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Hierarchical algorithm for large-scale irregular packing problems

Xiao LIU*

School of Civil Engineering & Transportation, South China University of Technology, Guangzhou 510640, China

Abstract: To address the challenge of large-scale packing problems, this paper proposes a novel hierarchical algorithm based on the 
geometrical classification of parts. The algorithm begins by classifying parts into three levels based on their area and fullness and then 
applies distinct packing strategies to each category. An innovative “shape matching” method is introduced, which, together with the “box 
stacking” (for rectangular parts) and “gravity packing,” forms a comprehensive hierarchical packing system. Level‑1 comprises large 
rectangular parts, which are arranged using the box stacking algorithm. By aligning the corner points of the parts’ bounding boxes, this 
method avoids the hooking issue commonly encountered in gravity packing. Level‑2 includes both large, irregular parts and medium-sized 
parts. They are first processed using the shape matching algorithm, where rotation and translation are applied to achieve contour 
complementarity. The quality of the match is evaluated using the shape matching coefficient (SMC). If the SMC fails to reach the preset 
quality threshold, the system switches to box stacking (for large, irregular parts) or gravity packing (for medium-sized parts). Level‑3 
comprises the remaining smaller parts and those that failed to pack in the previous two levels. For these parts, shape matching is attempted 
first, and the system resorts to gravity packing in case of failure. The experimental and comparative results demonstrate that the proposed 
hierarchical algorithm achieves higher material utilization than the traditional gravity packing algorithm. This improvement is facilitated by 
the box stacking and shape matching strategies, which promote a more orderly and compact arrangement of parts.

Key words: Large-scale packing; Hierarchical algorithm; Box stacking; Shape matching; Gravity packing; Principle of minimum potential 
energy

1 Introduction 

Packing problems involve the optimal arrangement of parts of 
varying shapes and sizes on raw materials, such as metal sheets, 
fabrics, and wood, to maximize material utilization while satisfy‐
ing process constraints, including orientation and gap requirements 
(Francescatto and Júnior, 2025). This process is widely employed in 
industries such as sheet metal processing, garment manufacturing, 
and furniture production, and directly affects both material costs and 
production efficiency.

The trend in manufacturing is increasingly leaning toward ever-
larger scales. Taking the shipbuilding industry as an example, the 
larger a vessel’s deadweight tonnage is, the lower its unit manufac‐
turing and cargo transportation costs. This trend toward large-
scale manufacturing presents three primary challenges for packing 
problems: (1) a large quantity of parts; (2) irregular part geome‐
tries; (3) the use of multiple sheets (raw material plate). However, 

no existing studies have effectively tackled all three issues in an inte‐
grated manner. While Zhou et al. (2024) and Lai et al. (2025) focused 
on the large-scale packing problem of regular parts (with the number 
of circles reaching 1000), research on the packing of irregularly 
shaped parts (Stoyan and Pankratov, 1999; Cheng and Rao, 2000; 
Costa et al., 2009; Al Theeb et al., 2021; Liu YL and Zheng, 2025) 
is limited to a maximum of 450 parts and one single sheet. Guo et al. 
(2025) investigated the packing of irregular parts on multiple sheets, 
but their study only considered a maximum of 130 parts.

This paper proposes a new packing algorithm that can pack 
1400 irregular parts across multiple sheets while maintaining the 
computation time suitable for engineering applications. The algo‐
rithm classifies parts by area and fullness and employs a combina‐
tion of “box stacking,” “shape matching,” and “gravity packing” 
strategies. Among these, box stacking is essentially a form of rect‐
angular packing, gravity packing refers to an algorithm devel‐
oped over the past decade, and shape matching is a novel method 
introduced in the present work. Before presenting the proposed ap‐
proach, it is helpful to briefly review traditional algorithms for rect‐
angular and irregular part packing.

In certain engineering applications, the area of rectangular parts 
constitutes a significant proportion of the total area. For instance, 
in shipbuilding, the presence of a parallel mid-body results in a 
large number of parts that are approximately rectangular in shape 
(hereinafter referred to as “box-like parts”), with the remaining parts 
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being irregular. The area of these box-like parts can account for up 
to 58.0% of the total area encompassing all parts.

