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An approach to characterizing the power system security region by 
integrating distributionally robust optimization and 
Transformer-based deep learning

Yuekai CHEN, Zhejing BAO*, Miao YU

College of Electrical Engineering, Zhejiang University, Hangzhou 310027, China

Abstract: Renewable generation and load uncertainty pose significant challenges to power system security, necessitating efficient approaches 
to characterizing high-dimensional security regions. To overcome the curse of dimensionality, uncertainty neglect, and undue conservatism 
in existing methods, this paper proposes an approach integrating distributionally robust optimization (DRO) and deep learning for security 
region characterization. First, to properly account for uncertainty while avoiding excessive conservatism, a DRO-based active search strategy 
is developed to identify critical boundary points, where diffusion-generated renewable scenarios and load-deviation samples constructed 
around typical demand profiles are jointly used to build a robust probabilistic ambiguity set. Subsequently, a Transformer-based model 
learns from these boundary points to reconstruct the full high-dimensional security region. The model’s self-attention mechanism captures 
the global nonlinear dependencies among dimensions, enabling a precise and efficient boundary fit. Simulations on IEEE test systems confirm 
that the approach accurately characterizes high-dimensional security regions at a low computational cost, yielding a security region with 
strong robustness to renewable-load uncertainty. This work offers a new paradigm for security assessment and decision support in power 
systems under high uncertainty.
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1 Introduction 

The secure operation of modern power systems is increasingly 

challenged by the high penetration of variable and uncertain renew‐

able energy sources (Zhang ZY et al., 2023, 2024; Aryani and Song, 

2024). Traditional approaches enforce security conditions as con‐

straints to locate a single optimal operating point, providing no 

global view of the full set of feasible operating points. As a result, 

operational margins remain opaque and the geometry of the security 

boundary is not characterized. Moreover, the coupling between 

individual operating points and the feasible space is not visually 

intuitive, making it difficult for operators to develop comprehensive 

strategies.

To address this need, the power system security region (SR) 

concept was introduced (Wu F and Kumagai, 1982). The SR defines 

the set of all operating points that satisfy the power flow equations 

and operational security constraints, offering system operators a 

global view of operational margins for decision-making (Teng et al., 

2024). SRs are commonly classified into steady-state security regions 

(SSRs) (Wu F and Kumagai, 1982) which capture static character‐

istics and dynamic security regions (DSRs) (Wu FF et al., 1988) 

which account for dynamic processes. Recently, the widespread 

integration of renewables has profoundly altered grid operating char‐

acteristics and reshaped steady-state security boundaries (Jin et al., 

2023; Lin et al., 2023; Xiao et al., 2024). Under high renewable uncer‐

tainty, the dominant operational risks manifest at the power balance 

and network flow level on minute-to-hour timescales, making the 

SSR the primary object for scheduling and flexibility assessment. 

Consequently, accurate characterization of the SSR remains a cen‐

tral challenge and is the focus of this study. In what follows, SR 

refers to SSR.

Approaches for the characterization of SR are broadly catego‐

rized as analytical and numerical (search-and-fit). Analytical methods 

derive explicit boundary expressions (Dai et al., 2019; Lin et al., 

2021; Su et al., 2021; Tinoco et al., 2021), offering high accuracy. 

Su et al. (2021) proposed a complete characterization for the SR 

of electricity-gas integrated energy systems. Without any model 

simplification, the method reveals that the region possesses com‐

plex geometric properties. However, despite high accuracy, their 
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mathematical derivation becomes intractable for modern, high-
dimensional, and nonlinear power systems. In contrast, numerical 
approaches first sample discrete points via vertex search (Nguyen 
et al., 2019; Monteiro et al., 2020; Avila et al., 2021; Li X et al., 2021; 
Lin et al., 2022) or point-wise simulation (Liu L et al., 2020; Gao 
et al., 2023) and then employ techniques like hyperplane fitting 
(Jiang T et al., 2021; Sun and Yu, 2023; Zhang S et al., 2024) or convex 
hull (Chen et al., 2019) to construct the SR boundary. Sun and Yu 
(2023) approximated the SR boundary using the hyperplane method, 
which linearizes the complex boundary into a set of tractable linear 
inequalities. However, it tends to generate numerous non-binding 
or redundant hyperplanes. Chen et al. (2019) utilized the convex hull 
method to construct an SR, in which a set of optimized boundary 
points is identified and then enclosed to generate a more accurate, 
piecewise linear approximation of the boundary. While adaptable, 
the accuracy of these methods depends heavily on the number of 
sample points and the performance of the fitting algorithm.

In recent years, researchers have attempted to explore artificial 
intelligence-based methods to characterize the SR. Wu XW et al. 
(2023) employed a neural network to approximate the feasible region 
of a district heating system and reformulated it as mixed-integer 
linear constraints. Feng et al. (2024) proposed a deep learning frame‐
work with an attention-based convolutional neural network to char‐
acterize a high-dimensional carbon emission operation region. Al‐
though these data-driven approaches are effective, they share a 
common limitation: they operate in a deterministic setting and do 
not explicitly account for the stochastic uncertainty from renew‐
able sources.

To address the uncertainty introduced by renewable energy 
and load, robust optimization (RO) has been integrated into SR con‐
struction. For instance, Chen et al. (2019) constructed a robust SR 
by identifying an operating region that remains secure across a given 
set of wind power scenarios. Yorino et al. (2018) employed the 
bi-level optimization to identify the SR boundary under the worst-
case realization of uncertainty, which is modeled as the determinis‐
tic bounded interval.

