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Abstract The magnitude and distribution of observation
innovations, which have an important impact on the
analyzed accuracy, are critical variables in data assimilation.
Variational quality control (VarQC) based on the contami-
nated Gaussian distribution (CGD) of observation innovations
is now widely used in data assimilation, owing to the more
reasonable representation of the probability density function
of innovations that can sufficiently absorb observations by
assigning different weights iteratively. However, the
inaccurate parameters prevent VarQC from showing the
advantages it should have in the GRAPES (Global/Regional
Assimilation and PrEdiction System) m3DVAR system.
Consequently, the parameter optimization methods are
considerable critical studies to improve VarQC. In this
paper, we describe two probable CGDs to include the non-
Gaussian distribution of actual observation errors, Gaussian
plus flat distribution and Huber norm distribution. The
potential optimization methods of the parameters are
introduced in detail for different VarQCs. With different
parameter configurations, the optimization analysis shows
that the Gaussian plus flat distribution and the Huber norm
distribution are more consistent with the long-tail distribu-
tion of actual innovations compared to the Gaussian
distribution. The VarQC’s cost and gradient functions with
Huber norm distribution are more reasonable, while the
VarQC'’s cost function with Gaussian plus flat distribution
may converge on different minimums due to its non-
concave properties. The weight functions of two VarQCs
gradually decrease with the increase of innovation but
show different shapes, and the VarQC with Huber norm
distribution shows more elasticity to assimilate the
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observations with a high contamination rate. Moreover, we
reveal a general derivation relationship between the CGDs
and VarQCs. A novel schematic interpretation that classifies
the assimilated data into three categories in VarQC is
presented. They are conducive to the development of a
new VarQC method in the future.

Keywords data assimilation, variational quality control,
contaminated Gaussian  distribution, non-Gaussian
distribution, innovation

1 Introduction

The density distribution function of observation errors
and background errors play an important role in the
variational data assimilation (VarDA). VarDA expects the
background errors and observation errors to be Gaussian
distribution. With this hypothesis in mind, the estimation
of its posterior analysis will be the Best Linear Unbiased
Estimation (Swinbank et al., 2003; Pires et al., 2010). In
general, the assumption of Gaussian error distribution has
been the basis of data assimilation (DA) theory and is
widely used in the development of DA system (Parrish
and Derber, 1992; Courtier et al., 1998; Houtekamer and
Mitchell, 1998; Rabier et al., 2000).

Nevertheless, the actual errors are not necessarily fully
Gaussian. For example, many observation errors are non-
Gaussian distribution that shows longer tails compared to
the pure Gaussian distribution (Tukey, 1960; Fernandez
and Steel, 1998). The outliers are well outside of the
expected magnitude of observations, thus leading to a
non-Gaussian innovation (observation minus background)
distribution (Tavolato and Isaksen, 2015). The assimilation
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of these outliers is believed to hamper posterior analysis.
Therefore, the outliers’ quality control will be a critically
important process to improve posterior analysis.

As one quality control method, the variational quality
control (VarQC) and VarDA are mutually compatible. In
other words, VarQC known as online quality control was
performed simultaneously with the VarDA (Lorenc and
Hammon, 1988), rather than in a separate step before the
assimilation as in traditional offline quality control. It is
assumed that the non-Gaussian innovation distribution
comes from the non-Gaussian observation (outlier) errors,
while the background error is of a Gaussian distribution
(He et al., 2021). This non-Gaussian VarQC idea (Lorenc,
1988) was performed for laser Doppler wind observations,
which postulated the gross error with 50% probability
(Dharssi et al., 1992). Here the gross errors, which are
commonly identified as “bad” data or outliers, are
assumed to have come from instrument errors, human
origins, or during transmission of the observations (Kalnay,
2003). Considering the long tails caused by outliers,
Ingleby and Lorenc (1993) derived a VarQC theory by
using the probability density function (PDF) of Gaussian
plus a flat distribution of the observation errors. Subsequent-
ly, this VarQC algorithm was applied at the European
Center for Medium-Range Weather Forecast (ECMWF)
in the four-dimensional variational (4DVAR) system
(Anderson and Jarvinen, 1999). Besides, the Huber norm,
which was a non-Gaussian PDF, was introduced to
VarDA as an observation error distribution to develop
another VarQC (Tavolato and Isaksen, 2015). This study
also revealed that not all outliers are gross errors but
instead are probably genuine or important observations,
as described by Hampel (2001). For example, in the
situation where a forecasted thunderstorm was substantially
displaced from the observed thunderstorm, the wind site
was located between the forecasted thunderstorm and the
observed one. This wind, a correct observation, is likely
to be treated as gross error due to the anomalous innovation.
With the Huber-norm VarQC, the prediction system
greatly improved the accuracy of mesoscale weather
simulations, particularly for typhoons. Currently, VarQCs
strategies with different non-Gaussian PDFs have been
adopted in many DA systems. VarQC, in general, performs
well in operational prediction systems (Gauthier et al.,
2003; Su and Pursera, 2013; Wang and Lei, 2014; Storto,
2016) compared with the systems that only the conventional
quality control methods were used, including the back-
ground quality check (BgQC; Jarvinen and Unden, 1997),
extreme value check and other methods.