The placement of rectangular parts is straightforward and, due 
to the absence of overlapping detection, is significantly faster than 
that of irregular parts. Common rectangular layout heuristic algo‐
rithms include the below-left (BL) heuristic algorithm (Baker et al., 
1980), corner-occupying action (Chen and Huang, 2007), and four 
corners􀆳 heuristic algorithm (Binkley and Hagiwara, 2007). Among 
these, the BL heuristic algorithm is the earliest and most widely 
used algorithm. Its principle is as follows: a rectangular part starts at 
the top-right corner of the sheet, moves downward as far as possi‐
ble and then leftward until it can no longer move, and repeats this 
sequence until it can move no further.

Because of its simplicity and strong performance, the BL strat‐
egy has been adopted in subsequent research. However, its inherent 
shortcomings have prompted the development of numerous improved 
BL-based heuristics algorithm. A notable example is the down pri‐
ority BL strategy (DPBL) method proposed by Liu DQ and Teng 
(1999), which was designed to overcome the specific limitations of 
the original algorithm. The DPBL holds that downward translation‐
al movement takes precedence over leftward movement, which is 
more consistent with the motion law of objects in a gravitational 
field and reflects gravity 􀆳s influence on object motion. In addition 
to the considerations addressed by the DPBL, another common 
issue with the BL algorithm is its tendency to leave unused “holes” 
in the sheet. To solve this problem, the bottom left filling (BLF) 
algorithm was developed (Chazelle, 1983). This algorithm records 
the position points formed by the previously packed parts. For each 
new part to be placed, it visits these key points (i.e., aligns its bot‐
tom-left corner with the position point) and calculates the height of 
its center of gravity at each location. By comparing these heights, 
the position corresponding to the lowest center of gravity is select‐
ed as the optimal placement. This strategy encourages parts to set‐
tle into lower, more stable positions, thereby improving the utiliza‐
tion of available space.

While the above methods focus primarily on rectangular parts, 
the challenge of packing irregular parts has also been extensively 
studied, often building upon principles derived from rectangular 
packing algorithms. For instance, Hopper (2000) replaced irregular 
parts with their bounding boxes, thereby converting the irregular 
packing problem into a rectangular one. However, this approach 
evidently fails to fully use the gaps between irregular parts. After 
decades of development, two main research directions have emerged 
in the field of irregular part packing: no-fit polygon (NFP)-based 
packing and gravity packing.

NFP was employed to generate non-overlapping regions, in 
which an unpacked part can be placed in contact with the already 
packed parts. Since its application to packing problems by Alba‐
no and Sapuppo (1980), NFP has been widely adopted by research‐
ers. The key advantage of this method is its capacity to exhaus‐
tively locate all optimal positioning points around packed parts. 
Nevertheless, this approach is subject to constraints. Specifically, 
any rotation of the part necessitates the recalculation of NFP, and 
the algorithm for generating NFPs for concave polygons is notably 
complex and computationally demanding.

Dowsland et al. (1998) proposed a jostling algorithm that 
treats parts like granular material in a bottle. Shaking the “bottle” 

continuously can make the “granular stuff” more compact. Despite 
this, they readily acknowledged that the underlying mechanism by 
which lateral shaking improves packing density was unclear.

Liu HY and He (2006) proposed a method to identify the opti‐
mal packing position by selecting the location with the lowest cen‐
ter of gravity using the NFP. Their procedure is as follows: first, 
the part’s center of gravity is set as the reference point; then, an 
internal NFP is generated for each possible rotation angle of the 
part; finally, the position with the lowest center of gravity is identi‐
fied among these NFPs. The coordinates and rotation angle corre‐
sponding to this position define the optimal packing attitude for the 
part.

Lee et al. (2008) introduced an algorithm that places a set of 
equally spaced candidate points in the sheet. For each point, the 
part is translated to that location and rotated around it while contin‐
uously evaluating the variation of its centroid (x, y). The final pack‐
ing attitude is determined by the position and angle that minimize 
the distance from the part’s center to the origin of the coordinates.

As shown in the three papers above, gravity plays an essential 
role in the packing process. Inspired by this insight, Liu X and Ye 
(2011) used the principle of minimum potential energy to explain 
the physical meaning of part movement in packing problems and 
proposed a new irregular part packing algorithm—a heuristic algo‐
rithm based on the principle of minimum total potential energy 
(HAPE). The principle of minimum potential energy is a concept 
in structural mechanics that explains the variation of energy Π=U+
V in a structure during loading and deformation (U is the elastic po‐
tential energy and V is the positional potential energy): a structural 
system always tends to keep its energy as low as possible. Given 
that the parts do not deform during the packing process, their elastic 
potential energy can be neglected; thus, only V=Gy needs to be con‐
sidered. Given that G is a constant, the system seeks to minimize 
the part’s y value to achieve the lowest possible energy. HAPE gen‐
erates a large set of packing points across the plate. A part ex‐
plores these points by being sequentially translated and rotated at 
each location while checking for collisions with the sheet boundary 
or the already packed parts.

