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Abstract:
information of noise statistics is often imperfect. Previous work on noise statistics identification in linear systems

Noise statistics are essential for estimation performance. In practical situations, however, a priori
still requires initial prior knowledge of the noise. A novel approach is presented in this paper to solve this paradox.
First, we apply the Ho filter to obtain the system state estimates without the common assumptions about the noise
in conventional adaptive filters. Then by applying state estimates obtained from the H filter, better estimates of
the noise mean and covariance can be achieved, which can improve the performance of estimation. The proposed
approach makes the best use of the system knowledge without a priori information with modest computation cost,
which makes it possible to be applied online. Finally, numerical examples are presented to show the efficiency of this

approach.
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1 Introduction

Most optimal or suboptimal estimation prob-
lems assume a priori information of the process and
measurement noise statistics, at least the first-order
and the second-order moments. In the last decades,
the Kalman filter has demonstrated to be the best
linear, minimum variance, unbiased estimator, even
if the noise is not satisfied to the white Gaussian as-
sumption. The well known limitation of the Kalman
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filter to real-world problems is that it requires a pri-
ori information of the state process and measurement
noise. However, in most practical situations, these
noise statistics are inexactly known or unknown. The
use of wrong or inexact prior information can lead to
poor estimation precision or complete failure.

When confronting the estimation problems lack-
ing noise statistics information, traditional filters
such as the Kalman filter may work less efficiently.
To address the noise problem, plenty of work has
been devoted to noise statistics estimation which is
derived from the Kalman filter or the Bayesian fil-
ter since 1970s, such as Bayesian estimation (Mehra,
1972; Alspach et al., 1974), maximum likelihood
(Bohlin, 1976), correlation methods (Bélanger, 1974;
Odelson et al., 2006; Dunik et al., 2015), and
covariance-matching methods (Carew and Belanger,
1973).
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Meanwhile, in modern industrial embedded
real-time systems, recursive estimators are in serious
need under the computational limits (Li and Bar-
Shalom, 1994; Jwo and Huang, 2007; Yadav et al.,
2012). Myers and Tapley (1976) presented a simple
sequential approach to estimating the noise statistics
at little computational expense, which illuminates
the basic idea of exploiting the residuals between
state estimates and the measurements. The essen-
tial framework in Myers and Tapley (1976) was still
utilized widely in recent research (Bavdekar et al.,
2011; Yadav et al., 2012; Assa and Janabi-Sharifi,
2014; Feng et al., 2014). However, most publica-
tions are still constrained by the Kalman filter or the
Bayesian method, which requires a priori knowledge
about the noise statistics. To release the noise as-
sumption, it is natural for us to consider some other

filtering methods.

Without considering the noise statistics, Ho fil-
tering has been developed to obtain the system state
estimates (Yaesh and Shaked, 1991; Banavar, 1992;
Shen and Deng, 1997; Rawicz, 2000). H, filtering
is designed to deal with the circumstance with un-
known noise statistics. In H., filtering, the noise
sources are arbitrary signals with bounded energy or
bounded average power. The estimator is such de-
signed that the gain, from the noise signals to the
estimation error, is less than a prescribed bound.
Without the first- and second-order moments of
noise, the H, filter can provide more accurate es-
timates of the system states (Shen and Deng, 1997;
Simon, 2006) than conventional linear filters. Based
on the state estimates from the H., filter, we can
obtain more precise estimates of the noise statistics.

Furthermore, multiple model (MM) algorithms
have been demonstrated to be efficient, unbiased,
and optimal (or suboptimal) (Mazor et al., 1998;
Li and Jilkov, 2005) when accommodating modern
estimation requirements, such as maneuvering tar-
get tracking (Li and Jilkov, 2005; Jiang et al., 2014)
and speech recognition (Rabiner, 1990; Gales, 2009).
In the Markov framework, a lot of filtering meth-
ods have been proposed. However, most of these
approaches are still based on a priori knowledge of
noise statistics. During the process of explaining
how to apply the H, filter to the MM algorithms,
in which Bayes’ rule is employed, we find that the
noise statistics cannot be ignored. Li and Jia (2010)

announced an interacting multiple model (IMM) al-
gorithm based on the H filter, and Fu et al. (2013)
proposed a robust algorithm which combines the di-
agonal IMM algorithm with the H., filter. Never-
theless, their algorithms treated the noise covariance
as a guess and did not solve the noise covariance
problem.