Despite these advances, existing methods face significant limi‐
tations, primarily due to the curse of dimensionality, high computa‐
tional costs, and a tendency either to ignore uncertainty or to impose 
undue conservatism. Specifically, numerical fitting-based methods 
struggle to provide a global understanding of the high-dimensional 
SR, as they often rely on low-dimensional projections. Achieving 
satisfactory accuracy under such settings requires sampling an enor‐
mous number of boundary points, leading to a prohibitive computa‐
tional burden, especially under renewable energy uncertainty. More‐
over, approaches like traditional RO ensure security at the cost of 
excessive conservatism: their worst-case formulations often over-
shrink the SR, thereby sacrificing operational flexibility and eco‐
nomic efficiency.

To address these challenges, this paper develops a hybrid 
approach that integrates distributionally robust optimization (DRO) 
and deep learning (DL) to characterize high-dimensional SR of power 
systems under uncertainty. The main contributions are summarized 
as follows:

1. A novel framework for constructing an SR of power sys‐
tems is proposed, consisting of two stages, a DRO-based active 
boundary point search and a DL-based high-dimensional boundary 

reconstruction, which provides a data-driven solution for SR char‐
acterization under uncertainty.

2. A DRO-based search strategy is proposed to identify critical 
boundary points of the SR, where the ambiguity set is constructed 
from diffusion-generated renewable scenarios and load-deviation 
samples around typical demand curves. The strategy balances ro‐
bustness and conservatism, thereby overcoming the limitations of 
traditional methods that either neglect uncertainty or are overly 
conservative.

3. A scalable Transformer-based method for high-dimensional 
SR characterization is presented. Its self-attention mechanism cap‐
tures global nonlinear interdependencies across dimensions, enabling 
an accurate reconstruction of SR. The approach eliminates the depen‐
dency on specific observation directions or low-dimensional visual‐
izations, thus offering a unified, general-purpose solution for SR 
characterization in diverse power systems.

2 Methodology 

2.1 Security region definition

The SR is defined as the set of all feasible power injections. 
Any point within this set satisfies the power flow equations and a set 
of operational security constraints, including nodal voltage limits, 
branch flow limits, and generator output bounds. The definition of 
SR is formulated as

Ωss ={ y: ∃x∈R,  f (x) = y}. (1)

In Eq. (1), Ωss represents the SR; y denotes the power injection 

vector; x represents the system state variable, such as voltage mag‐
nitudes and phase angles at each node, as well as power flows 
through each branch, depending on the specific power flow model 
adopted; f (x) = y denotes the power flow equation, representing the 

power balance relations in the network; R is the set of operational 
security constraints.

2.2 Mathematical model

2.2.1　Power flow constraints

The standard alternating current power flow (ACPF) equa‐
tions are
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Pk =∑
i = 1

Nnode

VkVi (Gki cos θki + Bki sinθki ),

Qk =∑
i = 1

Nnode

VkVi (Gki sinθki −Bki cosθki ),

(2)

where Pk and Qk are the active and reactive power injected at node k, 

respectively; Vk and Vi are the voltage magnitudes at nodes k and i, 
respectively; Gki and Bki are the real and imaginary parts of the ele‐
ment in the kth row and ith column of the nodal admittance matrix, 
respectively; θki is the voltage angle difference between nodes k 
and i; Nnode is the number of nodes in the system.

Because the boundary point acquisition with the standard ACPF 
model in Eq. (2) is computationally prohibitive, using the simpli‐
fied power flow model can enhance practicality and efficiency. It 
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should be noted that our proposed SR characterization framework 
is broadly applicable to different network models of power systems. 
In this study, a distribution network model is considered without 
compromising generality. This generality is evidenced by the fol‐
lowing simulations: although the simplified power flow model is 
used to generate SR boundary points, high fitting accuracy can still 
be achieved when the trained model is evaluated on an independent 
ACPF-based test set. The distribution networks, often featuring 
radial or weakly-meshed topologies and high R/X ratios (where R 
represents the resistance and X represents the reactance), are well-
suited for linearized algorithms. Among these, the widely-adopted 
DistFlow model is adopted, by which Eq. (2) is approximated as
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Pij = ∑
k: j→ k

Pjk + Pj + rijlij ,

Qij = ∑
k: j→ k

Qjk + Qj + xijlij ,

vj = vi − 2 ( rij Pij + xijQij )+( r 2
ij + x2

ij )lij,

vilij = P 2
ij + Q2

ij,

(3)

where Pij and Qij are the active and reactive power flowing from 

the parent node i to child node j at the ends of the branch, respec‐

tively; Pj and Qj denote the net active and reactive power demands 

at node j, respectively; Σk: j→ k denotes the sum over all the child 
nodes k, for which node j is the parent node; rij and xij are the resis‐

tance and reactance of the branch connecting nodes i and j, respec‐

tively; vi denotes the squared voltage magnitude at bus i;lij denotes 
the squared current magnitude of branch (i, j).

2.2.2　Operational security constraints

The constraints of nodal voltage magnitude and branch cur‐
rent magnitude are

(V min
i )2⩽vi⩽ (V max

i )2, (4)

0⩽lij⩽l̄ ij, (5)

where V min
i  and V max

i  are the lower and upper voltage magnitude 
limits at bus i. l̄ ij is the upper limit of the squared current magni‐
tude of branch (i, j).

Also, the generator outputs must satisfy their capacity constraints:

P min
g ⩽Pg⩽P max

g , (6)

where Pg is the active power output of generator g, with P min
g  and 

P max
g  denoting its lower and upper output limits, respectively.

2.3 Framework of the SR characterization

The proposed data-driven framework for characterizing the 
power system SR under renewable and load uncertainty consists of 
four stages, as illustrated in Fig. 1.

Stage 1: DRO ambiguity set construction. A diffusion model 
generates high-fidelity, renewable generation scenarios from histor‐
ical data, while load uncertainty is represented by deviation sam‐
ples constructed around typical demand curves. These samples are 
combined to form an ambiguity set required for DRO.