While HAPE achieves competitive packing results as a gravity-
driven method, it prioritizes satisfying physical principles over 
enhancing the material utilization rate. In contrast, this paper  
proposes a novel hierarchical algorithm with the primary goal of 
maximizing material utilization rates for large-scale packing prob‐
lems. It classifies parts into three distinct groups based on size and 
shape fullness. The first group is arranged using the box stacking 
method; the second employs a shape matching approach, with either 
box stacking or gravity packing as a fallback; the third uses either 
shape matching or gravity packing. By applying appropriate pack‐
ing strategies to each part type, this method prioritizes layout regu‐
larity and packing tightness, thereby achieving higher material uti‐
lization than physics-first approaches such as HAPE. The effec‐
tiveness of the proposed algorithm is validated through two experi‐
mental studies. In recent years, Guerriero and Saccomanno (2023) 
also proposed a hierarchical algorithm. However, this hierarchy pri‐
marily addressed heuristic algorithms rather than the dimensions 
and shapes of the parts. Furthermore, the maximum number of 
parts handled in the experiments discussed in their study was 60, 
and rotation or flipping of the parts was not permitted.
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2 Hierarchical packing algorithm 

Before elaborating on the hierarchical packing algorithm, it is 
necessary to define the size and fullness of parts.

2.1 Definitions

1. Part size
Parts are defined by size according to the area of their outer 

domain (excluding inner holes), as shown in Table 1. It should be 
noted that part sizes are not absolute; the standard for large, me‐
dium, and small parts shown in Table 1 is specific to the field of 
shipbuilding engineering, such as container ships with a gross 
tonnage of around 100 000 tons. Users in other engineering fields 
should select an appropriate area threshold based on their own 
characteristics or calculate it using Eq. (1).
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where W is the width of the sheet.

2. Block coefficient
Parts can be categorized according to a property referred to 

as their fullness (Fig. 1), which is defined by the block coeffi‐
cient Cb:

Cb=Ao/Ab, (2)

where Ao is the area of the part’s outer domain, and Ab is the area 
of the part’s bounding box.

2.2 Gravity packing

The heuristic packing algorithm HAPE uses the principle of 
minimum potential energy in structural mechanics: during the 

packing process, parts always try to lower the height of their center 
of gravity through translation or rotation (Fig. 2). Since part packing 
is controlled by gravity, we might also call the HAPE algorithm 
“gravity packing.”

As illustrated in Fig. 3, during gravity packing, a part must 
visit each packing point on the sheet and rotate by specified angles. 
After eliminating infeasible packing attitudes, the one with the lowest 
center-of-gravity height is selected as the final attitude. For the spe‐
cific implementation method, please refer to Liu X and Ye (2011).

2.3 Shape matching

Shape matching refers to the process whereby two parts with 
similar shapes achieve shape complementarity through rotation and 
sliding. As shown in Fig. 4, the green part A has been packed and 
fixed to the sheet, and the red part B is ready to be packed. After rotat‐
ing 180° and sliding downward, part B is fitted together with part A.

While gravity packing follows the physical laws governing 
part movement, it does not prioritize enhanced material utilization 
in all cases. As depicted in Fig. 5, part A has already been packed, 
while part B is awaiting packing. According to the principle of 
minimum potential energy, part B will adopt the packing attitude 

Table 1  Part size (outer domain area)

Range of A (m2)

A⩾A1

A0⩽A<A1

A<A0

Part size

Large

Medium

Small

A represents the outer domain area, A1=0.5 m2, and A0=0.05 m2

Fig. 1  Block coefficients of various parts

Fig. 2  Gravity packing (gravity directed vertically downward): (a) unstable 
(high center of gravity); (b) relatively stable (lower center of gravity); (c) 
the most stable (lowest center of gravity)

Fig. 3  Packing points and attitudes (gravity directed horizontally left‐
ward). PPD: packing point distance

Fig. 4  Shape matching: (a) parts with similar shapes; (b) part B rotated 
by 180°; (c) part B slides downward to be fitted together with part A
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shown in Fig. 5a to lower its center of gravity. Conversely, if the 

shape matching algorithm is used, part B will be packed as illustrat‐

ed in Fig. 5b. Although this results in a higher center of gravity for 

part B, it frees up more space in the bottom-right corner of the 

sheet, thereby creating more favorable conditions for packing a 

third part C, as demonstrated in Fig. 6b.

