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Abstract The delineation of shale oil sweet spots is a
crucial step in the exploration of shale oil reservoirs. A
single attribute such as total organic carbon (TOC) is
conventionally used to evaluate the sweet spots of shale
oil. This study proposes a probabilistic Fisher discriminant
approach for estimating shale oil sweet spots, in which the
probabilistic method and Gaussian mixture model are
incorporated. Statistical features of shale oil facies are
obtained based on the well log interpretation of the
samples. Several key parameters of shale oil are projected
to data sets with low dimensions in each shale oil facies.
Furthermore, the posterior distribution of different shale oil
facies is built based on the classification of each shale oil
facies. Various key physical parameters of shale oil facies
are inversed by the Bayesian method, and important elastic
properties are extracted from the elastic impedance
inversion (EVA-DSVD method). The method proposed
in this paper has been successfully used to delineate the
sweet spots of shale oil reservoirs with multiple attributes
from the real pre-stack seismic data sets and is validated by
the well log data.

Keywords probabilistic Fisher discriminant analysis,
sweet spots, shale-oil facies, Bayesian inversion

1 Introduction

Shale oil is typically composed of both free oil and
adsorbed oil, and is mainly retained or stored in the
organic-rich source rocks (Raji et al., 2015; Wang et al.,
2015). The probabilistic Fisher discriminant approach aims
to delineate the shale oil sweet spots from the measured
seismic data sets and well-log data. Total organic carbon
(TOC), maturity, high Young’s modulus, and low

Poisson’s ratio are the most important indicators of sweet
spots in the shale reservoir (Zong et al., 2012b; Ouadfeul
and Aliouane, 2016; Verma et al., 2016; Chen et al., 2018).
The selection of proper reservoir inversion parameters is
crucial in the accurate characterization of the shale
reservoir. The four most important reservoir physical
properties used to characterize unconventional reservoirs
are the total organic carbon (TOC), porosity, pyrolysis S1,
and clay content (Jarvie, 2012; Gorynski et al., 2019; Chen
et al., 2020; Luo and Zong, 2020). This information
together with fracturing-related features can be used to
find and characterize the sweet spots of shale oil
reservoirs.
The content of oil and gas is a key indicator of shale oil

sweet spots. Particularly, the S1 value in pyrolysis of
organic matter can be used to estimate the shale oil content
in the source rock approximately and delineate the sweet
spots of the shale oil reservoir (Song et al., 2013). In the
pyrolysis of organic matter, gas is continuously released
from the samples. Espitalie et al. (1977a) defined the first
peak (S1) in the pyrolysis as the hydrocarbon content in the
rock samples. Moreover, the S1 to TOC ratio, referred to as
oil saturation index (OSI), can be used to determine the
potential producibility of oil (Jarvie, 2012). The mobility
of shale oil is affected by the properties of the retained oil
and the light hydrocarbon component (Bao et al., 2016).
The pyrolysis S1 is related to the mobility of shale oil.

Gorynski et al. (2019) used pyrolysis S1 data to assess the
mobility of tight oil. The free or adsorbed hydrocarbon in
the source rock can be characterized quantitatively by
pyrolysis S1 from 3D pre-stack seismic data sets (Luo and
Zong, 2019). Chen et al. (2020) used a large amount of
Rock-Eval pyrolysis data in the Junggar Basin of China to
evaluate tight oil resources. Pyrolysis S1 and fracture
pressure gradient (FG) are key properties of any
unconventional shale reservoir and the abundance of
total organic carbon is the critical parameter to delineate
geological sweet spots (Robert et al., 2015).
The pre-stack seismic inversion has been widely used to
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estimate TOC, clay content, and porosity. Ogiesoba and
Hammes (2014) identified TOC-rich zones from 3D post-
stack seismic attributes in the Eagle Ford Shale quantita-
tively. Yin et al. (2014, 2015) proposed a pragmatic
approach, which combines the rock physics model and
Bayesian inversion to directly inverse physical parameters
of reservoirs from the elastic impedance of three different
angles. Wang (2017) introduced a method for the pre-stack
seismic inversion of shale gas sweet spots based on Yin’s
works, and quantitatively inversed TOC, clay content and
porosity. Ouadfeul and Aliouane (2016) inverted TOC
using the multilayer perceptron neural network from three-
dimensional seismic data in the Barnett Shale Formation.
Yu et al. (2020) employed a rock-physics-based Bayesian
method to inverse the total organic carbon in the Dongying
Basin, China.
The Young’s modulus and Poisson’s ratio are directly