Stage 2: boundary point search. A DRO model is formulated 
to identify the boundary points of the SR by solving the extreme 

value of a target variable, subject to power flow equations, opera‐
tional security constraints, and the renewable-load uncertainty set.

Stage 3: model training. A deep learning model is trained on the 
discrete boundary samples to learn the complex nonlinear mapping of 
the SR boundary, enabling the characterization of a continuous region.

Stage 4: SR construction and application. The trained model 
serves as an efficient computational tool that, for any given obser‐
vation direction, can rapidly calculate the corresponding security 
boundary, thereby enabling online characterization of the entire SR.

3 Boundary point search strategy 

A DRO-based search strategy is proposed to acquire a set of 
representative points that accurately characterize the SR boundary.

3.1 Construction of joint uncertainty samples

The DRO formulation requires representative samples to char‐
acterize source–load uncertainty. In this work, the uncertainty data‐
set is constructed from renewable generation scenarios and load-
deviation samples (Rahimian and Mehrotra, 2019).

For renewable uncertainty, a diffusion model is employed to 
generate high-fidelity wind power scenarios from historical data. The 
core mechanism of the diffusion model consists of a forward diffu‐
sion process and a reverse denoising process. The forward diffusion 
process gradually adds Gaussian noise to the real historical wind 
power data until the signal transforms into pure noise. This mecha‐
nism enables the model to explicitly learn the complex, nonlinear 
probability distribution of wind power, thereby generating diverse 
and high-fidelity scenarios that preserve the statistical characteristics 
of the original data (Li S et al., 2024). The workflow of the diffusion-
based scenario generation is illustrated in Fig. 2. Specifically, the model 

Fig. 1  Framework of the SR characterization by integrating DRO and DL



4 | ENGINEERING Inform Technol Electron Eng   2026 27(5):260024

architecture proposed by Liu W et al. (2025) is adopted to generate 
a comprehensive set of wind power scenarios from historical data.

For load uncertainty, the typical load curve is taken as the nomi‐
nal profile, and deviation fluctuations are superimposed to generate 
load uncertainty samples. These samples are combined with wind 
power scenarios to establish the source–load uncertainty dataset, 
which is used to construct the ambiguity set for the subsequent 
DRO-based boundary search.

3.2 Distributionally robust constraint formulation

To formulate the distributionally robust constraints under source–

load uncertainty, let ξ̂ n denote the nth realization of the K-dimensional 

uncertainty vector, defined as

ξ̂ n =[ ξ̂ n
1 , ξ̂ n

2 , …, ξ̑ n
K ]T, n = 1, 2, …, N, (7)

where N is the number of samples.
The empirical distribution is constructed as

P̂N =
1
N∑n = 1

N

δ
ξ̂ n, (8)

where δ
ξ̂ n denotes the Dirac measure concentrated at ξ̂ n.

Then, the Wasserstein ambiguity set is defined as

D ={P∈Μ (Ξ ): dW (P, P̂N )⩽ρ}, (9)

where Μ (Ξ ) denotes the set of all probability distributions supported 

on Ξ, dW (⋅,⋅) is the Wasserstein metric, and ρ is the Wasserstein 

radius (Jiang YP et al., 2024). The support set Ξ of the uncertainty 
vectors ξ is specified as the following box uncertainty set:

Ξ={ξ: -ξ k
⩽ξk⩽ξ̄k, k=1, 2, …, K}, (10)

where ξk is the kth component of ξ, and -ξ k
 and ξ̄k are its lower and 

upper bounds, respectively.
To balance the uncertainty-induced net power mismatch, an 

affine recourse policy is adopted for the adjustable generators, as 
shown in Eq. (11):

Pg (ξ ) = P̄g −αghTξ,∑
g∈Gadj

αg = 1, αg⩾0, (11)

where Pg (ξ ) is the real-time active power output of generator g, 

P̄g is its base-point output, and αg is the participation factor. The 
term hTξ denotes the aggregated net power mismatch caused by 

uncertainties. The condition ∑
g∈Gadj

αg = 1 ensures full mismatch com‐

pensation by the adjustable generator set Gadj.
To preserve tractability, the branch active/reactive power flows 

and the squared current/voltage magnitudes are parameterized by the 
affine decision rules in Eq. (12):
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Pij (ξ ) = P 0
ij + AT

ijξ, Qij (ξ )=Q0
ij + BT

ijξ,

lij (ξ ) = l 0
ij + C T

ij ξ, vi (ξ ) = v0
i + DT

i ξ,
(12)

where P 0
ij, Q

0
ij, l

0
ij, and v0

i  are the nominal components, while AT
ij, B

T
ij, 

C T
ij , and DT

i  are the corresponding recourse coefficient vectors asso‐
ciated with ξ. Substituting Eqs. (11) and (12) into Eqs. (3)–(6) yields 
deterministic reformulations of the uncertainty-dependent con‐
straints. For illustration, only the nodal voltage constraint is refor‐
mulated explicitly in inequality (13), while the remaining uncertainty-
dependent constraints in Eqs. (4) and (5) can be derived analogously 
and are omitted for brevity.

(V min
j )2⩽v0

i + DT
i ξ− 2rij ( P 0

ij + AT
ijξ )

  −2xij (Q0
ij + BT

ijξ ) +( r 2
ij + x2

ij ) ( l 0
ij + C T

ij ξ )⩽ (V max
j )2 .

(13)

The quadratic branch-flow relation vilij = P 2
ij + Q2

ij in Eq. (3) is 

the source of nonconvexity and is relaxed into the standard second-
order-cone (SOC) form:
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2Qij (ξ )

vi (ξ )− lij (ξ )
2

⩽vi (ξ ) + lij (ξ ), (14)

where  ·
2
 denotes the Euclidean norm.