The following provides a detailed explanation of the relevant 

concepts and workflow for shape matching.

2.3.1　Definitions related to shape matching

1. Shape matching triggering criteria

Shape matching can be triggered by a similarity in one dimen‐

sion (length or width) of the bounding boxes, defined by a relative 

deviation of <1%. As shown in Fig. 7, the process can still proceed 

for parts A and B because their widths match exactly, even with a 

significant difference in length.

2. Shape matching coefficient

As illustrated in Fig. 7, assume that part A has already been 

packed, and part B is ready to be packed. To compare the effect of 

shape matching between parts A and B, the shape matching coeffi‐

cient (SMC) is designed as

SMC=detArea/blankArea×100%, (3)

where detArea represents the reduction in the bounding box area, 

which equals the sum of the respective bounding box areas of parts 

A and B minus the bounding box area of part AB assembly after 

shape matching; blankArea represents the total blank areas of parts 

A and B. Blank area represents the blank area of a part, i.e., Ab(1–
Cb), where Cb is the block coefficient and Ab is the area of the part’s 
bounding box, as shown in Eq. (2).

As depicted in Fig. 8, the blank area refers to the total area of 
the two unshaded regions (marked with arrows), which is the por‐
tion remaining after subtracting the shaded area from the part’s 
bounding box.

3. Shape matching quality

A larger SMC indicates better shape matching quality. The 

rationale behind Eq. (3) is explained below.

As shown in Fig. 9, after shape matching of parts A and B, the 

area of the bounding box of their combination is smaller than the 

sum of their individual bounding box areas. The difference between 

them is the detArea, which corresponds to the area of the shaded 

region in Fig. 9. Clearly, a larger detArea indicates better shape 

matching quality.

As shown in Fig. 10, the blank areas of part A align perfectly 

with the protruding areas of part B, and vice versa, enabling a per‐

fect shape match between them. The shaded detArea in Fig. 9 

equals the sum of the blank areas of parts A and B in Fig. 10. Sub‐

stituting this value into Eq. (3) yields that SMC=100%, which is 

consistent with subjective visual perception. A similar ideal com‐

patibility can be observed in Fig. 7.

As shown in Fig. 11, the blank areas of parts A and B are 36 mm2 

and 25 mm2, respectively, and their blankArea=61 mm2. As shown in 

Fig. 12, after shape matching, the reduction in the parts’ bounding 

box area detArea=6×8=48 mm2. Substituting them into Eq. (3) 

gives SMC=48/61=78.7%, which is also consistent with the subjec‐

tive visual perception.

Fig. 7  Part shape matching

Fig. 11  Part dimensions (unit: mm)

Fig. 9  Reduction in bounding box area

Fig. 10  Blank area and protruding area of parts

Fig. 6  Three-part packing (gravity directed downward): (a) gravity 
packing; (b) shape matching

Fig. 5  Two-part packing (gravity directed downward): (a) gravity 
packing; (b) shape matching

Fig. 8  Part bounding box and its blank area



ENGINEERING Inform Technol Electron Eng   2026 27(3):250080 | 5

2.3.2　Shape matching algorithm

As illustrated in Fig. 13, let part A be a packed part and part B an 

unpacked part. Once they meet the shape-matching triggering crite‐

ria, part B will perform shape matching with part A via sliding and 

rotation.

For the sake of discussion, the shape matching of part B to 

part A is temporarily assumed to be achieved solely through sliding 

contact—a process detailed in the algorithm by Liu X and Ye (2011).

1. Shape matching via sliding contact

Let part A be packed, and part B be ready to slide for shape 

matching with part A.

(1) Shape matching from the right side of part A

(a) As shown in Fig. 14, move part B to align the bottom-left 

corner of its bounding box with the bottom-right corner of part A’s 

bounding box.

(b) As depicted in Fig. 15, part B slides leftward to contact 

part A.

