whose
diagonal elements are vector r. All the vectors are
column vectors.

To satisfy the existing triplet facts, the cor-
rect relation between two given entities should al-
ways score higher than the incorrect relations, e.g,
S(e1, r, e2) > S(e1, r

′, e2), where (e1, r
′, e2) is

a triplet which is not included in the knowledge
base. Thus our model aims to satisfy the following
inequalities:

eT1 diag(r)e2 > eT1 diag(r
′)e2, (2)

where (e1, r, e2) ∈ T , (e1, r′, e2) /∈ T , and T repre-
sents the training set of the triplets.

To enhance the embedding result, a margin γ

satisfying S(e1, r, e2) − S(e1, r
′, e2) � γ is used for

encouraging the discrimination between correct and
incorrect triplets. Thus a ranking model is built with
the following margin-based (Elisseeff and Weston,
2001) training objective:

min
e,r,e∈E,r∈R

∑

(e1,r,e2)∈T

∑

(e1,r′,e2)/∈T

ξtrr′ + C
∑

r∈R
||r||22

s.t.

{
S(e1, r, e2)− S(e1, r

′, e2) � γ − ξtrr′ ,

ξtrr′ � 0,

(3)

where E and R are the collections of entities and re-
lations, respectively, and C is a hyperparameter of
the regularization terms of the relation embeddings.
In theory, the training objective should also include
regularization terms of the relation embeddings. To

simplify computation, we normalize the entity em-
bedding vectors into unit vectors. Thus there are no
regularization terms of entity embeddings. Since the
norm of the relation embeddings is different from
that of the entity embeddings, it is impossible to
normalize the relation and the entity embeddings in
the training objective simultaneously, and thus the
regularization terms of the relation embeddings are
maintained.

In the state-of-the-art entity embedding frame-
work, negative samples are obtained mainly by ran-
domly exchanging the head or tail entity of a triplet
in the training set. To emphasize the importance of
the relations, we generate negative samples by ex-
changing relations from a triplet. The experimental
results demonstrate that it is helpful in improving
the performance of the relation prediction.

2.2 Cost-sensitive learning

In Section 2.1, the optimization objective in-
volves only the context information at the entity
level, since the relationships among the relations are
not considered. In the following, we further investi-
gate the context information at the relation level in
a cost-sensitive manner.

The most important context information at the
relation level is the concurrence of the relations.
Some relations are likely to occur at the same time
between two entities, and some other relations can-
not co-exist. In fact, problem (3) assigns equal
weights to all pairs of relations, with the assump-
tion that all the relations co-occur with the same
probability. To take advantages of higher-order con-
text information among the relations, we introduce a
weight matrix W to measure the concurrence prob-
ability of each pair of relations. Each element of W
reflects the plausibility of a relation to connect two
entities if they are connected by another relation.
When computing the losses of (e1, r, e2) ∈ T and
(e1, r

′, e2) /∈ T , we add a weight Wrr′ to the cor-
responding loss. If two entities are connected with
relation r in reality, Wrr′ should be low; otherwise,
Wrr′ should be high. Therefore, the objective of the
cost-sensitive ranking system is formulated as

min
e,r,W ,e∈E,r∈R

∑

(e1,r,e2)∈T

∑

(e1,r′,e2)/∈T

Wrr′ξtrr′

+ C
∑

r∈R
||r||22

(4)
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s.t.

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

S(e1, r, e2)− S(e1, r
′, e2) � γ − ξtrr′ ,

ξtrr′ � 0,

Wrr′ � 0,
∑

Wrr′ = δ,

δ > 0.

The cost-sensitive model involves high-order
context information and enriches potentially correct
triplets that are not included in the knowledge base.
Compared with problem (3), the cost-sensitive model
recognizes relations, which potentially co-occur with
the correct relationships, and reduces the risk of tak-
ing a potentially correct triplet as a totally negative
sample.

2.3 Model solving

Since problem (4) includes a large number of
constraints, it is quite time-consuming to solve in the
dual space to acquire the global optimized solutions.
Thus we transform the objective to an unconstrained
Lagrangian form in the original space, and solve it via
the stochastic gradient descent method (Duchi et al.,
2011) with the mini-batch strategy. The training
procedure is shown in Algorithm 1.

3 Experiments

3.1 Datasets

We used two different knowledge base datasets,
namely WordNet (Miller, 1995) and FreeBase (Bol-
lacker et al., 2008), to evaluate the performances of
prediction. WordNet is a lexical database for En-
glish language. It groups English words into sets of
synonyms and records a number of relations among
these synonym sets or their members. To construct
the triplets, we used the entities corresponding to
word meanings, and lexical relations defined by the
relationships among them. FreeBase is a large collab-
orative knowledge base of structured data harvested
from many sources. In these datasets, entities in-
clude various objects such as real people, places, and
organizations. Relations of the datasets are listed
in an index form to express their hierarchical struc-
ture, such as ‘/music/group_member/membership’
to distinguish the membership of bands from the
membership of other organizations. Two subsets of
FreeBase, FB13 and FB15k, were used in the experi-
ments. Details of the sets are documented in Table 1.