We are motivated to find a new way to estimate
the noise mean and covariance in the circumstance
where a priori knowledge of the noise statistics is
unknown. In this paper, a novel approach is es-
tablished by exploiting the H, filter. First we ap-
ply H filtering to obtain more precise estimates of
the system states than conventional linear estima-
tors. Second, based on the better state estimates, we
are supposed to receive more exact residual samples
about the noise, which can improve the estimation
accuracy for the noise statistics.

2 Problem statement

Shen and Deng (1997) proposed a method to
design the H, filter based on game theory. Consider
the following time-varying discrete-time system:

Tp+1 = Frxy + Grwy,
yr = Hixp + vg, (1)
zp = Lyxy,

where x € R” is the system state, yr € R™ is the
observation vector, zj is the vector to be estimated,
and Fy, G, Hy, and L are known real constant
matrices of appropriate dimensions for any k. The
process noise wy € R! and the measurement noise
v € R™ are mutually independent white Gaussian
with unknown but bounded covariances.

The initial state xg is assumed to be Gaus-
Without
loss of generality, we assume that w; and vy sat-
isfy the Gaussian distribution, i.e., w; ~ N(q, Q)

sian with mean @y and covariance Pj.

and v, ~ N (r, R), where g, Q, r, and R are process
noise mean, process noise covariance, measurement
noise mean, and measurement noise covariance, re-
spectively, and are to be estimated. Moreover, Q
and R are positive definite symmetric matrices. As-
sume that (Fy, G}) is controllable and (Hj, F}) is
observable. Define Gz as the Moore-Penrose gener-
alized inverse of Gy and Y, = {yr,0 < k < N —1}.
The estimate of state & at time k is computed based
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on the measurement history up to N — 1 (suppose
current time k = N). We are more interested in 2y,
the estimate of zy, which is the linear combination
of state xy.

The filtering problem to be addressed is to ob-
tain an estimate Zj of zj that provides a uniformly
small estimation error, i.e., e = 2 — 2z, for any
wy, Vi, g, and the estimates of the noise statistics
q, Q, 7, and R.

3 H_ filtering

To put the Ho, filtering problem for system (1)
in a stochastic way, we first define

Ifllp=f*Pf VfeR",

where P is a given symmetric positive definite
matrix.

The recursive H, filtering procedure is briefly
presented below. For details, readers can refer to
Shen and Deng (1997) and Simon (2006). According
to the game theory, the measure of performance is
then given by

N-1 -
kZO llzr — 2klls,
= <2 =t 2 2
|0 — a:oHpo,l + kz::o (||wk|\W;1 + Hvk||Vk71>
1

where ((xo — &), wi, vE) # 0, To is the prior esti-
mate of state xg, S > O,PO_1 >0,Wir>0,Vip >0
are the weighting matrices, and — > 0 is the up-

Moreover, S, Wy, and V; are de-
signed according to the actual application scenarios

per bound.

by engineers. Without loss of generality, we assume
o = xo = 0 so that Eq. (2) can be written as

kZO llze — 2|3,
S -

T N-1 ) )
3 (ol + ol )

<

3)

Sy

Therefore, the recursive H,, estimator to sys-

tem (1) is

S'k = LESkLk,

K, = P,(I - 0SyP, + HI'V, '"H,P,) 'HV, ',
Z1 = Fpdp + F Ky (yr — HiZy),

2y = Lyxy,
Pyi1 = F.P(I — 0S8, P, + H'V, 'H,P,) ' F}
+GLW,GY,

(4)
where I is the identity matrix.
To guarantee the above estimator to be the so-

lution, the following condition must be satisfied at
each time k:

P! —0S,+ H'V, 'H; > 0. (5)

In this section, we have obtained the state esti-
mates without ideal assumptions of the noise statis-
tics. Now we redirect our focus to the estimation of
the noise mean and covariance.