(c) If part B does not conflict with other parts or the sheet, cal‐

culate the SMC with reference to Eq. (3) and record part B’s pack‐

ing attitude att_R (att_R stores the positioning point and rotation 

angle required for part B). Here, att_R refers to the packing attitude 

obtained when part B slides leftward from the right side of the al‐

ready-packed part A.

(2) Shape matching from the top of part A

(a) As shown in Fig. 16, move part B to align the bottom-left 

corner of its bounding box with the top-left corner of part A’s 

bounding box.

(b) Move part B downward to contact with part A.

(c) If part B does not conflict with other parts or the sheet, cal‐

culate the SMC and record its attitude att_T. Here, att_T refers to 

the packing attitude obtained when part B slides downward from 

the top of the already-packed part A.

(3) Shape matching from the bottom of part A

(a) As illustrated in Fig. 17, move part B to align the top-left 

corner of its bounding box with the bottom-left corner of part A’s 

bounding box.

(b) Move part B upward to contact with part A.

(c) If part B does not conflict with other parts or the sheet, cal‐

culate the SMC and record its attitude att_B. Here, att_B refers to 

the packing attitude obtained when part B slides upward from the 

bottom of the already-packed part A.

2. Shape matching via both rotation and sliding

Part B in Fig. 18 can be placed in four orientations. Once an 

orientation is determined, we perform the previously described 

shape matching via sliding contact.

The pseudocode  in Algorithm 1 illustrates the complete shape 

matching process. Special attention should be paid to SMC_min, 

which serves as the threshold: if the SMC meets or exceeds this 

threshold, shape matching is performed; otherwise, the part is 

packed using the gravity packing algorithm (HAPE). In this way, 

the algorithm actively seeks a better material usage rate rather than 

merely conforming to physical constraints.

As shown in Fig. 19, shape matching produces a highly compact 

layout for all parts. The results in Fig. 20, obtained via gravity pack‐

ing, exhibit both poor regularity and low material utilization.

Fig. 18  Four rotational attitudes of part B

Fig. 13  Two parts trigger shape matching

Fig. 16  Part B slides downward to contact with part A

Fig. 15  After contact with part A

Fig. 14  Part B’s bottom-left corner coincides with part A’s bottom-right 
corner

Fig. 17  Part B slides upward to contact with part A

Fig. 12  Dimensions of the overlapping region of the part bounding boxes 
(unit: mm)
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2.4 Box stacking

Before detailing the box stacking algorithm, it is essential to 

understand its motivation. When packing parts with a high block 

coefficient (Cb>0.9), gravity packing methods often lead to local‐

ized interlocking or hooking between adjacent parts. As a result, the 

layout becomes disorderly, leaving multiple small, underutilized 

segments across the sheet. This effect is illustrated in Fig. 21: un‐

der a leftward horizontal gravitational field, the red-highlighted re‐

gion minimizes the x coordinate of its center of gravity (following 

Fig. 21  Hooking of box parts caused by gravity packing (assuming that 
gravity is directed horizontally leftward)

Fig. 20  Gravity packing (packing density=74.16%)

Fig. 19  Shape matching (packing density=80.89%)

Algorithm 1  Shape matching algorithm

Input:

PartA: packed reference part (contains geometric information: 

positioning point, vertex coordinates, etc.)

PartB: to-be-packed target part (contains geometric information: 

positioning point, vertex coordinates, etc.)

SMC_min: minimum threshold of the shape matching coefficient (a 

preset value)

Output:

att_opt: the optimal positioning attitude of PartB (positioning point 

coordinates+rotation angle)

pack_strategy: the final packing strategy for PartB (shape matching 

based packing/gravity packing algorithm HAPE)

SMC_opt: the optimal shape matching coefficient

// Step 1: multi-angle and multi-direction shape matching to determine the 

// optimal attitude

1:  Initialize att_R[4], att_T[4], att_B[4]  // Initialize arrays to store attitudes 

     // of PartB

2:  Initialize SMC_R[4], SMC_T[4], SMC_B[4] // Initialize arrays to store    

     // SMC values

3:  SMC_opt=−1.0  // Initialize the optimal SMC to a minimal value

4:  att_opt = null  // Initialize the optimal attitude as null

// Iterate over four rotation angles (0°, 90°, 180°, 270°)

5:  for i=0 to 3 do

          // Rotate PartB around its positioning point by i×π/2 rad

6:       rotated_PartB=Rotate(PartB, PartB.positioning_point, i×π/2)