Algorithm 1 Training procedure of the joint em-
bedding framework
Input: training set T , embedding dimension k,

hyperparameter C, and constraint γ.
Output: embedding vector ei for each entity and

embedding vector r for each relation.
Initialize: initialize each ei as a k-dimensional unit

vector; initialize r as a non-negative k-dimensional
vector; initialize W as a k × k-dimensional
non-negative matrix.

1: repeat
2: Randomly select a mini-batch T ′ from the training

set;
3: Set all gradients to 0;
4: for each (e1, r,e2) ∈ T ′ do
5: for each (e1, r

′,e2) /∈ T do
6: if S(e1, r, e2)− S(e1, r

′,e2) < γ then

7:
∂L

∂e1
=

∂L

∂e1
−Wrr′(r − r′). ∗ e2;

8:
∂L

∂e2
=

∂L

∂e2
−Wrr′(r − r′). ∗ e1;

9:
∂L

∂r
=

∂L

∂r
−Wrr′e1. ∗ e2;

10:
∂L

∂r′ =
∂L

∂r′ +Wrr′e1. ∗ e2;

11:
∂L

∂Wrr′
=

∂L

∂Wrr′
+ γ − eT

1 diag(r)e2

+eT
1 diag(r)e2;

12: end if
13: end for
14: end for
15: Update ei, ri, and Wrr′ by the gradient descent;
16: until the convergence condition is met.

Table 1 Datasets used in the experiments of relation
prediction and triplet prediction

Dataset
Number of triplet sets

Relations Entities Train Validation Test

WordNet 11 13 503 34 162 7912 7913
FB13 13 24 999 65 864 15 772 15 772
FB15k 1389 14 951 350 159 100 000 142 213

3.2 Experimental tasks and evaluation
protocol

The main experiments to evaluate the perfor-
mance of our knowledge embedding scheme are the
relation embedding distribution and relation predic-
tion. We learned the entity and relation embedding
vectors from the training sets, investigated the rela-
tion embedding distribution, and conducted relation
prediction task on the test sets based on the learned
embedding vectors.
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The relation embedding distribution experiment
is to indicate how well the relations is represented by
the relation embedding vectors. To validate that
our embedding model embeds semantically close re-
lations as neighbors in the embedding space, we pro-
pose a visualization result by reducing the embed-
ding results into a low-dimensional space, and show
several examples of the nearest neighbors of rela-
tions. The dataset that we chose to conduct the
relation embedding distribution experiment is the
FB15k dataset, since it includes multiple relations.
The compared approach is TransE (Bordes et al.,
2013), which embeds all the relations into vectors in
one space.

The relation prediction experiment, which pre-
dicts the potential relations between two given en-
tities, was conducted to indicate the inference abil-
ity of the embedding. Given e1 and e2, relation
prediction aims to acquire a ranking list R which
satisfies that the more forward r in R corresponds
to the more potential (e1, r, e2). The performances
were evaluated by two generic metrics: MeanRank
and Hits@3 (or Hits@10 on the FB15k dataset) fol-
lowing the conventional work (Bordes et al., 2013;
Wang et al., 2014). MeanRank is the mean rank of
correct relations. In the experiments, if there ex-
ist any correct relations ranked ahead the test cor-
rect relations, we filtered them to ensure that all
the relations ranked ahead the test relation are in-
correct. Hits@3 is the proportion of samples whose
ranks are no larger than three, and the definition
of Hits@10 is similar. Generally, a better relation
predictor achieves a lower mean rank. The higher
the value of Hits@3, the better prediction perfor-
mance. The maximum element value of this metric
is 1.00. The results were compared with those of
the following methods: TransE (Bordes et al., 2013),
TransH (Wang et al., 2014) , Bilinear model (Je-
natton et al., 2012), and NTN (Socher et al., 2013).
The score functions of all the compared methods are
listed in Table 2.

Table 2 Score functions of the compared methods

Method Score function S(e1, r, e2)

TransE ||e1 + r − e2||2
TransH ||e1 −wT

r e1wr + dr − (e2 −wT
r e2wr)||2

Bilinear model eT1 Wre2
NTN uTf(eT1 Wre2 + Vr1e1 + Vr2e2 + br)

Joint embedding eT1 diag(r)e2

3.3 Settings

In the experiments of our scheme, the embed-
ding vectors of entities were constrained as unit vec-
tors, while the relation embedding vectors were not
restricted. Dimension k of the embedding vectors
was set to 100 as default. Hyperparameters C’s
were set according to the validation sets. After the
parameter investigation experiments, we finally set
C = 0.05 on the Wordnet dataset, C = 0.01 on the
FB13 dataset, and C = 0.02 on the FB15k dataset.

The dimensions of embeddings of the compet-
ing methods were also set to 100, except the dimen-
sion of NTN on the FB15k dataset which was set
to 50 due to computation complexity. The learning
rates and optimization steps were tuned based on the
valid sets. The weights of the regular terms in NTN
(namely hyperparameter λ) were fixed to 0.0001 as
mentioned in Socher et al. (2013).