Two VarQCs were established in the GRAPES (Global
and Regional Assimilation and Prediction) m3DVAR (the
three-dimensional variational on model layer) system in
our prior work (Ma et al., 2017; He et al., 2021). Despite
the improvement of the mass field compared to the
control experiment, the GRAPES VarQCs did not produce
an apparent advantage for wind, specific humidity and the
upper levels’ mass field, possibly because of the
inaccurate parameters setting at different observation

621

variables and levels. Consequently, this study aims to
provide the potential parameter optimization methods to
overcome the inaccurate parameters problem in the
current GRAPES VarQC system. Meanwhile, a contaminat-
ed Gaussian distribution for observation errors is proposed
to reveal a general derivation relationship with the present
VarQCs. This derivation system will be utilized to
develop other new VarQCs in the future.

The paper is organized as follows. The non-Gaussian
CGD mode following the Gaussian errors mode is
proposed in Section 2. The potential parameters optimiza-
tion methods involved in VarQCs are provided for the
GRAPES m3DVAR system in Section 3. Subsequently,
the potential influences and sensitivities of different
setting parameters for VarQCs are analyzed in Section 4,
as well as a novel schematic interpretation of VarQC.
Finally, the conclusions and discussions are given in
Section 5.

2 Contaminated Gaussian distribution

The cost function in the GRAPES m3DVAR assimilation
(Ma et al., 2009) is defined as

J=Jy+J,. (D

On the right side are the background cost function (J),
which will not be changed in VarQC, and the
observational cost function (J,), which will be updated in
VarQC. The observation error distribution, in general,
obeys the following Gaussian PDF:

1 1 y—Hx)z]
exp|-= , 2

«ﬁm,p[z(ao @
where the subscript G denotes “Gaussian”. y and Hx
represent, respectively, the observed value and its model
equivalent. H is the observation operator. o, is the
observational error standard deviation. Under the
condition that observation error and background error are
Gaussian distribution and mutually independent, the
observational cost function can be derived by substituting
P = Pg into the following formula:

PG =

Jo=—InP+C, 3)

where C = —In( V270, and is a constant. Subsequently,
the observation cost function of the pure 3DVAR and its
gradient can be expressed as follow:
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VarDA also assumes that the probability of gross errors
(outliers) must be zero (after “perfect” quality control). In
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view of this, all the outliers in the observation data set
would be removed by using a conventional quality
control strategy. However, the outlier probability can
never equal zero after an imperfect conventional quality
control. This can be illustrated by the innovation statistics
(Fig. 1) of the geostationary meteorological satellite
(Meteosat-7) observations over a limit area and at a
random time. Note that the Gaussian profile is fitted with
a similar expectation-maximization algorithm (Sonder-
gaard and Lermusiaux, 2013) which is performed by
searching the ideal means and variances in a range near
the real means and variances of innovations. The green
boxes show a non-Gaussian distribution with two
apparent long tails beyond the Gaussian distribution (red
line), suggesting that the outlier probability is not zero.
Hence, due to the existence of these outliers, the
innovation (observation errors) distributions should
always be non-Gaussian distributions with longer tails. It
is well-known that the inconsistency between the
assumed observational error distribution mode (OEDM:
Zhu and Zeng, 1999) and the actual mode can greatly
reduce the effectiveness of DA, or even result in wrong
analysis (Fowler and van Leeuwen, 2013; Legrand et al.,
2016).

To fit the distribution of the errors more realistically, a
mixed-Gaussian distribution, coined as the contaminated
Gaussian distribution (Tukey, 1960), is put forward
aimed to reduce the bad impacts of outliers on the
posterior analysis. Basically, a mixed-Gaussian distribution
represents a “main” distribution slightly “contaminat-
ed” by a wider Gaussian distribution which has the same
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Fig. 1 The fitted Gaussian distributions (histogram) of innovation of
brightness temperature from geostationary meteorological satellite
(Meteosat-7). The green boxes indicate the non-Gaussian long-tail
histograms (distribution). The dashed line represents the approximation
between observation and background (ERAS5 reanalysis). The x-axis
represents the size of the innovation; the y-axis represents frequency. S
shows the total sample number of observations at 1200 UTC 10 June
2015.
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mean as the “main” distribution but with a larger
variance. In this way, the long tails of observation error
distribution caused by outliers can be represented
reasonably with this mixed-Gaussian CGD. In general,
the Gaussian distribution as the “main” distribution plus
some other distribution (including Gaussian distributions
with different means and variances) as the “perturbing
distribution” is defined as the CGD in subsequent studies.
The PDF of a CGD is generally constructed with a
combination of two distributions:

Pcgp = (1 -¢)Pg + &P, (6)

where ¢ is the contamination rate (the prior probability of
outliers), Pg is the “main” (Gaussian) distribution, and P,
is the contaminating (perturbing) distribution. The subscript
G and ¢ denote “Gaussian” and “contaminating”, respec-
tively. Unlike Gaussian distribution, the CGD can better
fit the actual observation error distribution that is widely
used to deal with the long tail problem in the field of
surveying and mapping (Yang, 1991; Zhu, 1996).