4 Estimation of r, R, q, and @

The empirical estimators for the noise statistics
are derived in a batch form based on the assump-
tion of a constant value of noise samples. The basic
idea behind the covariance-matching technique is to
make the residuals consistent with their theoretical
covariances. For the measurement noise covariance,
consider the linear measurement state relationship at
a given observation time k, given yi, = Hyxy + vy.
The Gaussian distributed noise, which can be proved
to be energy bounded, is the necessary condition for
the H., filter (see the Appendix). The true state
x), is unknown, so v cannot be determined directly
through vy = yr — Hyxp. However, an intuitive ap-
proximation for vy can be determined by the adop-
tion of state estimates obtained from the formerly
described H, filter. Define the following innovation
sequence:

Tr = Y — Hp 2y,
= (Hyxy +vi) — Hpdy
= Hyx), + vy, (6)

where &, = . — &) 1s the state estimation error.

It is assumed that vy (k = 1,2,...,N) are in-
dependent, and parameters r and R are constant. If
the innovation sequence 7 is assumed to be the rep-
resentative of vy, it may be considered independent
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and identically distributed, and a simple parameter
estimation problem can be constructed. Assuming
r, ~N(r,C,), k=1,2,..., N, sequence 7y, can be
acquired by Eq. (6). Based on the empirical mea-
surements, the unknown distribution 7 is to be es-
timated first.

An unbiased estimator for r is taken as the se-

quence mean:

N
T:N;rk' (7)

An unbiased estimator for R is obtained by first con-
structing an estimator for C,.:

. 1 X

Cr=——> (re—#)(r—7)". (8)

N—llc:1

Substituting Eq. (6) into Eq. (8), we can obtain the
expectation of C,.. First, we have
(re —7)(r —7)"
=rprg — 1Pt — el PR
=(Hy&y, + vi)(Hp@p +vp)" — (Hp@p + vp) 7"
— P(Hy&p, + o)t + 77T

:Hk:Ek:EEHkT + Hk:i:kvg + vkcﬁkaT + vkvg
— Hp@,#" — ot —ral HY — 7o) + 777
=Hpap@; HY + (vp — 7)(vp — 7)) + Hpapo,

+ v HY — Hyzp#t — 72, HY . (9)
Taking the expectation of both sides of Eq. (9), we
have

Bl(ry — #)(ry — 7)"]
=H,P.H, + E[(v;, — 7)(v, — 7)"]
—H,P.H + R. (10)

Here we apply the assumptions that & and vy are
mutually independent, and that & is an unbiased
estimate. Therefore, we have E[H&,vi| = 0 and
E[&1] = 0. Then we obtain

N
. 1 .
ElC,] = Y H.P.H +R. (11)
k=1

Hence, we obtain the estimate of R by substituting
Eq. (8) into Eq. (11):

(12)

For the state process noise statistics, we can ba-
sically follow the same scheme of the measurement
noise estimation but some additional treatments are
needed. Consider the linear dynamical state rela-
tionship at time k, given by Eq. (1):

kak = Lk+1 — kak' (13)
Similar to vy, the true states xpy1 and xy are diffi-
cult to know, and we can use an intuitive approach
for wy, by applying the state estimates obtained from
the H, filter. Define the process residual as g and
then define the following equation from Eq. (13):

Gka = .’f}k+1 — Fkif?k (14)
From Egs. (13) and (14), we obtain
wy, = Gf (w1 — Foxy) (15)
ar = G (&1 — Fi&y) .