Substituting the affine state parameterization in Eq. (12) into 
inequality (14) yields the compact robust SOC constraint in in‐
equality (15):

||M ijξ+ m ij||2⩽r T
ij ξ+ sij, ∀ξ∈Ξ, (15)

where M ij, m ij, r ij, and sij are constant terms determined by the nom‐
inal components and affine recourse coefficients. For the box uncer‐
tainty set Ξ, tractability is preserved through vertex enumeration. 
Since ξ is K-dimensional, Ξ contains 2K vertices. Therefore, in‐
equality (15) is equivalently enforced by checking the SOC condition 
at all vertices of Ξ, yielding

||M ijξ
(v ) + m ij||2⩽r T

ij ξ
(v ) + sij, ∀ξ (v ) ∈V(Ξ ), (16)

where V(Ξ) denotes the vertex set of Ξ, and ξ (v ) is the vth vertex.
To unify generator-output, nodal-voltage, and branch-current 

limits under uncertainties, the single-sided distributionally robust 
chance constraint (DRCC) in inequality (17) is introduced as

infP∈D
P{aT

h ξ⩽bh}⩾1− δh, ∀h∈H, (17)

where H is the index set of scalar security constraints, ah and bh are 
the coefficient vector and threshold of the hth constraint, and δh is 
the risk level. This constraint ensures that each security constraint 
holds with a probability at least 1−δh for all distributions in the 
ambiguity set D.

Fig. 2  Framework of the diffusion model for the wind power scenario 
generation (xt, t=0, 1, …, T, denotes the sample at diffusion step t, q(·) 
denotes the forward process, pθ(·) denotes the reverse process, c denotes 
the condition, and T denotes the total number of diffusion steps)
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Following the tractable Wasserstein-based reformulation, the 
DRCC in inequality (17) is converted into the deterministic con‐
straints in inequality (18):
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ρwh − δhηh⩽ 1
N∑n = 1

N

z n
h , ∀h∈H,

z n
h +ηh⩽bh − aT

h ξ̂
n, ∀h∈H, ∀n,

z n
h⩽0, ∀n, ∀h∈H,

||ah||∞⩽wh, wh⩾0, ηh⩾0, ∀h∈H,

(18)

where z n
h, wh, and ηh are auxiliary variables. Specifically, z n

h is associ‐

ated with the nth scenario of the hth constraint, wh bounds the dual norm 
||ah||∞, and ηh is a nonnegative slack variable. Hence, the original 

DRCC is reformulated as a finite set of tractable linear inequalities.
The ambiguity-set radius ρ controls the conservativeness of the 

DRO model and is determined according to Eq. (19) (Zhou et al., 
2020):
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ρ=C
1
N

ln ( )1
1− β ,

C≈2 inf
η> 0 ( )1

2η ( )1 + ln ( )1
N∑n = 1

N

e
η ξ̂ n− μ̂ 2

1

1/2

,

(19)

where ||·||1 denotes the L1 norm. μ̂ denotes the sample mean, β is the 

prescribed confidence level, and C is a sample-dependent constant 
estimated by minimizing over the positive scalar auxiliary variable 
η, which is solved using the bisection method. Thus, the generated 
scenarios affect the DRO model through both the empirical distri‐
bution in Eq. (8) and the ambiguity radius in Eq. (19). Therefore, 
the original uncertainty-constrained problem is reformulated as a 
deterministic optimization.

3.3 Optimization-based search algorithm

Based on the deterministic reformulation in Section 3.2, the SR 
boundary is identified through an optimization-based search. In ac‐
tive distribution networks, the active power limits of the adjustable 
generators define the SR. For a target generator g* ∈Gadj, its output 

Pg* is optimized, while the outputs of other generators in the set 

Gadj \{ }g*  are fixed at prescribed conditioning variables in each run. 

By varying these conditional variables within their admissible ranges 
and repeatedly solving the resulting problem, discrete boundary 
points of the SR are obtained. Meanwhile, the nodal active and re‐
active load demands at bus j, denoted as P L

j  and QL
j , are fixed at 

the prescribed benchmark nodal active and reactive load values 
P L,pre

j  and QL,pre
j , and the associated source‒load uncertainty is repre‐

sented by the DRO constraints in Section 3.2. The boundary-point 
search is formulated as
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max        Pg*

s.t.          the first three constraints in Eq. (3),

                Eqs. (11), (12 ), and (19 ), 

                inequalities (16 ) and (18),

                Pg =P̄g, ∀g∈Gadj \{ }g* ,

                P L
j = P L,pre

j , QL
j = QL,pre

j .

   (20)

Solving problem (20) gives the extreme feasible value of Pg* 
under a given conditioning vector, corresponding to one SR boundary 
point. Repeating this procedure over different conditioning values 
yields a representative set of boundary samples for the subsequent 
boundary-fitting model.

4 Deep learning model for boundary fitting 

The above search algorithm can extract a set of boundary 
points that characterize the SR boundary. However, these discrete 
points cannot form a continuous and complete representation of the 
SR, making them difficult to apply directly for the online assess‐
ment. To address this issue, a Transformer-based DL method is pre‐
sented, including its model architecture, core modules, training 
strategy, and evaluation metrics. Based on these boundary samples, 
a model capable of efficiently and accurately fitting the SR is ulti‐
mately constructed.

4.1 Model architecture

To achieve the construction of a high-dimensional SR from 
discrete boundary points, a deep neural network is designed to learn 
and fit the complex geometric dependencies among dimensions. 
The Transformer architecture, originally developed in the field of 
natural language processing (NLP) and renowned for its remarkable 
success, is innovatively introduced into the proposed framework. As 
illustrated in Fig. 3, the model mainly consists of four core modules: 
input masking and encoding, input embedding, Transformer encoder, 
and coordinate prediction.