related to the brittleness of rocks (Rickman et al., 2008).
Yin et al. (2004) inversed Poisson’s ratio, P-wave
impedance, and S-wave impedance from pre-stack seismic
data sets based on elastic impedance. The shale oil sweet
spots have relatively high Young’s modulus, but low
Poisson’s ratio (Sena et al., 2011). Zong et al. (2012a)
derived the YPD-Zoeppritz function, which uses the
correlation among Young’s modulus, Poisson’s ratio, P-
wave and S-wave velocity, and density to estimate Young’s
modulus and Poisson’s ratio. The elastic impedance (EI)
has been widely used in the inversion of reservoir attributes
(Connolly, 1999). In the YPD-EI function (Zong et al.,
2013), Young’s modulus, Poisson’s ratio, and density can
be directly inverted from elastic impedance variation with
incident angle. Huang (1984) proposed a model for the
prediction of fracture pressure and considered several
attributes such as overburden stress, rock strength, and
Poisson’s ratio. Ma et al. (2020) utilized an AVAZ
inversion method based on azimuth seismic data and
derived the approximate correlation of the reflection
coefficient, which is characterized by Young’s modulus,
Poisson’s ratio, density, and fracture weaknesses para-
meters. Ma et al. (2020) calculated fracture pressure by an
improved shale anisotropy fracture pressure model, which
is based on Huang’s model (1984). Hu et al. (2015)
assumed isotropic pressure coupling and estimated fracture
pressure gradient (FG) quantitatively using the Poisson’s
ratio, effective stress, and pore-pressure gradient.
Fisher discriminant analysis (Fisher, 1936), also known

as Fisher’s LDA, was initially used to distinguish the two-
species problem. It has been used in many fields such as
text classification (AbuZeina and Al-Anzi, 2018), face
recognition (Wang et al., 2016; Wu et al., 2017), and other
data classification applications (Jiang and Chen, 2020; Guo
et al., 2021). The FDA needs to find an optimal projection
by maximizing the between-class distance and minimizing
the within-class distance simultaneously. It is a supervised
technique that requires class labels of the training data.
Several effective Fisher discriminant functions have been

proposed. However, the most commonly used discriminant
functions are the ratio trace criterion (Rao, 1948), trace
ratio criterion (Wang et al., 2007), and vectors ratio
criterion (Foley and Sammon, 1975). Multiple inversed
features of the shale oil reservoir can be used with Fisher’s
discriminant analysis for the classifications and estimation
of the shale oil sweet spots.
This study proposes a PFDA technique in which the

probabilistic method is incorporated into the Fisher
discriminant analysis to delineate the sweet spots of
shale oil. This method could use multiple attributes from
shale oil reservoirs to distinguish the sweet spots. The
discriminate criterion was converted to a Gaussian mixture
probability model, which was in turn expanded in the
Fisher discriminant analysis method. Additionally,
Young’s modulus, Poisson’s ratio, and density from real
pre-stack seismic data sets were inverted based on the
method proposed by Zong et al. (2012a, 2013). Inversion
was performed for TOC, S1, clay content, and porosity
using rock physics principles in the Bayesian method. With
these inversion attributes of shale oil reservoirs, the sweet
spots could be delineated by our PFDA method and the
introduced method was applied to real seismic data and
validated with the well logs.