          // (I) Perform shape matching via sliding contact from the right side     

          // of PartA, and calculate SMC using Eq. (3)

7:       SMC_R[i]=ShapeMatching(rotated_PartB, PartA, “right”)

8:       att_R[i]=(rotated_PartB.positioning_point, i×π/2)  // Record the            

          // attitude (positioning point+rotation angle)

          // (II) Perform shape matching via sliding contact from the top of PartA

9:       SMC_T[i]=ShapeMatching(rotated_PartB, PartA, “top”)

10:     att_T[i]=(rotated_PartB.positioning_point, i×π/2)

          // (III) Perform shape matching via sliding contact from the bottom of 

          // PartA

11:     SMC_B[i]=ShapeMatching(rotated_PartB, PartA, “bottom”)

12:     att_B[i]=(rotated_PartB.positioning_point, i×π/2)

13: end for

      // Screen the optimal attitude with the maximum SMC from all candidates

      // Integrate all attitudes and their corresponding SMC values

14: all_attitudes=[att_R[0..3], att_T[0..3], att_B[0..3]]

15: all_SMC=[SMC_R[0..3], SMC_T[0..3], SMC_B[0..3]]

      // Traverse all candidates to find the optimal solution

16: for j=0 to LENGTH(all_SMC)−1 do

17:     if all_SMC[j]>SMC_opt then

18:         SMC_opt=all_SMC[j]

19:         att_opt=all_attitudes[j]

20:     end if

21: end for

// Step 2: determine the final packing strategy based on the optimal SMC

22: SMC_min = 0.25  // Set the minimum threshold for shape matching

23: if SMC_opt>SMC_min then

24:     pack_strategy=“Shape Matching based packing (adopt att_opt)”

25:     Pack(PartB, att_opt)  // Pack PartB with the optimal attitude

26: else

27:     pack_strategy=“Gravity Packing Algorithm HAPE”

28:        Pack(PartB, HAPE_Algorithm())  // Pack PartB using the HAPE         

             // algorithm

29: end if
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the principle of minimum potential energy), causing it to hook with 
the green region at the bottom-left. Such local optimization at the 
expense of global efficiency is analogous to the traffic congestion 
caused by a few drivers cutting in line (Fig. 22). Conversely, Fig. 23 
shows how smooth flow is restored when rules are followed, which 
is the core idea behind the box stacking algorithm.

As shown in Fig. 24, if a part possesses both a large area and a 
high block coefficient (Cb>0.9), the box stacking algorithm should 
be prioritized. This algorithm is essentially a rectangular packing 
algorithm: the bounding box of the part to be packed is aligned with 
one of the corners of the bounding box of an already-packed part. 
In Fig. 25, the bottom-right corner of part A’s bounding box coin‐
cides with the bottom-left corner of part B’s bounding box; the top-
left corner of part B’s bounding box coincides with the bottom-left 
corner of part C’s bounding box.

The following details the box stacking process:

1.　Box stacking of part B from the right side of part A

Move part B so that the bottom-left corner of its bounding box 

coincides with the bottom-right corner of part A’s bounding box 

(Fig. 26).

If part B does not conflict with other parts or the sheet, record 

part B’s packing attitude (positioning point and rotation angle) 

and centroid.

2.　Box stacking of part B from the top of part A

Move part B so that the bottom-left corner of its bounding 

box coincides with the top-left corner of part A’s bounding box 

(Fig. 27).

If part B does not conflict with other parts or the sheet, record 

part B’s attitude (positioning point and rotation angle) and centroid.

3.　Box stacking of part B from the bottom of part A

Move part B so that the top-left corner of its bounding box 

coincides with the bottom-left corner of part A’s bounding box.

If part B does not conflict with other parts or the sheet, record 

part B’s attitude (positioning point and rotation angle) and centroid.

4. Rotate part B by 90° and repeat steps 1–3, as shown in 

Fig. 28.