To illustrate the representativeness of CGD for the
actual observational error in meteorology, Fig. 2 shows
the normalized innovation histograms and their fitted
profiles for the Global Telecommunications System (GTS)
observations that are assimilated in the GRAPES
m3DVAR system after the BgQC. The fitted profiles
come from two distributions’ PDF, including a Gaussian
PDF (red lines) and a Huber norm PDF (black lines)
which is one of the CGDs to be described in Section 3.2.
The fitting method is the same as Fig. 1. As shown in Fig. 2(a),
the CGD profile represents a more reasonable distribu-
tion for the innovations of the horizontal radiosonde
(TEMP) wind compared to the pure Gaussian distribution.
The difference between the two profiles is that the tails of
the CGD are longer than those of the Gaussian
distribution. The long tails fitted by CGD are also found
in the normalized temperature innovation (Fig. 2(b)) from
aircraft-reported observation (AIREP). It is visible that
the CGD is close to the Gaussian distribution near the
center of innovations since its “main” distribution is also
a Gaussian distribution within the Gaussian-fitted domain
(approximately within (—1.5, 1.5) in Fig. 2(a)). The CGD,
however, can match the distribution of the actual
innovations better than the pure Gaussian distribution
beyond the Gaussian-fitted domain. Moreover, the
skewness of the normalized innovation distribution is not
equal to zero (not symmetry), particularly in Fig. 2(b),
indicating that it must be a non-Gaussian distribution.
Therefore, the CGD, a non-Gaussian OEDM, can give a
better-fitted innovation distribution in the DA systems.
The other observational innovations from the same period
also have similar long-tails features (Zhao et al., 2015; He
et al., 2021). It should be noted that the non-Gaussianity
of innovation can come from observation errors,
background errors, or both, as discussed by Pires et al.
(2010). In this study, we only consider the non-
Gaussianity of observation errors caused by outliers.
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Fig.2 The distribution (histogram) statistics of normalized innovation by using the horizontal wind (a) and the temperature (b)
from sounding and aircraft-reported observations are fitted with the pure Gaussian distribution (red line, Gaussian fit) and the CGD
fit (black line). The x-axis represents the size of the innovation; the y-axis represents frequency. S shows the total sample number of

observations from August 2013.

3 Parametric optimizations of VarQCs

3.1 Flat-VarQC parameters

In the CGD, a flat distribution (box-car; Lahoz and
Schneider, 2014) is often chosen as a perturbed distribution.
The Gaussian plus flat distribution is designed to match
the non-Gaussian innovation distribution to make VarDA
absorb the long-tails outliers effectively. These outliers
can be of use but would be removed by conventional
quality control through gross check. This CGD considers
the available outliers without gross error in the gray zone
to have caused the flat distribution. In this way, the
contamination rate should be the prior probability of
outliers without gross error in the assimilated observations.
According to this, the Gaussian plus flat distribution is
constructed by choosing the flat distribution F as the
perturbing distribution of outliers. The hypothesis of no
correlation in observation errors promises that this
approach can be calculated conveniently. The Gaussian
plus a flat distribution’s PDF (Pg) is defined as follows:

Pr=(1-¢&)Pg+¢&F, @)

1

2do,
0 |y-Hxl>do,

ly—Hx| <do,

F= , ®)

where d represents the maximum multiple of observational
error standard deviation allowed for outliers (the width of
F). The observations falling into |y—Hx|>do, (F=0)
are discarded by the extreme check or background quality
check of conventional quality control. After substituting
Pp =P into Eq. (3), the observational cost function and
gradient of this CGD in the 3DVAR method are derived as

Jo= _ln(7+eXp(—JG))’
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VJg = VI W, (10)
W = 1_Pposterior: 1_+’ (11)
Y +exp(=Jo)

where y=¢ \/Et/ 2d(1-¢), Wr and Pposerior are the
analytical weighting function and the posterior probability
of outliers, respectively. The other symbols are the same
as in the previous definition. Egs. (9)—(11) build the basis
of using the Gaussian plus flat CGD in VarQC (referred
to as “Flat-VarQC” hereafter) in VarDA.