2 Methods

2.1 Fisher discriminant analysis with probabilistic approach
for sweet spots of shale oil

The main idea in the Fisher discrimination analysis is to
project all types of data in a certain direction to obtain the
highest separation distance among all projections. Fisher
discrimination analysis attempts to find an optimal low-
dimensional space to store the most discriminative
information. FDA and its developments have been
successfully applied in face recognition, speech recogni-
tion, and many other fields. However, Fisher discriminant
analysis (FDA) focuses on a linear problem and due to the
nonlinear separability of the shale oil sweet spots of
different types, the FDA alone may not be able to achieve
the delineation of the sweet spot of shale oil. Bayesian
methods are often adopted to solve these linear restrictions.
In this study, the conditional probability methods and the
Fisher discriminant analysis (PFDA) are integrated and
combined.
The information obtained from the lithofacies, petro-

physical curves, and sedimentologic information was
employed to categorize shale oil facies. Some reservoir
attributes such as total content of organic matter, the
thickness of source rock, maturity of kerogen, mobility of
shale oil, and pyrolysis S1 may be used to distinguish the
sweet spots in the delineation of shale oil. Given that there
are m classes and n samples in different facies Gk ,
1£k£m:
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G1 : x
ð1Þ
1 , xð1Þ2 ,:::, xð1Þn

G2 : x
ð2Þ
1 , xð2Þ2 ,:::, xð2Þn

� � � � � � � � � � � �
Gm : xðmÞ1 , xðmÞ2 ,:::, xðmÞn

8>>>>><
>>>>>:

, (1)

where xj
ðkÞ,1£j£n, denote output features of a sample

from the supervised facies. N ¼ 3n, denotes the total
samples of all classes.
Shale oil resources are organic-rich mudstones that have

generated oil that is stored in the organic-rich mudstone
intervals or continuous organic-lean intervals. The forma-
tion of shale oil resources can be categorized into three
different types by their dominant organic matter and
lithological composition. The three types are (G1) organic-
rich mudstones with high maturity, (G2) organic-lean
intervals of sand, and (G3) organic-rich mudstones with
low maturity. Several reservoir parameters influence the
quality of the shale oil resources. Shale oil resource
systems vary considerably from one system to another
(Jarvie, 2012), but the best resources share some
commonalities such as marine shales with excellent TOC
values, high thermal maturity, high clay content, and
relatively high mobility of shale oil. Generally, the high
mobility of shale oil is associated with high free
hydrocarbon content in the shale, which corresponds
with a high pyrolysis S1 in the shale. In particularly, each
type of shale oil facies in our study area has six main
characteristics which enable the delineation and indication
of the sweet spots of shale oil resources.
Based on the classification of G1, G2, G3, let xj

ðkÞ ¼
½J1,J2, :::,J6� denote the characteristic matrix of a sample.
J1,J2, :::,J6 represent TOC, pyrolysis S1, clay content,
Young’s modulus, porosity, and Poisson’s ratio, respec-
tively.
The target of fisher discriminant analysis is to find the

projection matrix W , by maximizing the between-class
scatter distance, and meanwhile minimizing the within-
class scatter distance (Wu et al., 2017), which can be
formulated as

argmax
W

WTSbW

WTSωW
, (2)

where Sw and Sb denote as the within scatter matrix and the
between scatter matrix, respectively, which can be defined
as

Sw ¼
Xm
k¼1

Xn
j¼1

ðxðkÞj – μkÞðxðkÞj – μkÞT, (3)

Sb ¼
Xm
k¼1

ðμk –μÞðμk – μÞT, (4)

where μk is the mean vectors of atoms in the kth class Gk ,

and μ ¼ 1

N

Xm
k¼1

Xn
j¼1

xðkÞj denotes the mean vector of all

samples from all classes.
Specifically, the optimal solution (Wang et al., 2016) of

Eq. (2) can be written as follows:

W * ¼ argmin –W TSbW

s:t:WTSωW ¼ 1: (5)

We can use the Lagrange multiplier method to get Eq. (6):

SbW ¼ lSωW : (6)

If the Sω is nonsingular, we can obtain the matrix form:

S – 1
ω SbW ¼ WΛ, (7)

where W ¼½w1,:::,wq� the eigenvectors; Λ¼diag½l1,:::,lq�,
l1³l2,:::,³lq³lqþ1 ¼ 0, is a diagonal matrix of eigen-

values; q is the rank of the matrix of S – 1
ω Sb.

when we get the optimal projection direction, the raw
data can then be projected onto a new hyperplane:

yðkÞj ¼ W TxðkÞj , (8)

where yðkÞj are the samples after the projection of the raw
data; W is the optimal projection direction.
Assume that variables y in each type conform to the