Fig. 23  Compliance with traffic rules

Fig. 24  Box stacking can avoid mutual hooking of box parts

Fig. 25  Box stacking

Fig. 27  Stacking of part B from the top of part A (the bottom-left cor‐
ner of part B’s bounding box coincides with the top-left corner of part 
A’s bounding box)

Fig. 26  Stacking of part B from the right side of part A (the bottom-
left corner of part B’s bounding box coincides with the bottom-right cor‐
ner of part A’s bounding box)

Fig. 22  Traffic congestion caused by cutting in line
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5. Rotate part B by 180° and repeat steps 1–3.
6. Rotate part B by 270° and repeat steps 1–3.
7. Compare the multiple packing attitudes obtained from the 

above steps 1–6, and select the one with the smallest x coordinate of 
the centroid as the optimal attitude (assuming gravity acts horizon‐
tally to the left).

2.5 Hierarchical packing

1. Level-1 part packing
Level-1 parts refer to large rectangular parts, satisfying both 

of the following criteria: outer domain area A⩾A1 (Table 1) and block 
coefficient Cb>0.9.

Due to their box-like shape, level-1 parts should be packed 
using box stacking (as shown by the red parts in Fig. 29).

2. Level-2 part packing
Level-2 parts refer to large irregular parts or medium-sized 

parts, satisfying one of the following conditions:
(1) Large parts (A⩾A1, as shown in Table 1) with a block co‐

efficient Cb<0.9;
(2) Medium parts (A0⩽A<A1, as refer to Table 1).
As illustrated by the red parts in Fig. 30, shape matching is 

the primary method for level-2 parts. When satisfactory shape 
matching quality is not achieved (SMC<SMC_min), the following 
rules apply: large irregular parts are processed using box stacking, 
and medium parts are processed using gravity packing.

3. Level-3 part packing
Level-3 parts refer to small parts (outer domain area A<A0, as 

refer to Table 1) and those that failed to pack in the previous two 
levels. Their packing strategy is similar to that of level-2 medium  
parts (as shown by the red parts in Fig. 31): shape matching is the 
first choice as well; however, if it is unsuccessful (SMC<SMC_min), 
gravity packing is applied.

Comparing Figs. 31 and 32, hierarchical packing has better 
regularity and a higher packing density than gravity packing.

The program in this paper was developed in Microsoft Visual 

Studio C++ and executed on a personal computer with a 3.7 

GHz processor and 32 GB of memory. For 163 parts, the time con‐

sumed for single-plate hierarchical packing is only 1.52 s.

3 Experiments 

To evaluate the hierarchical algorithm proposed in this paper, 

we developed a packing program and carried out two sets of ex‐

periments. The program was executed on a computer with a 3.7 GHz 

CPU and 32 GB of memory. The program and experiment data 

can be downloaded from http://www.huagongchuanhai.cn/packing/

HierarchicalPacking.rar.

Fig. 31  Single-plate level-3 part packing, where material utilization=
83.17%, the number of parts=163, and calculation time=1.52 s

Fig. 30  Packing of level-2 parts

Fig. 29  Packing of level-1 parts

Fig. 28  Part B rotated by 90°, stacked from the right side (a), top (b), 
and bottom (c) of part A

Fig. 32  Single-plate gravity packing, where material utilization=82.41%, 
the number of parts=163, and calculation time=10.78 s
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3.1 Experiment 1

As shown in Figs. 33 and 34, the 1400 parts used in the first 

set of experiments were sourced from a shipbuilding manufacturer. 

Although both the hierarchical packing and gravity packing methods 

use 29 sheets, comparing the sheet indicated by the orange frame in 

the upper left corner, the former occupies about 2/5 of the sheet area, 

while the latter uses 5/6. It is clear that the former method achieves 

higher material utilization and a more compact nesting result.

We used the commercial software SigmaNest to pack this set 

of parts. It can be observed that SigmaNest, like the hierarchical 

packing algorithm, used 29 sheets. However, by examining the 

last sheet located in the upper-left corner in Figs. 33 and 35, it is 

evident that the hierarchical packing achieved a higher material uti‐

lization rate.

For a more detailed analysis, enlarged views of the local pack‐

ing diagrams are provided. As shown in Fig. 36a, the hierarchi‐

cal packing method achieves effective shape matching among the 

highlighted red parts. In contrast, Fig. 37a demonstrates that such 

shape matching is not attained using gravity packing. Similarly, the 

red parts in Fig. 36b are successfully packed using box stacking, 

whereas the corresponding parts in Fig. 37b do not form the box 
stacking configuration.

In terms of computational efficiency, the hierarchical packing 
completes the layout of 1400 irregular parts across 29 sheets in 
157.39 s, averaging 48.3 parts per sheet with a packing time of only 
5.43 s per sheet. These results indicate that the method fully satis‐
fies practical engineering requirements.