An n-dimensional coordinate vector of an SR boundary point 
[P1, P2, …, Pn] can be analogized to a “sentence” of length n, 

where Pi denotes the active power output of the ith generator and 
functions like a “word.” Just as the meaning of a word in a sen‐
tence depends on its surrounding context, the feasible range of one 
coordinate within the SR strongly depends on the values of other 
coordinates. In this context, the Transformer’s self-attention mech‑
anism is capable of quantitatively capturing the dependency weights 
between any pair of coordinate dimensions, while the multi-head 
attention enables the model to learn from multiple feature subspaces 
and to capture complex interdependent relationships among them. 
Through this mechanism, the model overcomes the local-view limi‐
tations of traditional methods and learns the global geometric con‐
straints of the SR boundary.

4.2 Core modules

4.2.1　Input masking and encoding

To enable the model to learn the intrinsic correlations among 
dimensions and to effectively adapt to the sequence processing 
mechanism of the Transformer, a self-supervised data augmenta‐
tion and masking strategy is designed. This strategy expands each 
n-dimensional boundary point sample into n independent training 
instances, as illustrated in Fig. 4.

Specifically, when generating the ith training instance, the ith 
dimensional component Pi of the original boundary point coordinate 
vector P point is “masked,” producing two inputs: input mask vector 
M mask with 1 at the target position i and 0 elsewhere and masked 
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coordinate vector Pmask with the ith dimension replaced by 0 and the 
remaining dimensions unchanged. Meanwhile, the original unmasked 
value Pi serves as the target label for this training instance.

In addition, since the Transformer architecture itself lacks the 
ability to process sequential order information, explicit positional 
information must be provided. Therefore, for each training instance, 
a position identifier (ID) vector P ID is introduced, defined as an 
integer sequence [1, 2, …, n]. This vector assigns a unique identifier 

to each coordinate dimension, enabling the model to learn dimension-
specific feature representations in the subsequent embedding layer 
and thereby effectively distinguish different physical quantities. 
Through this strategy, the raw boundary points are transformed into 
a structured dataset ready for self-supervised training.

4.2.2　Input embedding

The input embedding module converts the pre-processed coor‐

dinate vectors into a high-dimensional embedding sequence E∈Rn × dmodel 
for the Transformer encoder. First, to enrich feature representation, 
a linear layer projects each scalar in the masked coordinate vector 
Pmask into a dmodel-dimensional space, generating the value embedding 
Evalue. Concurrently, a trainable embedding matrix maps each index 
in the position ID vector P ID to a unique high-dimensional vector, 
forming the positional embedding Epos. This embedding provides the 
context information about the “identity” of each coordinate position. 
Finally, the input embedding sequence E is obtained by element-
wise summation of the value embedding Evalue and the positional 
embedding Epos, ensuring that the representation of each input ele‐
ment simultaneously encodes the information of both its coordinate 
value and position identity.

4.2.3　Transformer encoder

The Transformer encoder module is the core computational 

engine of the entire model, responsible for processing the high-

dimensional feature sequences generated by the input embedding 

module. This module is composed of a stack of identical encoder 

layers, each consisting of a multi-head self-attention submodule 

and a point-wise feedforward network submodule, with residual 

connections and layer normalization applied to ensure the training 

stability.

The multi-head self-attention submodule performs global infor‐

mation exchange, dynamically updating each coordinate’s features 

with the context from the entire input sequence. The feedforward net‐

work then applies a nonlinear transformation to each feature inde‐

pendently, thereby enhancing the model’s representational capacity. 

Through multiple layers of iterative computation, the encoder out‐

puts a refined boundary-aware feature sequence for the subsequent 

coordinate prediction.

4.2.4　Coordinate prediction

The coordinate prediction module decodes the boundary-aware 

feature sequence from the encoder to generate a precise prediction 

for the masked coordinate. First, the input mask vector M mask selects 

the feature vector corresponding to the masked coordinate from the 

encoder’s output sequence. Then, the extracted feature vector is fed 

into a prediction head composed of a multilayer perceptron (MLP), 

which nonlinearly maps the high-dimensional feature back to a 

one-dimensional space, producing the final predicted value at the 

masked position.

Fig. 4  Self-supervised sample augmentation and masking strategy

Fig. 3  Architecture of the Transformer-based SR boundary characterization model
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4.3 Model training

To enhance the training efficiency and generalization ability, a 
dynamic training strategy based on validation set performance is 
adopted. The training process aims to minimize the mean squared 
error (MSE) between the predicted values and the true labels. During 
training, the model’s loss on the validation set is continuously 
monitored. If the validation loss ceases to decrease for a preset 
number of epochs, the learning rate is automatically reduced via an 
adaptive learning rate adjustment mechanism to help the model 
escape from local optima and reach a more precise solution. Con‐
currently, to prevent overfitting, an early stopping strategy is imple‐
mented. If the validation loss fails to improve for multiple epochs 
after a learning rate adjustment, the training is terminated prema‐
turely, and the model weights that achieve the best performance on 
the validation set are saved as the final model.

4.4 Evaluation metrics

The performance of the proposed SR characterization approach 
is evaluated using the following three metrics: mean absolute percent‐
age error (MAPE), root mean squared error (RMSE), and adjusted 
R-squared (ARS).