Gaussian mixture model with finite components Nd .
Especially the variables y in each type Gj can be generally
sampled by Monte Carlo simulation and their distributions
could be expressed as

pðyjGjÞ ¼
XNd

d¼1

πdNðy;μdj ,Σd
j Þ, (9)

where N is the Gaussian distribution, μdj represents the

vector of means in each type Gj; Σd
j and πd are the

covariance matrix and the weights of each Gaussian
distribution in the type Gj, respectively. Then the prior
distribution (Grana and Rossa, 2010) can be written as

pðyÞ ¼
XNd

n¼1

πnNðy;μn,ΣnÞ, (10)

where πn represents the weights of each Gaussian
distribution of all samples; Σn and μn are the covariance
matrix and the vector of means of all samples. Then, the
probability of each type Gj can be obtained

p Gj

� � ¼ pðyÞ
pðyjGjÞ

¼

XNd

n¼1

πnNðy;μn,ΣnÞ

XNd

d¼1

πdNðy;μdj ,Σd
j Þ
: (11)
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The type Gj of given sample y by comparing the
probability of each category:

Gj↕ ↓argmax
j

PðGjÞ: (12)

The algorithm used for solving PFDA is as follows:

2.2 Pyrolysis S1, TOC, clay content and porosity estimation
from elastic impedance using Bayesian inversion

This study adopts Bayesian inversion to predict the
pyrolysis S1, total organic carbon, clay content, and
porosity from the elastic impedance data sets. In the
Bayesian method, the posterior distribution of model
attributes pðmjdÞ can be acquired through calculation of
the prior distribution pðmÞ and the likelihood function
pðdjmÞ (Grana et al., 2017):

p mjdð Þ ¼ pðdjmÞpðmÞ
pðdÞ , (13)

where d ¼ ½EI1,EI2,EI3� and m ¼ ½S1,TOC,clay,por� are
the elastic impedance and the model parameters, respec-
tively. The statistical rock-physics model can be written as

½EI1,EI2,EI3� ¼ fRPMðS1,TOC,clay,porÞ þ ε, (14)

where ε is the error that represents the difference between
model predictions and real data; and fRPM is the rock-
physics model.
The posterior distribution is affected by observed data d

only through pðdjmÞ, which is regarded as a function ofm,
referred to as likelihood function (Li et al., 2020):

pðdjmÞ ¼∏
j

j¼1
pðdjjmÞ: (15)

We assume that the prior distribution is a Gaussian
mixture model (GMM) with finite components Nc, which
can be expressed as:

pðmÞ ¼
XNc

n¼1

πnNðm;μnm,Σ
n
mÞ, (16)

where N is the Gaussian distribution; μnm, Σn
m and πn

represent the vector of prior means, the covariance matrix
and the weights of each Gaussian distribution, respectively.
Finally, the posterior distribution can be represented by a

mixture Gaussian distribution:

pðmjdÞ ¼
XNc

k¼1

lkmjdNðm;μkmjd ,Σ
k
mjdÞ, (17)

where lkmjd are mixture coefficients of the posterior, Σk
mjd

are the covariance matrices of each Gaussian component,
and μkmjd are the conditional means. The petrophysical
parameters can be attained by maximizing the posterior
distribution:

m*
↕ ↓argmax

m
pðmjdÞ: (18)

2.3 Elastic impedance inversion for Young’s modulus and
Poisson’s ratio

YPD function was used to estimate Young’s modulus and
Poisson’s ratio and the properties were extracted from the
elastic impedance inversion using the EVA-DSVD method
proposed by Zong et al. (2013):

EI �ð Þ ¼ A0
E

E0

� �að�Þ �

�0

� �bð�Þ �

�0

� �cð�Þ
: (19)

If we take the logarithm on both sides of Eq. (19), then
the Eq. (19) can be rewritten as

ln
EIð�Þ
A0

¼ a �ð Þln E

E0

� �
þ b �ð Þln �

�0

� �

þ c �ð Þln �

�0

� �
, (20)

where A0, �0, �0, and E0 are the statistic average of elastic
impedance, Poisson’s ratio, density and Young’s modulus,
respectively; að�Þ, bð�Þ, and cð�Þ are the coefficients
associated with incident angles:

a �ð Þ ¼ 1

4
sec2� – 2ksin2�, (21)

b �ð Þ ¼ 1

4
sec2�

ð2k – 3Þð2k – 1Þ2
kð4k – 3Þ þ 2ksin2�

ð2k – 1Þ
ð4k – 3Þ, (22)

a �ð Þ ¼ 1

2
–
1

4
sec2�, (23)

Algorithm 1 PFDA algorithm for estimating shale oil sweet spots.