It is assumed that the stationary noise wy (k =
1,2,...,N) are mutually independent, and parame-
ters g and @ are constant. Here gy, is assumed to be
the representative of wyg, and it can be considered in-
dependent and identically distributed. Similarly, by
defining a parameter estimation problem, gy is char-
acterized by Gaussian distribution N(g,C,). An
unbiased estimate for g is obtained from the sample

mean:
| N
q= N Z qk- (16)
k=1
Now we obtain the estimate of C,; by
. 1 X
Co=x—71 gk — g -9 (17

k=1

Subtracting Eq. (14) by Eq. (13), we obtain

Gi (W — qi) = (X1 — Try1) — Fr(zp — Tp)

= Zpq1 — Fray, (18)
and then
Gr(wip — i) (we — qr) "G,
=(Zp1 — Fr@y) (&1 — Frar)”
=Z1Zh .y — Fadidiy, — Bp1 @4 By
+ Fpapz, Fy . (19)
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Taking the expectation of both sides of the equation
above, we have

GrE[(wr — qi)(wi — qi) "Gy,
=FE[&pi1@84,1 —
+ F&p @), F) |

= =T = =TT
Foxpxp, ) — Ty, F,
s, T = =TT
=E[&p 12, ] + E[Fropz), Fy |

=Py1 + Fy P, F, (20)

where the estimation errors @, and Ty41 are mu-
tually independent. We still need the relationship
between @ and C;. Note that, based on our hypoth-
esis, wy and g have the same mean value. Let us

introduce ¢ into (wy, — qi,)(wy, — qi)T as follows:

(wr, — qx)(wy, — Qk)T
=[(wr — ) — (qr — @[(wr — @) — (ar — 9)]
=(wy, — @) (wy, — §)" — (wr, — @) (g — )"
— (e — @) (we —@)" + (g — @) (ax — @) (21)

T

In the same way, taking the expectation of both sides,
we have

E[(wr — qi)(wi — qi)"]
=E[(wi — @) (wr, — §)" — (wi, — 4)(qr — 4)"
— (g — @) (wp — Q)" + (@ — @) (qx — @)"]
=E [(wy, — §)(wi — q)"] — E [(wr — §)(qx — q)"]
—E[(gr — @) (we — @) + E [(qr — 4)(qr — 4)"]
=Q — (Elwiqy] - ~qElay] +4q")
— (Elgvwy] - Elai]d" — ¢E[wi] +44") + C,
=Q +C,, (22)

E[w]g"

where we apply the hypothesis that wy and q; are
0) and (22

mutually independent. From Egs. (2 ), we

have
Py + Fy P F = GL(Q + C,)GY. (23)

Following the same steps used for Eq. (11), we have

N
1 R
GLE[C,|G} = = } : [Py + Fi P F'|—-GrQGY, .

i (24)
The estimate of Q, after the substitution of Eq. (17),
is given by

N
Z { FkPka + Pyy1)
=

~(av - )@ - "] (G)" (25)

In summary, the estimators for r, R, q, and Q
are presented in Eqs. (7), (12), (16), and (25
spectively. These estimates are based on the in-

), re-

novation sequence 7 and the residual sequence gy,
(k = 1,2,...,N), which are obtained through the
H, filtering estimates and assumed to be statisti-
cally independent and identically distributed.

5 Numerical simulation

Example 1 Consider a simple scalar system (Si-
mon, 2006)

{ Tk4+1 = Tk + Uk + Wk, (26)

Yk = Tk + Vg,

where uj = 10, wy ~ N(0,1) and vy ~ N(0,1) are
both Gaussian white noises.

Set the Ho, filter parameters § = 1/50, Wy =
Vi, = 10. The initial values in the Kalman filter are
Qo= Ro=1.

We compare the proposed approach with the
sequential estimator in Myers and Tapley (1976),
where the two approaches are derived from the same
framework. The performance of the estimators is
displayed using the root mean square error (RMSE)
and the results are obtained from 100 Monte Carlo
runs.

The simulation results (Figs. 1 and 2, Table 1)
easily confirm that the proposed approach plays
much better. Since the H filter does not rely on the
noise statistics, it would naturally provide more pre-
cise residual samples, which are used to obtain the
On the other hand, once
the Kalman filter fails in the estimating procedure,

noise statistics estimates.

it might lead to complete collapse.