1. MAPE 
MAPE is used to measure the relative accuracy of the model’s 

predictions for the SR boundary points. A smaller value indicates a 
higher prediction accuracy. However, MAPE can excessively mag‐
nify errors when the true value is close to zero. MAPE is calculated as

MAPE =
1

N test
∑
i = 1

N test

 
|

|
|
||
||

|
|
||
| yi − ŷi

yi

×100%, (21)

where N test is the total number of test samples, and yi and ŷi are the 

true and predicted coordinate values of the ith sample, respectively.
2. RMSE 
RMSE also measures the model’s prediction accuracy. Because 

it is more sensitive to larger errors, it can better reflect the stability 
and deviation of the prediction results. A smaller value reflects a 
lower overall deviation between the predicted and true values. The 
expression of RMSE is

RMSE =
1

N test
∑
i = 1

N test

( yi − ŷi )2 . (22)

3. ARS 
To further evaluate the goodness of fit of the model from a sta‐

tistical perspective, that is, its ability to capture the overall geometric 
shape of the SR boundary, ARS is introduced as a supplementary 
evaluation metric (Xie, 2021). ARS considers the number of input 
features when evaluating, introducing a penalty for model complex‐
ity. Therefore, it provides a more unbiased measure of the model’s 
explanatory power. A value closer to 1 suggests a more precise fit 
and stronger explanatory power. The calculation formula is

ARS = 1− fRSS / ( N test − nf − 1)
fTSS / ( N test − 1)

, (23)

where fRSS is the residual sum of squares between the predicted 

and actual boundaries; fTSS is the total sum of squares of the actual 

boundaries; nf denotes the number of input features used in the 

ARS evaluation.

5 Case studies 

5.1 Simulation setup

To validate the effectiveness of the proposed DRO and DL-based 

approach for power grid SR characterization, case studies are 

conducted on the IEEE 33-bus and IEEE 123-bus systems shown in 

Fig. 5. Compared with the standard IEEE 33-bus system (Dolatabadi 

et al., 2021), the system in Fig. 5a is modified by placing a wind 

turbine at bus 8 and conventional generators at buses 7, 21, 24, and 

30. Additionally, the loads at buses 3 and 6 are modeled as uncer‐

tain loads. Similarly, the IEEE 123-bus system (Bharati et al., 2023) 

in Fig. 5b is adapted by adding wind turbines at buses 7 and 53 and 

conventional generators at buses 18, 24, 46, 60, 77, and 105, and 

by treating the loads at buses 13 and 76 as stochastic. Since the 

standard IEEE 33-bus and 123-bus benchmarks lack controllable 

generation, conventional generators are added to describe the feasible 

operation region. Our approach is a general-purpose method that 

remains effective irrespective of the location of these generators 

within the network. The detailed parameters of the added generators 

are listed in Table 1. All simulations are performed on a workstation 

with an Intel® CoreTM i9-14900K CPU and an NVIDIA GeForce 

RTX 4090 GPU. The algorithms are implemented in Python, and the 

models are built and trained using the PyTorch DL framework.

The historical wind power data used to train the scenario gen‐

eration model consist of one year of offshore measurements from 

Eastern China sampled every 15 minutes. Based on this dataset, the 

diffusion model described in Section 3.1 is employed to generate 

500 high-fidelity wind power scenarios. As this study focuses on the 

SR at a single time instance, only the values at 12:00 from all sce‐

narios are extracted for the subsequent analysis. Representative gen‐

erated scenarios together with the forecast are depicted in Fig. 6. 

The scenarios generated by the diffusion model follow the forecast 

trend and encompass it, validating the effectiveness of diffusion 

model-based scenario generation.

Both the renewable uncertainty and stochastic load deviations 

are considered in the case studies. The load uncertainty is represented 

by deviation samples around the corresponding typical load curves. 

These samples are then combined with the diffusion-generated 

renewable scenarios to form the joint uncertainty samples used in the 

DRO-based boundary search.

5.2 Performance and validation

5.2.1　Dataset construction

Taking the IEEE 33-bus system as an example, the construction 

of the dataset for model training and validation is illustrated. The 

generator outputs at buses 21 and 24 are set as conditional variables 

and the generator output at bus 7 as the target variable, denoted as 

PG1, PG2, and PG3, respectively. By uniformly discretizing the 

conditional variables within their feasible ranges and performing 

boundary solving of the target variable for each sampled combina‐

tion, a dataset containing all feasible boundary points is ultimately 
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generated, which is then randomly split into 80% for training and 
20% for validation.

To evaluate the generalization of the model, an independent 
ACPF-based test set is used to assess the physical consistency of 
the generated boundary points. This test set is not only employed to 

assess the generalization performance of the model on out-of-sample 

data, but also serves as a benchmark to verify the consistency between 

the training data generated from the DistFlow power flow approxi‐

mation model and the actual physical boundaries of the system.

5.2.2　Convergence analysis

The proposed approach is compared against four baseline 

models on the IEEE 33-bus system: convolutional neural network 

(CNN), graph neural network (GNN), MLP, and recurrent neural 

network (RNN). All models are trained and evaluated under identi‐

cal conditions.

Fig. 7 displays the training loss (MSE) curves for the five 

models. The proposed Transformer-based model demonstrates a 

superior performance in both the convergence speed and the final 

accuracy. Its training loss drops rapidly within the first 50 epochs 

and stabilizes at the lowest level, outperforming the other baseline 

models, which show clear gaps in either convergence speed or the 

final precision. Furthermore, the proposed model exhibits strong 

generalization, as its validation loss closely tracks the training loss 

without significant divergence. This indicates that the model effec‐

tively avoids overfitting and confirms its superior learning efficiency 

and fitting capability.

5.2.3　Accuracy assessment and computational time

To show the performance on the unseen data, all models are 

evaluated on an independent ACPF-based test set. Table 2 summa‐

rizes the fitting accuracy. Table 3 reports the offline training time 

and the average inference time required for a boundary point.