The parameter y = 8\/2_71/ 2d(1-¢) in Flat-VarQC is a
constant once known ¢ and 4. But it can also be obtained
approximately without known & and d based on the
statistics of the normalized analysis residual ((y — Hx,)/ o)
between historical observation and analysis field. This
method is similar to the derivation of rejection thresholds
in BgQC. The only difference is that the rejection
thresholds in BgQC are derived from the statistics of the
normalized innovations ((y—Hxp)/o,) with historical
data. Therefore, the analysis residual should satisfy the
following formulation:

ly— Hx,| < aJol+02, (12)

where « is the statistical rejection coefficient of BgQC.
The GRAPES m3DVAR system has provided o value in
this study. For different observations and variables, «
takes different values to reflect the sensitivity. The
variance of the analysis residual is expressed as the sum
of observation error variance and analysis error variance,
i.e. 02 +02. Figure 3(a) shows a frequency distribution of
AIREP temperature data from 1 to 14 August 2013. The
variance of the analysis residual (the departure from
GRAPES 3DVAR analysis) is computed by fitting a pair
of straight lines based on a new histogram (Fig. 3(b)) of
the analysis residual (Hollingsworth, 1989; Anderson and
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Jarvinen, 1999). The new histogram transferred from the
histogram of analysis residual is defined as

Joew = _21n[ (13)

f
max(f) |

where f is the number of observations corresponding to
each box of the analysis residual histogram (Fig. 3(a)). In
this manner, the symmetric straight lines in Fig. 3(b)
define the standard deviation of the Gaussian profile
shown in Fig. 3(a). The standard deviation of the analysis
residual is indicated with the inverse of the positive slope
of the straight lines (y = abs(x/1)), where

A= yJo?+o2. (14)

Unlike BgQC, VarQC does not have specific rejection
thresholds and alleviates (promotes) the negative
(positive) impacts from outliers by reducing the
weighting of innovation (e.g. Wg < 1) iteratively. The
rejection intensity of VarQC is related to the posterior
probability Pposierior Which is the “rejected” probability of
innovations, and their relationship is shown as follows
based on Egs. (5) and (11):

P posterior

. 15
7(1 - Pposterior) (%

[y—Hxp| = JZO‘% In

The outliers that have caused the non-Gaussian CGD
will result in larger innovations that are flagged to reduce
weight using VarQC during each iteration. Suppose that
the innovations with a weight less than 0.25 are
represented to be “rejected” in VarQC, i.e., the “rejected”
probability of this outlier Ppogerior Will equal to 0.75 based
on Eq. (11), the rejection threshold (o) concerning y for
this observation can be defined as the maximum of
|y — Hxp| based on Eq. (15):
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Pposteri 3
p=|202In —— 2= _ /wgm(—). (16)
7(1 _Pposterior) Y

The rejection threshold from Eq. (16) can be defined
approximately to equal the right-hand side of Eq. (12)
based on Anderson and Jarvinen (1999), i.e., p=aA.
Then, the parameter y can be obtained from the following
equation:

2/12
'yzexp(lnS—C; 2). (17)

0%

It is an approximate rejection limit when the innovation
assigns a weight of 0.25. But VarQC does not require the
specified threshold limits. Based on the statistic
observations in Fig. 3, the rejection coefficient @ =4.0
(Table 1), the inverse of the slop 1=0.77 from Eq. (14)
and the observation error variance o2 =1 reported by
AIREP observations, y ~ 0.026 can be obtained for the
case given. In this way, the contamination rate can be
computed with a specified 4 which is similar to a
rejection coefficient. The parameter y of other observation
types and variables are calculated similarly by Eq. (17).

As a case statistic, we retrieved the approximate
rejection threshold of VarQC for other GTS observations.
These historical observations statistics (Table 1) are
spanning two weeks from 1 to 14 August 2013. SYNOP and
SATOB represent surface and satellite wind observation,
respectively. For the rejection threshold of BgQC in
Table 1, the approximate range is due to that the observed
variance is reported in a confidence interval. The
parameters A and « are crucial to determine the Flat-
VarQC parameters. Table 1 also shows that the rejection
limit of Flat-VarQC is generally smaller than that of
BgQC, indicating that Flat-VarQC will repeat the quality
control for observations with a large deviation after
BgQC. In this way, the outliers with very large
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Fig.3 Histogram (a) and transformed histogram (b) of temperature departure from analysis from the AIREP observations collected
from 1 to 14 August 2013. The slope of the straight lines fitted in (b) defines the standard deviation of the Gaussian curve (dashed
line) drawn in (a). The red dashed label represents a Gaussian curve with a mean of 0.06 and a variance of 0.64. The solid red lines
are displayed by an expression in y = abs(x/0.77). The top S shows the total sample number of observations.
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Table 1 Statistics of rejection threshold for Flat-VarQC and BgQC in the GRAPES m3DVAR system. The horizontal wind (u and v), relative
humidity (rh), pressure, and temperature (temp) of different observations are obtained from the standard GTS observations over the Chinese
mainland (10°N — 60° N, 70°E — 140° E). These observations are collected four times every day spanning the period from 1 to 14 August 2013