600 g T T -
— True state
500} — - H. filter
Kalman filter
400
S
< 300
>
2
< 200
(]
100
0
-100 ) ) ) ) ) ) ) ) )
0 5 10 15 20 25 30 35 40 45 50

Time

Fig. 1 Comparisons of the true system state x;, and
the results under the Kalman filter and Ho filter
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600

— - H.filter
« « Kalman filter
500 b

400
300

200

RMSE of state estimate

100f .. e e

0 5 10 15 20 25 30 35 40 45 50
Time

Fig. 2 Root mean square errors (RMSEs) between
the true state and the estimates under the Kalman
filter and Ho filter

Example 2 Consider a maneuvering target similar
to Alouani and Blair (1993), which consists of con-
stant velocity (CV) and constant turn (CT) move-
ments. The detailed trajectory is shown in Fig. 3.
When 20 < t < 30, the target moves in CT mode,
and the angular velocity is w = —0.1. During the
rest of the time, the target moves in CV mode. The
CV state function is

T2
1 7 00 5 0
w0 L OO T 0
H1Z 0 0 1 T k . T_2 ks
0 0 0 1 2
0 T
(27)
while the CT state function is
sin(wT) —[1—cos(wT)]
w w
0 cos(wT) 0  —sin(wT)
Tpt1= 1—cos(wT) sin(wT) Tk
w
i T
0 smgﬂiw) 0 cos(wT)
w
T2
— 0
2
T 0
0 —
2
0 T
The measurement function for both models is
1 0 0 O
= . 29
Yk [0010““”“ (29)

In this example, we estimate the first and the
third elements in xx, which are the X and Y com-
ponents of the position, respectively. As we can

Table 1 Average root mean square error (RMSE)
comparison between the Kalman filter and the Hoo
filter

Method Wk Uk
Mean Covariance Mean  Covariance
Kalman 8.2556  3.7x 109 56.4969  1.7x10°
Ho 0.5839 24.7196 5.8127 11.8625
500
0
-500f
>
-1000f
-1500f
2000b— L
0 100 200 300 400 500 600 700 800 900 1000
X

Fig. 3 The noisy trajectory (consisting of constant
velocity (CV) and constant turn (CT) movements)

see from Egs. (27)-(29), both wy and vy at each
time k consist of two elements such as [w; wo]T and
[v1 vo]T. In this simulation, we assume that both wy,
and vy, are Gaussian white noises and wy, ~ N(0,1),
Vg ~ N(O, 30).

In our approach, the dynamics of the noise is
handled as unknown, which is important and dis-
tinct from other approaches. What we will do here is
to achieve the state estimate @y through H., filter-
ing first. Then by using all the known information,
including & and Py in Eq. (4), we will try to ob-
tain the estimates of means and covariances of the
process noise and measurement noise, respectively.

For comparison, we employ the estimation
method in Myers and Tapley (1976). Both meth-
ods are derived in a batch form based on the residual
samples under the same framework, where the algo-
rithm in Myers and Tapley (1976) uses the Kalman
filter, and our algorithm uses the H, filter. Never-
theless, we have to give the former an initial value
of the noise statistics, which is a drawback of the
algorithm but is also one of the motivations of this
study.

From Fig. 4, we can see that the H., filter
shows better performance than the Kalman filter. In
other words, the algorithm in this study might ob-
tain more precise residual samples (see Egs. (6) and
(14)). In short, the simulation results confirm our
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—— H. filter — — Kalman filter
T 401
% /N (a)
N~

a 30 | -~
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< 20f | \
o | \ e — e — ~—— —
(<] _——— -
w 10 | -~
2

0 | | | | | | | | | )
© 0 10 20 30 40 50 60 70 80 90 100
qg% 40+ (b)
2 30 e~ ————— — — —
§ /
s 20 /
5 /
w 10f Py
2

0 \ \ \ \ \ \ \ \ \ )
® 0 10 20 30 40 50 60 70 80 90 100

Time

Fig. 4 Root mean square errors (RMSEs) between the
system state and the estimated state: (a) X compo-
nent of the position; (b) Y component of the position

suppositions. The mean and covariance estimates of
the process noise and measurement noise are shown
in Figs. 5 and 6, respectively. Specifically, in Fig. 6a
and 6b, the RMSE of the process noise covariance es-
timates based on the Kalman filter cannot converge
to 0. Although the RMSE of the process noise mean
estimate might be a little bit larger (Figs. ba and
5b), our algorithm can guarantee the convergence as
the residual samples accumulate.