Table 2  Accuracy comparison of different models on the test set of the 
IEEE 33-bus and IEEE 123-bus systems

Case 

index

1

2

3

4

5

MAPE (%)

IEEE 

33-bus

0.29

0.68

1.97

2.40

1.28

IEEE 

123-bus

0.38

0.75

1.92

2.51

1.47

RMSE

IEEE 

33-bus

0.39

0.87

2.27

3.35

1.63

IEEE 

123-bus

0.57

0.89

2.34

3.67

1.87

ARS (×10−2)

IEEE 

33-bus

99.99

99.97

99.88

99.66

99.89

IEEE 

123-bus

99.99

99.97

99.75

99.61

99.91

Fig. 7  MSE loss convergence for different models on the IEEE 33-bus 
system (Case 1: the proposed Transformer-based model. Case 2: a CNN-
based model. Case 3: a GNN-based model. Case 4: an MLP-based model. 
Case 5: an RNN-based model)

Fig. 5  IEEE 33-bus (a) and IEEE 123-bus (b) systems used in this study

Table 1  Parameters of the added conventional generators

System

IEEE 33-bus

IEEE 123-bus

Generator location (bus No.)

7, 21, 24, 30

18, 24, 46, 60, 77, 105

P max
g ( MW )

2

2

P min
g ( MW )

0

0

Fig. 6  Generated wind power scenarios using the diffusion model
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The proposed Transformer-based model achieves the best ac‐

curacy across all metrics. Although CNN, MLP, and RNN are slightly 

faster, all compared models operate at the millisecond level in infer‐

ence, so the speed difference is negligible for online applica‐

tions. For this type of boundary-sensitive problem, even seemingly 

moderate prediction errors may cause noticeable deviations in the 

reconstructed feasible boundary and may further affect the reliability 

of security assessment near the boundary. From this perspective, the 

accuracy improvement of the proposed Transformer-based model 

is practically meaningful and justifies the slight increase in the 

computational cost.

In addition, the training time depends on the model architec‐

ture, input dimension, and sample size. Consequently, Table 3 shows 

similar training times for the IEEE 33-bus and IEEE 123-bus systems. 

The inference times for the two test systems are also nearly identical, 

as inference time is primarily determined by the model architec‐

ture, which remains constant across both systems. Thus, the results 

demonstrate the consistent computational efficiency of the proposed 
approach when applied to different grid scales.

5.2.4　Validation of power flow approximation

The proposed DRO-based boundary-point search is formulated 
on the DistFlow model, for which a tractable reformulation is avail‐
able, whereas no directly comparable tractable counterpart exists 
under the standard ACPF model. Hence, the ACPF model is used 
only for ex-post validation. The results show that the model trained 
on DistFlow-based boundary points still achieves very high fitting 
accuracy on an independent ACPF-based test set, indicating that 
the DistFlow-determined boundaries are highly consistent with the 
actual physical boundaries and sufficiently accurate for subsequent 
DL model training.

Fig. 8 shows the three-dimensional SR boundary surface for 
both the IEEE 33-bus and IEEE 123-bus systems, as reconstructed 
by the proposed model. The space enclosed by this surface and the 
three coordinate planes, i.e., the XY-, XZ-, and YZ-planes, constitutes 
the determined SR. For a clearer assessment, Fig. 9 depicts a two-
dimensional slice for the IEEE 33-bus and IEEE 123-bus systems, 
comparing the fitted boundary (orange line) with the true ACPF-based 
boundary points (blue dots). The high degree of overlap visually 
confirms the accuracy of the proposed approach.

5.3 Scalability and flexibility

5.3.1　Scalability and observational flexibility

A significant advantage of the proposed approach lies in its 
flexibility with respect to observation directions. While a single 

Table 3  Computational time comparison of the IEEE 33-bus and IEEE 
123-bus systems

Case index

1

2

3

4

5

Training time (s)

IEEE 33-bus

128.63

94.57

134.67

58.40

114.06

IEEE 123-bus

118.69

89.67

129.56

54.14

112.98

Inference time (ms)

IEEE 33-bus

0.5215

0.3306

0.5389

0.2917

0.5067

IEEE 123-bus

0.5276

0.3298

0.5316

0.2899

0.5012

Fig. 8  Visualization of the constructed SRs: (a) IEEE 33-bus system; (b) IEEE 123-bus system

Fig. 9  Two-dimensional SR accuracy comparison: (a) IEEE 33-bus system; (b) IEEE 123-bus system
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target variable is optimized at the boundary point search stage, the 
trained DL model enables multi-dimensional cross-prediction. Taking 
the three-dimensional SR as an example, the same model can per‐
form predictions in XY→Z, XZ→Y, and YZ→X directions by apply‐
ing different conditional inputs and input mask vector M mask. The 
capability is verified and the results are presented in Table 4.

As shown in Table 4, the proposed approach exhibits extremely 
high fitting accuracy across different observation directions for both 
the IEEE 33-bus and IEEE 123-bus systems. These results clearly 
demonstrate two principal merits of the proposed approach: (1) the 
approach has good scalability, enabling effective application to power 
systems of different scales; (2) the trained model is multi-functional, 
allowing for flexible, multi-perspective observation and evaluation 
of SR.

5.3.2　High-dimensional analysis

Characterizing high-dimensional SR has long been a bottle‐
neck for traditional methods because of their invisibility. To assess 
the proposed approach’s performance in a high-dimensional space, 
a five-dimensional SR for the IEEE 123-bus system is constructed 
and evaluated.

The study chooses the active power outputs of five generators 
as the observation variables to create a five-dimensional boundary 
point dataset. An independent ACPF-based test set of 300 five-
dimensional boundary points is generated. During evaluation, one 
dimension is randomly selected and predicted from the other four 
dimensions.

As shown in Table 5, the low MAPE and RMSE values indi‐
cate that the approach can successfully learn the complex geometry 

of the five-dimensional SR. It overcomes the reliance of traditional 
approaches on dimensionality reduction mapping, demonstrating 
that the approach is a scalable analytical tool with significant ad‐
vantages in handling high-dimensional SR.