Input: Data matrix xj
ðkÞ of each class Gj

1: Calculate the within scatter matrix Sw in (3) and the between scatter matrix
Sb in Eq. (4).

2: Calculate the discriminative projection matrix W by maximizing the
function given in Eq. (2).

3: Obtain the samples yðkÞj after projection of the raw data set by calculating

the function given in Eq. (8).

4: Calculate the means vectors and covariance matrix, μdj , Σ
d
j , Σ

n, μn.

5: Estimate the shale oil sweet spots by the discriminant probability function
given in Eqs. (11) and (12).

End
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Poisson’s ratio, density, and Young’s modulus can be
determined from elastic impedances using EVA-DSVD
method and Eq. (20).
Figure 1 illustrates the summarized workflow described

thus far.

3 Results

The method proposed is applied to a shale oil area in
southern China. The well logs in Fig. 2 show organic
content, pyrolysis S1, clay content, porosity, Poisson’s
ratio, and Young’s modulus. Based on the lithofacies,
petrophysical curves and available sedimentologic infor-
mation, the distribution of shale oil facies can be divided
into three different shale oil facies (G1,G2,G3), as shown in
Fig. 3. The classification is carried out by three steps: 1)
Sand and clay facies were distinguished based on the
lithofacies; 2) The distribution of G3 was obtained by
differentiating the facies containing a TOC smaller than 1.8
and the clay content below 0.36; 3) Then, the combination
of porosity and pyrolysis was used as the means to classify
the remaining part, where S1> 7 mg/g and porosity>
0.065 are indicators of the facies, and the rest is ofG2 type.

The mean and standard deviation of various parameters are
listed in Fig. 3, where variation in the statistical parameters
is evident for different shale oil facies. For instance, G1 has
a relative high value of TOC, pyrolysis S1 and Poisson’s
ratio compared with G2 and G3. Besides, it has a lower
value of Young’s modulus. The porosity of G1 and G2 is
relatively lower than G3, but G1 is slightly higher than G2.
Figure 4 displays the cross plot of the key evaluation

parameters of the shale oil facies. Intersection analysis was
performed on the pairwise plots of the features to primarily
examine the influence of each parameter on the classifica-
tion of the oil shale facies. The results show that each pair
of the parameters can simply distinguish the facies of G1,
G2, and G3. However, some overlap areas are detected in
the cross-plots, which may cause errors in the character-
ization of shale oil sweet spots. The rock physics analysis
results demonstrated in Figs. 4(b)–4(f), and Fig. 4(m)
suggest that high-quality shale oil face G1 has a relatively
high value of TOC, S1, clay content, and Poisson’s ratio.
Figure 4(a) and Fig. 4(i) indicate that high Poisson’s ratio
and low Young’s modulus are the significant features of
G1. In theory, high porosity is beneficial for a shale oil face,
but there is no obvious difference in porosity in each facies
according to Fig. 4(e), Fig. 4(j), Fig. 4(n), and Fig. 4(h).

Fig. 1 The workflows of the probabilistic Fisher discriminant approach for estimating shale oil sweet spots.
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Fig. 2 From left to right: (a) P-wave velocity, (b) S-wave velocity, (c) density, (d) Young’s modulus, (e) Poisson’s ratio, (f) porosity,
(g) pyrolysis S1, (h) clay, (i) total organic carbon, and (j) lithofacies distribution.