3.4 Relation embedding distribution

This section discusses the distribution of rela-
tion embedding vectors of our framework. A good
embedding model embeds semantically similar rela-
tions into close vectors in the relation embedding
space. Here, we present the visualization results and
several examples of the neighborhood of relations to
support our statement.

Fig. 2 shows the sketch maps of the distribu-
tion of the relation embedding spaces of our joint
embedding model and TransE on the FB15k dataset
by t-SNE (Maaten and Hinton, 2008). We classified
the relations into 59 categories based on the relation
name path and painted relations from the same cate-
gory in the same color. Only the categories including
the top 20 relations are shown in Fig. 2. The sketch
maps indicate that the distribution of the relation
embedding space of our joint embedding model is
inner-class-concentrated.

Table 3 shows several relations and their three
nearest neighbors in the relation embedding space.
The relations are all selected from the FB15k
dataset. Each relation is presented in a three-level in-
dex form as in the Freebase dataset originally. The
nearest neighbors to the center relation embedded
by our model are mainly synonyms or semantically
close relations. In Table 3, it is clear that our method
embeds semantically similar relations nearby in the
relation embedding space, while TransE does not.
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(a)

(b)

Fig. 2 Visualization of the distribution of the relation
embedding spaces of our joint embedding model (a)
and TransE (b) on the datasets of FB15k. Different
colors represent different categories. References to
color refer to the online version of this figure

The comparison with TransE suggests the ad-
vantage of our embedding model in indicating the
semantic structure. TransE models the entities and
relations in the same embedding space by satisfying
e1 + r ≈ e2. Compared with it, our model embeds
the relations into a different space from the entity
spaces in which the relations are embedded more
flexibly, encouraging the embedding result to satisfy
the semantic rules of the relations.

Table 3 Some examples of the relation embedding
distribution

Relation Center relation

1 /film/film/film_art_direction_by
2 /olympics/olympic_medal/medal_winners
3 /award/award_category/category_of

Relation Cost-sensitive model (ours)

1 /film/film_art_director/films_art_directed
/film/film_set_designer/film_sets_designed

/film/film/film_set_decoration_by
2 /olympics/olympic_medal_honor/medal

/olympics/olympic_medal_honor/medalist
/olympics/olympic_athlete/medals_won

3 /award/award/category
/award/award_presenting_

/organization/award_categories_presented
/award/award_category/presenting_organization

Relation TransE

1 /people/profession/people_with_this_profession
/education/education/educational_institution

/location/hud_county_place/place
2 /location/hud_county_place/place

/education/educational_institution/campuses
/location/us_county/county_seat

3 /people/profession/people_with_this_profession
/film/film_job/films_with_this_crew_job

/common/webpage/topic

The table shows the three nearest relations to the center rela-
tion in the embedding spaces

3.5 Relation prediction

The results of all the compared methods on all
the datasets are reported in Table 4. The results
of ‘joint embedding without sensitive learning’ refer
to the solution to problem (3), and results of ‘joint
embedding with sensitive learning’ are the final re-
sults of our model. The results shown in boldface are
the best ones. On all the three datasets, our joint

Table 4 Performances of the relation prediction evaluated by metrics MeanRank and Hits@3 (or Hits@10 on
the FB15k dataset) using different models

Model
MeanRank Hits@3 (Hits@10 on FB15k)

WordNet FB13 FB15k WordNet FB13 FB15k

TransE 4.11 6.74 219.8 0.45 0.24 0.28
TransH 3.53 5.57 154.6 0.5 0.23 0.47
Bilinear 3.44 3.8 138.6 0.76 0.52 0.73
NTN 4.16 4.04 195.9 0.42 0.38 0.26
Joint embedding without 3.47 4.83 166.5 0.59 0.43 0.40

cost-sensitive learning (ours)
Joint embedding with 1.58 2.99 25.5 0.95 0.69 0.79

cost-sensitive learning (ours)

The results shown in boldface are the best ones
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model generally performs best, indicating that our
scheme is effective on the relation prediction. The
comparison between cost-sensitive learning and non-
cost-sensitive learning embeddings indicates that the
corresponding matrix W is helpful for the embed-
ding. The performances on MeanRank indicate that
the average performance of our prediction model is
the best, while the high rate of Hits@3 (or Hits@10)
indicates that our model is able to precisely predict
the majority of the relations.

4 Conclusions

In this paper, we proposed a cost-sensitive
learning-based joint embedding model to solve the
knowledge embedding problem of embedding the en-
tities and relations simultaneously. Based on the
proposed model, we learned semantically meaningful
embedding vectors for both entities and relations. In
the model, a vector-product score function was de-
fined to connect embedding vectors from different
embedding spaces, and a weight matrix was involved
to measure the relationships among the relations.
This is helpful to take advantages of the higher-order
context information in the knowledge base. Exper-
imental results showed that the relation embedding
distribution in the embedding space is semantically
quite meaningful, and our embedding approach sig-
nificantly improves the performances of the state-of-
the-art methods on relation prediction.
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