5.4 Robustness analysis

For the sake of visualization, the robustness of the proposed 
SR boundary characterization approach is analyzed.

5.4.1　Comparison of uncertainty handling

Handling renewable and load uncertainty is a core challenge 
for power system security. As a tool that intuitively illustrates the 
system’s operating boundaries, the practical value of the SR guid‐
ing schedule decisions depends directly on its ability to effectively 
and reasonably account for such uncertainty. Three approaches are 
compared to demonstrate that our proposed DRO-based approach 
provides a better balance between robustness and conservatism. 
Fig. 10 illustrates the SR of the IEEE 33-bus and IEEE 123-bus 
systems constructed by the three approaches:

Case 1: the proposed approach.
Case 2: a deterministic approach using forecast values.
Case 3: a traditional RO approach from the reference (Chen 

et al., 2019) for the worst-case scenario.
The hierarchical relationship among the three SRs can be 

clearly observed in Fig. 10. The deterministic approach ignores the 
uncertainty, resulting in an overly optimistic boundary that encloses 
the largest area. Conversely, the SR derived by the traditional RO 
approach is the smallest and the most conservative; while it offers 
the strongest security guarantee by defending against the worst-case 
scenario, it does so at the cost of an overly compressed SR that 
severely limits the operational flexibility. Our proposed DRO-based 
approach achieves a balance between these two extremes. This 
approach rigorously accounts for the uncertainty by constructing 

Table 5  Model fitting accuracy for a five-dimensional SR of the IEEE 
123-bus system

Observation dimension

Five-dimensional

MAPE (%)

0.51

RMSE

0.61

ARS (×10−2)

99.99

Table 4  Model accuracy for different test systems and observation 
directions

Direction

XY→Z

XZ→Y

YZ→X

Average

MAPE (%)

IEEE 33-bus system

0.25

0.30

0.32

0.29

IEEE 123-bus system

0.28

0.52

0.34

0.38

Fig. 10  SRs under different uncertainty handling approaches: (a) IEEE 33-bus system; (b) IEEE 123-bus system
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an ambiguity set of probability distributions, while avoiding over-
reaction to extreme events with very low probabilities.

5.4.2　Analysis of key parameters

Two key tunable parameters that control the DRO-based SR 
boundary are analyzed: the confidence level β for the ambiguity set 

and the risk parameter δ for the chance constraint.
The confidence level β determines the size of the data-driven 

ambiguity set and is directly related to the approach’s conservatism. 
For ease of illustration, the following analysis uses a two-dimensional 
SR from a specific observation perspective. Fig. 11 shows the SR 
boundaries of the IEEE-33 bus and IEEE-123 bus systems at different 
confidence levels with a fixed risk parameter δ=10%. As β rises from 

80% to 99%, the SR boundary contracts inward, and the feasible 
area decreases. A higher confidence level yields a larger ambiguity 
set containing more plausible uncertainty distributions. As the ambi‐
guity set radius ρ increases, more low-probability extreme scenarios 

are included, and the feasible region found by the search model will 
correspondingly decrease.

The risk parameter δ defines the maximum violation risk the 
system can tolerate under the worst-case probability distribution. 
Fig. 12 shows the SR boundaries of the IEEE-33 bus and IEEE-123 
bus systems for different risk parameters at a fixed confidence level 
β=95%. The SR shrinks as δ decreases from 20% to 1%. A lower risk 

parameter implies that the uncertainty-related chance constraints 
must be satisfied with a higher probability under the worst-case dis‐
tribution. To satisfy these stricter constraints, the optimization model 

must remain feasible under a wider range of uncertainty realizations, 
which ultimately leads to a contraction of the SR.

Therefore, the confidence level β and risk parameter δ are two 

key tunable parameters in the proposed DRO-based framework. 
They provide a flexible mechanism to adjust the SR, balancing the 
trade-off between the excessive conservatism of the RO-based ap‐
proach and the over-optimism of the deterministic one.

5.4.3　Application of the proposed SR approach

Taking the operating point (red dot) in Fig. 10 as an example, 
although it appears secure in the deterministic approach, it becomes 
insecure once uncertainty is considered. Furthermore, in the actual 
operations, the system must retain a security margin to withstand 
unforeseen disturbances, and traditional SR solving methods struggle 
to incorporate an explicitly quantified margin. The core advantage 
of the proposed approach lies in its adjustability. Based on the 
system’s operating state and security criteria, decision-makers can 
flexibly construct a “customized” SR with an embedded, quantified 
security margin by jointly adjusting the confidence level and the 
risk parameter. The resulting region is robust yet not overly conser‐
vative, offering a practical boundary for scheduling decisions.

6 Conclusions and future work 

In this paper, a general approach is proposed to characterize 
the high-dimensional SR of power systems under uncertainties from 

Fig. 11  SRs at different confidence levels: (a) IEEE 33-bus system; (b) IEEE 123-bus system

Fig. 12  SRs at different risk parameters: (a) IEEE 33-bus system; (b) IEEE 123-bus system
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high renewable energy penetration, using a framework consisting 

of DRO-based boundary point search and DL-based boundary fit‐

ting. The Transformer-based DL model accurately fits the SR, over‐

coming the curse of dimensionality common to traditional methods 

in high-dimensional spaces and showing good universality. A com‐

parison of uncertainty handling methods and a sensitivity analysis 

of key parameters confirm that our approach effectively balances 

robustness and conservatism. Its inherent tunability provides a 

practical and economically valuable decision support tool for grid 

operators.

In our future work, the approach may be generalized to other 

networks, such as microgrids and integrated energy systems. More‐

over, its core concept can be applied to characterize other operational 

domains, including energy-carbon or economic feasibility regions.
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