Note that 0, Py, Sk, Wi, Vi in Eq. (2) are
free parameters, which should be designed according
to special circumstances and instances. The effec-
tiveness of the H filter and the novel algorithm can
be highly sensitive to these weighting parameters, al-
though this algorithm is robust to model uncertainty.
The adjustment procedure might be a little compli-
cated (Simon, 2006). However, the cost is worthy of
the high performance and simplicity to be embedded
into online systems as we can see from the simulation
results. After appropriate parameter adjustment, all
the results approximate the true values of the means
and covariances.

6 Conclusions

In this paper, we have presented a novel ap-
proach to estimating the process noise and measure-
ment noise statistics in a linear discrete system. In
the target tracking circumstance where a priori in-
formation of the noise statistics is unavailable but
necessary, we naturally introduced the H, filter to

—— H.filter — — Kalman filter

2.0 \ ( )
= a
2 15¢ ’\
o |
© 1.0f \ b
w
2 sl o ]
4 ST

0 L L L L L L L L L

RMSE of error

RMSE of error
-~

0 10 20 30 40 50 60 70 80 90 100

RMSE of error
(&)
-

0 10 20 30 40 50 60 70 80 90 100
Time

Fig. 5 Root mean square errors (RMSEs) between the
process noise mean estimates and the actual values
for w1 (a) and w2 (b), and the RMSEs between the
measurement noise mean estimates and the actual
values for v1 (c¢) and vz (d)

the procedure, which can achieve better system state
estimation. The basic idea of our algorithm is to take
the best advantage of the residual samples between
the system state estimates and the measurements,
and the residual samples between the state estimates
at time k£ + 1 and the ones at time k. According to
statistical theory, we can obtain the rational noise
statistics estimates. To acquire the noise statistics,
the key point is to apply the H, filter to bypass the
noise details.

The readers might ask why we would estimate
the mean and covariance of the noise while the H,
filter is suited efficiently. Since in some situations,
the information of the noise is still important and
cannot be ignored. Yet in previous work about noise
statistics identification, a priori information is still
needed. What we have done here is to make the best
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— — Kalman filter

——— H.filter

RMSE of error

RMSE of error

300 -
5 (c)
§ 200F /- 1
ks ! \
u ~
@ 100} / - |
= ~
4 ,L_ ~——_ _
0 ‘ : : ‘ ‘ ‘ I : —
0 10 20 30 40 50 60 70 80 90 100
s
5
‘G
m
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=
4
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Fig. 6 Root mean square errors (RMSEs) between
the process noise covariance estimates and the ac-
tual values for Q11 (a) and Q22 (b), and the RMSEs
between the measurement noise covariance estimates
and the actual values for R11 (c) and R22 (d)

use of system knowledge completely without a priori
information. Furthermore, the algorithm can work
at a modest additional computational cost, which
makes it possible to be employed in an online frame-

work. In our future work, this procedure may be

applied in the MM algorithm which requires noise
statistics.
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Appendix: Proof of the energy
bounded property of Gaussian dis-
tributed noise

The proof needs the following Parseval’s
theorem:
If f(x) is inte-
grable and square integrable, then we have

Theorem 1 (Parseval’s theorem)

oo 2 1 oo 2
/ Plapts = o [ 1FG)Pdu,

— 0o

where F'(w) represents the continuous Fourier trans-
form of f(x).
Consider f(z) ~ N(u,d?%). According to the

Gaussian distribution property, fj;o f(x)dr = 1,
and f(z) is integrable and square integrable. The

energy spectral density function is defined as

d(w) = ‘\/% /_;OO fA(t)e vidt

where “*’ represents the conjugate transpose.

P F(w)F* (w)
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(A1)

From the above theorem, we can obtain

/ " ) = / s,

— 00 — 00

(A2)

Combined with the condition [*2° f(z)de = 1,
Eq. (A2) is limited. Therefore, the Gaussian dis-
tributed noise is energy bounded.
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