Fig. 3 The classification of shale oil facies and the statistical characteristics of key evaluation parameters of shale oil; the three types are
(G1) organic-rich mudstones with high maturity, (G2) organic-lean intervals of sand, and (G3) organic-rich mudstones with low maturity.
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Fig. 4 Cross plot of key parameters of shale oil facies: (a) Young’s modulus and clay content, (b) total organic carbon (TOC) and clay
content, (c) Poisson’s ratio and clay content, (d) S1 and clay content, (e) Porosity and clay content, (f) Poisson’s ratio and clay content,
(g) Young’s modulus and S1, (h) Porosity and S1, (i) Poisson’s ratio and Young’s modulus, (j) Poisson’s ratio and porosity, (k) Porosity
and TOC, (l) Young’s modulus and TOC, (m) Poisson’s ratio and TOC, (n) Porosity and Young’s modulus. The yellow circles, black
circles and dark blue circles represent the facies of G1, G2, and G3, respectively.
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After using Fisher dimension reduction, the original
shale oil key parameters, which have six dimensions
(TOC, Clay, S1, Por, E, σ), are turned to a new group of
two-dimensional data sets as shown in Fig. 5, where G1,

G2, and G3 are depicted by circles of different colors. The
coordinate “dimension 1” and “dimension 2” in Fig. 5 can
be obtained by function 9. The optimal projection
calculated by function 3 is

W ¼
0:1716 0:0442 – 0:2896 0:0216 – 0:00096 0:9403

0:1073 0:0668 0:3668 0:0246 – 0:0163 0:9212

" #T

: (24)

Figure 5 demonstrates that the Fisher method can
effectively realize the reduction of high-dimensional data,
and furtherly separate different types of facies. Figure 5
shows a more integrated result, where all the previous
factors are accounted for in generating the cross plot. After
dimension reduction, the six factors of shale oil are
converted to two-dimensional data sets in Fig. 5. There is
some overlap between G1 and G2 due to the initial
classification errors, but their core distributions are
different. Gaussian mixture model in Eq. (9) can be used
to rebuild the distribution of each type based on the new
two-dimensional data.
The optimal projection W obtained in Eq. (24) was

applied to the inversion results of shale oil key attributes
depicted in Fig. 6 and two-dimensional data sets were
generated. Figures 6(a)–6(f) are inversion results of clay
fraction, total organic carbon content, Young’s modulus,
pyrolysis S1, Poisson’s ratio, and porosity, respectively.
Figure 7(a) is the delineation of sweet spots from TOC
results shown in Fig. 6(b), where TOC> 2.1 is the pre-
determined criterion for the good shale oil sweet spots. Fig.
7(b) displays the sweet spots of shale oil reservoirs based
on the classification of shale oil facies, determined by the
PFDA method. The results depicted in Fig. 7(b) are
validated by the well logs, where the final result obtained
by the FPDA method is in good agreement with the well

log. Although, G1 exhibits a smaller distribution range in
Fig. 7(b), the best sweet spots shown in Fig. 7(a) are
consistent with the best shale oil face G1 in Fig. 7(b).

4 Conclusions

A PFDAmethod was proposed to differentiate the shale oil
sweet spots in this study, in which the probabilistic method
and Gaussian mixture model are combined with Fisher’s
method. This method was successfully used to delineate
the sweet spots of shale oil reservoirs from the real pre-
stack seismic data sets and is validated by the well log data.
Additionally, a new workflow for the evaluation of shale
oil sweet spots was introduced. Six key attributes of the
shale oil sweet spots were selected based on the rock
physics analysis, and these features were inversed by the
Bayesian and EVA-DSVDmethods. The PFDAwas finally
used to utilize more comprehensive and low-dimensional
data to effectively delineate the sweet spots.
The accuracy of the PFDA method is relatively sensitive

to the prior classifications. While significant errors in the
inversion process can adversely affect the accuracy of the
results, minimal error would not have a significant impact
on the accuracy of the results generated by the PFDA
method.

Fig. 5 The mean and standard deviation of new two-dimensional data sets of each type and the cross plot of shale oil facies after Fisher
dimension reduction. The coordinate “dimension 1” and “dimension 2” are obtained by the dimension reduction of model parameters.
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Fig. 6 The inversion results of six key shale oil parameters, (a) clay content, (b) total organic carbon, (c) Young’s modulus, (d) pyrolysis
S1, (e) Poisson’s ratio, and (f) porosity.

Fig. 7 The comparison of the delineation of shale oil sweet spots from (a) single TOC attribute and (b) the delineation obtained by
FPDA method from multiple attributes.
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