Obs. Variables Sample max(f) A4 a Approximate rejection threshold
Flat-VarQC BgQC
TEMP wind u 177089 16162 1.81 4.0 7.24 m/s 7.2-12 m/s
wind v 177089 15064 1.81 4.0 7.24 m/s 7.2-12 m/s
th 101827 7712 9.13 3.5 32.0% 59.5%
pressure 148670 18451 0.30 2.5 0.75 hPa 0.4—2.3 hPa
AIREP wind u 170138 18296 1.75 4.0 7.00 m/s 10-16 m/s
wind v 170138 17416 1.75 4.0 7.00 m/s 10-16 mv/s
temp 169550 17565 0.77 4.0 3.08 K 4.8-5.6K
SYNOP th 64767 5066 9.21 4.0 36.8% 52-92%
pressure 26345 1930 0.60 4.0 2.40 hPa 2.9-3.2 hPa
SATOB wind u 8984 795 2.27 4.0 9.08 m/s 8-20 m/s
wind v 8984 949 2.27 4.0 9.08 m/s 8-20 m/s
innovations will be discarded (referred to the weight less Jo 6l < ¢
than 0.25) to ensure that the analysis is free from “bad” Ji= e\2G - é ol >c (19)
observations. Note that the weight of valid observations 2
will not be reduced too much to be approximately 1 due
to the assumption of Gaussian distribution over the Vs o] <c
Gaussian domain. However, the parameter of short-term VL= Vg < 6l>c¢ (20)
case statistics cannot fully represent that of the current V2ia
real-time assimilated observation. Consequently, the
parameter y from the long-period statistics is necessary, 1 lo] < c
and so are the further sensitive experiments to Flat- WL = \/;T 6] >c¢ 1)
G

VarQC parameters.
3.2 Huber-VarQC parameters

As a powerful representation in robust statistics (Huber,
2011), the Laplace distribution is used frequently as the
perturbed distribution to deal with outliers. The PDF
expression of “Gaussian plus Laplace distribution”
(Tavolato and Isaksen, 2015) is defined as

1 1,
———exp(—=67) B]<c
P = V2mo, 2
L= 1 2 )

C
exp(—=—clo) 16|>¢
V2mo, 2

where § = (y— Hx)/ 0,. Equation (18) is the PDF of Huber
(norm) distribution, which is a commonly used
distribution in the robust statistical theory. The robustness
of the Huber norm, which refers to the insensitivity of
small differences between the actual and the specified
OEDM, is regularly used to respond to the impacts of
outliers. After substituting Pp = P into Eq. (3), the cost
function and gradient for this CGD are derived as
follows:

(18)

where ¢ is the transition point, Wy, refers to the analytical
weight function. As also applied in other fields (Guitton
and Symes, 2003; Huber, 2011), the Huber norm had
shown robustness compared to the posterior analysis with
the assumption of Gaussian error distribution. This
indicates that it can alleviate (promote) the negative
(positive) impacts of outliers on the optimization
analyses. Therefore, the VarQC of Huber CGD (referred
to as “Huber-VarQC” hereafter) can potentially produce
more promising applications with respect to Flat-VarQC.

As the discussion in Huber (1972), Eq. (18) has a
special formulation defined as

C oxp-2dd)  lol<
exp(—= <c
V2mo, 2
l-¢ c
exp(—=—cldl) 1ol>c
V2o, 2
Because the integration of Huber norm PDF in Eq. (22)
from positive infinity to negative infinity equals 1, the
relationship between the contamination rate & and the
transition point ¢ can be derived easily as follows:

2¢(c) 1
c  1-¢

PL,specia] = (22)

20(c)—1+

(23)
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where ¢(x), a standard Gaussian distribution, is equal to
the first derivative of @ (), e.g., ¢(6) = @' (6) = l/mexp
(—62/2) with o0, =1. Based on Eq. (23), there is a
corresponding relationship between the contamination
rate ¢ and the transition point ¢ in Table 2. One of the
contamination rate and the transition point ¢ in Huber-
VarQC is determined when another one is known. The
larger the contamination rate is, the smaller the transition
point ¢ can be used, and thus allowing Eq. (18) with
longer tails. Although Eq. (23) requires the contamination
rate and variance to be known, it objectively has
presented a new way to improve the accuracy of the
parameter c¢. Moreover, Tavolato and Isaksen (2015) and
Duan et al. (2017) evaluated the optimal parameter ¢ in
their studies by fitting the best Huber norm profile for the
innovational histograms. In this way, the contamination
rate, which is a reference for the Flat-VarQCs, will be
estimated while known ¢ and o,. With these in mind, the
Huber-VarQC (Egs. (19)—(21)) can perform very well
while known transition point ¢ but does not need to
compute the contamination rate. In general, it is reasonable
to have ¢ > 1.14 with a contamination rate below 0.1 for
conventional observations (Hampel, 1977).