3.2 Experiment 2

To verify the adaptability of the algorithm proposed in this 
paper to other engineering fields, two examples from the standard 
public benchmarks (ESICUP: https://github.com/ESICUP) were 
selected for validation. The number of parts in both examples was 
increased to 10 times the original number. To further enhance the 
persuasiveness of the verification, we conducted comparative tests 
using the commercial software SigmaNest.

First, the benchmark case DAGLIx10 is analyzed. By compar‐
ing Figs. 38 and 39, it can be observed that the hierarchical pack‐
ing used six sheets, whereas SigmaNest required 6+1/10 sheets. 
The material utilization rate of the proposed algorithm is slightly 
higher.

Fig. 33  Multi-plate hierarchical packing (global view), where the number of parts=1400 and computation time=157.39 s

Fig. 34  Multi-plate gravity packing (global view), where the number of parts=1400 and computation time=154.31 s

Fig. 35  Multi-plate SigmaNest packing (global view), where the number of parts=1400 and computation time=356 s
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Why does the hierarchical packing algorithm achieve better re‐

sults? As shown in Fig. 40a, the parts highlighted in red achieve a 

relatively compact arrangement through shape matching. As shown 

in Fig. 40b, the red parts also achieve a relatively compact arrange‐

ment using the box stacking algorithm.

For the benchmark case Marquesx10, a similar comparative 

analysis yields the same conclusion as noted earlier (Figs. 41–43).
Fig. 40  Hierarchical packing (local view, DAGLIx10): (a) shape matching; 
(b) box stacking

Fig. 39  SigmaNest packing (global view, DAGLIx10), where the number 
of parts=300 and computation time=10.40 s

Fig. 38  Hierarchical packing (global view, DAGLIx10), where the number 
of parts=300 and computation time=1.23 s

Fig. 36  Multi-plate hierarchical packing (local view): (a) shape matching; 
(b) box stacking

Fig. 37  Multi-plate gravity packing (local view): (a) absence of shape 
matching; (b) absence of box stacking
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4 Conclusions 

For decades, gravity packing has been extensively adopted for 

both rectangular packing and irregular packing. However, a critical 

limitation of this heuristic algorithm is that it prioritizes physical 

principles over the geometric regularity of the packing layout under 

certain conditions. To address this deficiency, this study develops a 

hierarchical algorithm that prioritizes layout regularity. Specifically, 

parts are first arranged to meet regularity requirements by imple‐

menting two core strategies—box stacking and shape matching. 

Only when layout regularity cannot be achieved by the above meth‐

ods, will gravity packing be employed as an alternative.

The hierarchical algorithm not only improves material utiliza‐

tion by enhancing packing layout regularity but also offers an addi‐

tional benefit: it significantly improves packing speed through the 

introduction of box stacking and shape matching algorithms. This 
is because box stacking is essentially rectangle packing, which is 
considerably faster than irregular packing. Furthermore, shape 
matching does not require point-by-point inspection of packing 
locations, which makes it much faster than the HAPE algorithm.

The hierarchical packing algorithm proposed in this paper effec‐
tively addresses large-scale packing problems, handling up to 1400 
irregular parts, far exceeding the scale reported in most existing 
studies. With an average of 48.3 parts per sheet and an average 
packing time of only 5.43 s per sheet, the method fully meets the 
requirements for actual engineering problems.

The hierarchical packing algorithm categorizes parts into three 
levels by size and fullness and processes them sequentially: large 
rectangular parts are arranged using box stacking; large irregular 
parts and medium-sized parts are handled using shape matching; 
the remaining parts are processed either by shape matching or grav‐
ity packing. Both box stacking and shape matching contribute to im‐
proved packing regularity. Numerical examples demonstrate that 
pursuing packing regularity is not merely an aesthetic goal but also 
significantly enhances material utilization.

The shape matching algorithm employed within the hierar‐
chical packing framework is a novel approach that simulates the 
manual packing process. By translating and rotating parts with sim‐
ilar contours, it achieves a tighter packing layout. This algorithm 
places a higher priority on packing regularity and material utiliza‐
tion, while still applying the conventional gravity packing algorithm 
to parts unsuitable for shape matching. Accordingly, the proposed 
hierarchical algorithm does not seek to overturn conventional ap‐
proaches, but rather to systematically enhance them.
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