Due to different observational quality over different
regions, the contamination rates are different. Also,
different assimilation systems show a distinct sensitivity
to the parameter c. Hence, it should be best fitted for the
GRAPES m3DVAR system. In general, it is an unbiased
estimation when the transition point (+c) is symmetric
that is an ideal situation. The asymmetrical left and right
transition points, however, can also obtain the least biased
estimation (Pires et al., 2010) due to the robustness of
Huber-VarQC. That means the Huber-VarQC promises
the different left and right transition points. Despite all
this, the reasonable transition points also should be
determined after further sensitivity tests in the GRAPES
m3DVAR system.

4 Optimization analysis of the VarQC

4.1 Observation classification of VarQC

Derived from the Bayesian theorem under the assumption
that observation error follows a non-Gaussian CGD,
VarQC can effectively alleviate (promote) the negative
(positive) impact on posterior analysis from outliers or
larger innovations. A schematic diagram of observation
classification for VarQC is shown in Fig. 4. In VarQCs,

Table 2 The corresponding relationship between the contamination
rate £ and the transition point ¢

Parameter names Parameter values
& 0.002 0.005 0.010 0.020 0.050 0.100 0.200 0.300 0.500

c 2.4352.160 1.945 1.717 1.399 1.140 0.862 0.685 0.436
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the observations can be classified into three categories
depending on the magnitude of deviation: valid
observation (VO: green dots), available observation (AO:
black dots), and deleterious observation (DO: red dots).
The wvalid observations can be assimilated as correct
observations with Gaussian error distribution. The
available observations, which cause long tails in the
observational error distribution and contain useful
information in the gray zone, are outliers without gross
errors. The deleterious observations represent outliers
with gross errors as faulty observations whose larger
departure in innovations will lead to irreversible
destruction in the posterior analysis. Generally, as the
outliers with gross errors, both the AOs and DOs are
excluded by the gross check in conventional quality
control of VarDA system, such as the extreme value
check, background quality check, and so on. However,
these AOs may be correct or contain at least partially
useful information, which can sometimes improve the
quality of analysis, especially in extreme weather events,
but its errors do not fit into the Gaussian distribution.
With the use of VarQC, it tries to extend the rejection
threshold (from the green circle to the red circle in Fig. 4)
of the conventional quality control for assimilating more
available observations. VarQC can handle the AOs by
assigning relatively smaller (larger) weight to the
observation in a gray zone based on larger (smaller)
innovations. The weights of observations in the gray zone
are adjusted (shown with black arrows in Fig. 4) through
iterative analysis during the VarDA so that a more

A
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Fig.4 A schematic diagram of observation classification for
variational quality control. The green dots represent the valid
observations (VOs); the black dots represent the available observations
(AOs) shown as outliers but are not gross errors; the red dots represent
the deleterious observations (DOs) shown as outliers but are gross
errors. The green circle denotes the perfect threshold for a pure
Gaussian error domain, the red circle represents the empirical
(extended) rejection threshold in conventional quality control for gross
errors. The VarQC pushes the observations (the black dots) in the gray
zone iteratively into the green circle to be ingested in the VarQC.
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accurate solution can be obtained. In this way, the VarQC
is effective in absorbing the available information of
outliers and less sensitive to the rejection threshold of the
conventional quality control. It should be noted that the
gray zone data, which causes the long tails in Fig. 2, had
existed in current assimilated observations before
extending the rejection threshold. This is probably due to
that the empirical rejection threshold in conventional
quality control is overestimated. It also implies that the
actual observational error is non-Gaussian distribution. In
view of this, it is quite necessary to perform VarQC for
better posterior analysis in the current GRAPES
m3DVAR system.

In summary, observational errors used in DA usually
display a non-Gaussian distribution that can be fitted
more reasonably by the CGDs. A combination of multiple
profiles as the PDF allows us to include more outliers,
and more available observation information can be used
that will benefit the posterior analysis. By using VarQC
along with the optimization iteration in the VarDA, more
useful observations can be effectively assimilated.

4.2 The CGD modes of observational errors

As described in Section 3, the VarQC takes the Gaussian
and the contaminated distribution characteristics of
observation error in innovation into consideration. With
the VarQC, the original VarDA now has an extra term
defined as analysis weighting function W (Wg and Wy).
The W is only a function of the normalized innovation or
the posterior probability Pposerior Of the outliers. The
VarQC adjusts the magnitude of W, which follows the
variation of innovation size in the minimization process,
to capture more accurate analysis value and synchronizes
with VarDA. To explore the validity and reasonability of
the CGDs in the VarQC, and the ability of the CGDs to
describe the characteristics of actual innovation
distribution is first investigated by comparing with the
pure Gaussian distribution.
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It is an idealized assumption that observation errors
follow Gaussian distribution. The innovation statistics
proved that only some of the observation errors strictly
follow the Gaussian distribution. Often the actual
innovation distributions are closer to the contaminated
Gaussian distribution with long tails led by the small-
sample outliers in observations. With the given
parameters, two CGDs (Fig. 5) show longer tails than
those of the Gaussian distribution, which can better match
the actual observational error feature, as well-documented
in Fig. 2. The Huber distribution has longer (heavier) tails
than those of the Gaussian distribution and the Gaussian
plus flat distribution. Moreover, the heavier tails are
generally at critical positions, where the rejection
thresholds of background quality check among the gray
zone are relatively ambiguous, as shown in Fig. 4. This
implies that the Huber distribution probably can better
process the outliers located in the gray zone. Overall, the
two non-Gaussian CGDs are able to fit the long tails of
the actual error distribution well. However, the optimal
CGD, which is in good agreement with the characteristics
of the actual observation error, needs to be further studied
with real observations.

4.3 Optimization analysis of cost, gradient and weight
function

Figure 6 shows the curves of the observational cost
function, gradient function and weighting function of the
two VarQCs, as well as the observational cost function
(Jg) of the original VarDA. The cost function curves of
Flat-VarQC and Huber-VarQC approximately overlap
with Jg within the Gaussian domain (within (=2, 2) in
Fig. 6(a) and [—1.14, 1.14] in Fig. 6(b)) located on both
sides of zero, because the main distribution mode of two
CGDs is the same as the pure Gaussian distribution. With
the growth of the absolute value of innovations beyond
the Gaussian domain, the Jg curve gradually flattens to be

0.5

o =
w EN

=
]

Probability density function

—— Gaussian
— “Gaussian + flat” CGD
— — Huber norm CGD

Innovation

Fig. 5 The profiles of the probability density distribution of observation error for the pure Gaussian and two CGDs (Gaussian + flat
and Huber norm). The parameters used are e = 0.1, d =5, 0, =1, ¢ = 1.14.
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a flat distribution. Meanwhile, its gradient function curve
drops to zero from a peak value and subsequently keeps
unchanged. It indicates that this (strictly) non-concave
function (Jg) probably generates multi-minimum values
or unstable convergence during the iteration of the
minimization process. As for the weight function of Flat-
VarQC, Wr rapidly decreases from ~1 to O across the
Gaussian domain. The function variations of Huber-
VarQC (Fig. 6(b)) are different from those of the Flat-
VarQC. The cost function, gradient function and analysis
weight function show a piecewise feature due to the
partitioned CGD mode but keep continuity in the range of
innovations. Over the Gaussian domain, the impact of the
Gaussian distribution on the cost function of the Huber
norm makes it the same as the Jg curve. Beyond the
Gaussian domain with larger innovations, whereas the
cost function displays symmetric straight lines under the
influence of Laplace distribution. The gradient curve
flattens to be a constant with the increase of innovations.
Moreover, the analysis weight maintains full weight in
the Gaussian domain before approaching around zero
smoothly.

Overall, the gradients of two VarQCs near the Gaussian
domain kept pace with VJg are monotonic increasing,
which is beneficial for convergence. But the cost
functions of Flat-VarQC are non-concave functions that
may give multiple-minimums during the minimization
process, although its CGD can represent the long-tail
feature. As discussed by Anderson and Jarvinen (1999),
however, if the minimization starts with an intermediate
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analysis that has a small departure from the background,
the VarQC will guarantee a correct convergence in the
DA system. The weighting functions of two VarQCs are
(approximately) equal to full 1 in the Gaussian domain
where the innovations are adequately small due to that
VarQC flags them as the VOs. With the innovation’s
increase beyond the Gaussian domain, the weight should
decrease to zero, as shown in Fig. 6. In contrast to the
Flat-VarQC, the Huber-VarQC is reasonable for
minimization analysis due to its strict concave cost
function. The Huber-VarQC puts more weight on large
innovations beyond triple variance (302) and allows more
influences from the outliers compared to the Flat-VarQC
scheme. As for two VarQCs, further parameter
optimization experiments are needed to verify the
performance, including their convergence issues.

4.4 VarQCs’ weight sensitivity

The Flat-VarQC weight W is obtained by calculating the
innovation and the parameter y based on Eq. (11). The
parameter y is a single constant that is defined by ¢ and
d. Figure 7 shows the weight sensitivity to d and vy in the
Flat-VarQC scheme. The weight curves in Fig. 7(a) show
a slight difference while the width d equals 3, 5, 10, 20.
However, the weight function with d = 1 shows a thinner
curve with a narrow Gaussian domain. The thinner and
narrower the weight curve is, the tighter the VarQC
would be performed, and the more observations would be
“rejected.” Overall, the Flat-VarQC weights are not too
sensitive to d unless the value chosen is rather small.

Cost function

Gradient function

Weight function

0

-2 0 2 4 6 8
Innovation

-10 -8 -6 —4

-2 0 2 4 6 8
Innovation

Fig. 6 The cost function, gradient function, and analysis weight function of (a) Flat-VarQC (blue line) and (b) Huber-VarQC (black
line). The red lines represent the observational cost function of the pure 3DVAR under the assumption of Gaussian distribution. The

parameters are used as shown in Fig. 5.
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Fig. 7 Same as the analysis weight functions in Fig. 6(a) but for the sensitivity to d (the width of flat distribution) and y
(y=¢ \/ﬁ/ 2d(1 —¢)) in Flat-VarQC. The other parameters are (a) £ = 0.1 and (b) d = 5. The same parameter is o = 1.

With a small value of 107 for y (Fig. 7(b)), the Flat-
VarQC weight exhibits a steeper reduction of weights
compared to the weights of 3DVAR without VarQC. The
larger the parameter y is, the narrower the Gaussian
domain in Flat-VarQC will be used. With the decrease of
v by the magnitude of 10, the curves show a wider weight
of Gaussian domain, meaning that more observations will
sign larger weights but less than 1. The largest weight
will reduce to ~0.9 while y =0.1, suggesting that the
parameter y should not be too large. Therefore, the
accuracy of y can determine the performance of Flat-
VarQC. With the convergence issue in Flat-VarQC,
however, the smaller y is benefit for a successful
minimization iteration.

To a considerable degree, the magnitude of contamina-
tion rate determines the shape of the weight function that
would impact the accuracy of posterior analysis in
VarQC. Figure 8 shows the sensitivities to the different

Wo~e

contamination rates for different VarQC weight functions.
The weight curves, which reveal the “n” shape in Flat-
VarQC (Fig. 8(a)), are significant differences from the
“nt” shape of Huber-VarQC (Fig. 8(b)). With the
increasing contamination rate, the width of the Gaussian
domain in the weight curves is getting narrower for two
VarQCs. In other words, VarQCs will reduce more
observational weight to impact posterior analysis.
Furthermore, the weights over the Gaussian domain in
Flat-VarQC are approximately 1 but equal to 1 for those
of Huber-VarQC. Beyond the Gaussian domain, the Flat-
VarQC decreases the weights to 0 steeply whereas the
Huber-VarQC decreases its weight to 0 smoothly. For a
fixed innovation far from the Gaussian domain, the
higher the contamination rate is, the less weight will be
gotten. Moreover, the Flat-VarQC assigns the weights in
the range of [0.05, 0.5] to a fixed innovation value (e.g.
the black vertical dashed line) while Huber-VarQC
assigns the larger weights in the range of [0.3, 0.55].
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Fig. 8 Same as the analysis weight functions in Fig. 6 but for the sensitivity to the contamination rate (¢) in different VarQCs. The
parameter ¢ corresponding to ¢ is based on Table 2. The other parameters are the same as those of Fig. 5.
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Compared with Flat-VarQC, therefore, Huber-VarQC'’s
weight is not very sensitive to larger contamination rates,
implying that it probably gives more inclusiveness to
outliers.

5 Discussion and conclusions

The observation error in innovation is a key factor to
impact the quality of VarDA analysis as its distribution
determines the observational cost function. In this study,
it is found that the previous OEDMs, which are
essentially the CGDs, can fit the actual observational
error distribution more accurately based on the non-
Gaussian-distributed characteristics of innovations from
the GRAPES m3DVAR system. Furthermore, we present
a novel interpretation of VarQC in detail, i.e., the valid,
available and deleterious observations classified by
VarQC. Two VarQCs are formulated by using two CGDs
including the Gaussian plus flat distribution and Huber
norm distribution based on interdisciplinary theories of
DA and robust statistics. We also present detailed
methods to optimize the different parameters in the two
VarQCs. Subsequently, the CGDs are verified to be more
consistent with the actual observational error distribution
compared to the pure Gaussian distribution. The
evaluation of the two VarQCs with different setting
parameters demonstrated that all two VarQCs showed
reasonable weight variations with the increase of
innovations. But the Flat-VarQC probably posts
convergence issues when the innovations are quite large
at the beginning of the variational minimization process.
This convergence issue may be alleviated by switching
the VarQC during an intermediate analysis step or giving
a value of y as small as possible. Flat-VarQC weights are
not too sensitive to d unless the value chosen is rather
small. The Laplace distribution in the Huber norm
distribution shows better robustness based on the robust
statistics, making the Huber-VarQC more attractive to
study the impacts for outliers. Huber-VarQC shows a
more elastic weight function for different parameters
against outliers compared with that of Flat-VarQC.

This paper reveals a general relationship between the
CGD and VarQC. The parameter optimization and
analysis results will promote the further development and
improvement of VarQCs in the GRAPES m3DVAR
system. Further real-data parameter experiments are also
important to improve the posterior analysis by utilizing
the VarQCs. For example, in order to obtain the optimal
analysis step that can ensure the correct convergence
when the Flat-VarQC switches on, sensitive experiments
are necessary to determine the optimal initial iteration
steps of VarQC. The relaxed coefficient in rejection
thresholds for background quality check is also required
to be determined based on the robust intensity of VarQC
which allows more observations to be assimilated by
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promising a larger rejection threshold in the GRAPES
m3DVAR system.
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