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Abstract The relation between ocean internal waves
(IWs) and surface fluctuation is studied using a quasi-
incompressible two-dimensional linear ocean wave model.
The main conclusions are as follows: the IW parameters
can be obtained by solving the boundary value problem of
ordinary differential equations with the frequency, wave
number, and amplitude of the surface fluctuation. When
the ocean surface fluctuation state is given, the ocean IW
presents a different structure, i.e., the uncertainty of the
solution, which reflects the characteristics of the inverse
problem. To obtain a definite solution, this study proposes
constraint conditions for the inverse problem, namely, the
relationship among background flow, buoyancy frequency,
sea surface height, and geostrophic parameters. The
necessary and sufficient conditions for the existence of
IWs and external waves (surface wave) can be obtained
according to the different constraint conditions. The
amplitude of the surface fluctuation is positively correlated
with IWs, and they share the same frequency and wave
number. We also examined the relationship between the
vertical structure, the maximum amplitude, and the
constraint conditions. For a certain wave number, when
the ocean environment is defined, the natural frequency
(characteristic frequency) of IWs can be obtained. If the
frequency of the surface fluctuation is similar or equal to
the natural frequency, the resonance phenomenon will
occur and can result in very strong IWs. The presented
theory can serve as a basis for the analytical estimation of
IWs.

Keywords constraint condition, surface fluctuation, inter-
nal wave, inverse problem

1 Introduction

Internal waves (IWs) are mesoscale phenomenon occur-
ring internally in the ocean (Alpers, 1985; Feng, 1999).
Stable density stratification in seawater is a requirement for
the existence of IWs. The distribution of seawater and
hydrologic features is complicated by the occurrence of
IWs. Therefore, the dynamics of IWs (Xu, 1999; Fan,
2002) should not be ignored. The study of IWs is not only
significant to the theoretical study of ocean dynamics but
also to the safe exploitation of ocean resources (Zhang and
Zhang, 2009; Muacho et al., 2014; Da Silva et al., 2015).
State-of-the-art in-situ methods to observe IWs include

anchor array observations, dragging and throwing obser-
vations, neutral float observations, and acoustic observa-
tions. However, the data are limited by spatial coverage
(Zong and Ou, 2011). The usage of space-borne cameras,
visible and infrared scanners, and synthetic aperture radar
(SAR) makes up the data shortage from in-situ measure-
ments with large spatial coverage spanning thousands of
square kilometers (Liu et al., 1998; Zong and Ou, 2011).
However, remote sensing data cannot be used directly in
the study of IWs, but in-situ data can. Satellite imagery
captures ocean signals from the ocean surface but cannot
reveal the vertical structure, maximum intensity, or various
parameters of oceanic IWs directly. To observe features of
IWs at the ocean surface, the first challenge is to determine
the relationship between IWs and surface fluctuation.
Based on measured data from the Messina channel, the

relationship between IWs and their surface signal detect-
able in remotely sensed images has been examined (Brandt
et al., 1999). The results showed that the dynamics of IWs
can be observed in radar imaging of the ocean surface. The
interaction mechanism between the free surface and IWs in
a two-layer fluid based on the potential flow theory of
water waves shows that the coupling interaction between
the surface wave mode and the IW mode must be taken
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into account for cases with a large density difference
between the two layers (Wei et al., 2003). A numerical
flume with two layers has been used to simulate the
propagation of IWs over various topographies and to
investigate the development, propagation, and dissipation
mechanisms of IWs (Chen et al., 2016). The results show
that strong mixing and water exchange occur during IW
propagation and result in intense convergence and
dispersion, which lead to strong free surface flow and
create noticeable free surface waves. The shapes of free
surface waves and IWs have opposite direction. In
addition, there is a close relationship between IWs and
ocean surface waves. The resonant interactions of IWs and
ocean surface waves have been analyzed as IWs pass over
various types of sea floor surfaces. The results indicate that
IWs and surface waves move in the same phase and that
both wave types have the same wavelength. Various
methods have been proposed to retrieve the seawater state
parameters from SAR imagery according to the Korteweg–
de Vries equations with the imaging mechanism of SAR
under two-layer approximations, assuming that the density
of the upper and the lower layers is different (Liu et al.,
1998; Porter and Thompson, 1999; Li et al., 2000; Fan
et al., 2010; Guo and Chen, 2014; Fan et al., 2015). The
characteristics of IWs in the South China Sea have been
previously discussed (Li, 2014; Alford et al., 2015; Xu
et al., 2016; Yang et al., 2016). The results show that the
vertical structure distribution of IWs cannot be extracted
with the two-layer ocean model. The error can be
significant when the difference indensity is not obvious
(Zeng, 2002). However, the formation conditions of IWs is
still not clear, which motivates us to develop a theoretical
model to establish the relationship between IWs and sea
surface fluctuations under a continuous stable stratified
marine environment. This work proposes a model under
continuous stable density stratification that solves bound-
ary value problems of ordinary differential equations for
the relation between IWs and surface fluctuation. The
model can lead to an analytical solution under ideal
conditions. We also discuss whether the surface fluctuation
can be used to extract the continuous vertical distribution
of parameters, such as the amplitude and intensity of IWs.
How could the IWs relate to the characteristics of the
ocean, such as background flow and buoyancy frequency?
Is it possible for an IW to be strong but cause a small
fluctuation on the surface? The present study provides
ideas and the theoretical basis for the analytical estimation
of IWs.

2 Mathematical model

Wave properties were studied using the Navier-Stokes
equations (Deng and Zhang, 2006; Zhang et al., 2007;
Yuan et al., 2011; Zhang et al., 2012; Deng et al., 2014,

2017), which are employed to reflect non-viscous,
adiabatic, non-hydrostatic, and quasi-incompressible con-
ditions. A term related to the earth’s rotation is included in
the equation. The vertical coordinate z is from the seafloor
to the surface where z ¼ 0 denotes the seafloor. The x-axis
reflects the direction of wave propagation. The perturba-
tion occurs in an ocean uniformly in the y direction, which

means that
∂
∂y

¼ 0. Assuming that the atmospheric

pressure is a constant, the two-dimensional non-hydro-
static linearization control equations are given as:
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(1)

where t denotes time and u � �0u#,  v � �0v#,  w � �0w#,
and �0 � – g�0, where u0,v0,w0 are the velocity perturbation
components in the x, y, and z directions, respectively, and
�0 is the density perturbation. N0 is the buoyancy
frequency. The items u, v are z -dependent components of
the horizontal background flow in the x and y directions,

respectively. Hence,
du

dz
and

dv

dz
change with variable z. The

velocity of an IW is the sum of the background flow
(u,   v,   w) and velocity perturbation components (u0,v0,w0).
In Eq. (1), �0 is the normalized density, g is the

gravitational acceleration, f is the geostrophic parameter,
ψ is the stream function, and u � �0u# ¼ ∂  ψ=∂  z,

w � �0w# ¼ – ∂  ψ=∂  x, and N2
0 zð Þ ¼ –

g

�0
⋅
d�̂ðzÞ
dz

> 0.

�̂ðzÞ is the typical value of the density distribution in the
vertical direction. The 2-dimensional Laplace operator is

given by r2 ¼ ∂2

∂x2
þ ∂2

∂y2
.

The present paper only considers the situation in which
the background flow and the propagation of the IWs have
the same direction, thus, u ¼ uðzÞ, v ¼ 0. Eq. (1) can be
simplified as follows:
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The lower boundary is considered a horizontal rigid
boundary (like a horizontal seabed without any terrain).
According to Fourier analysis, all waves can be resolved as
a superposition of simple harmonic waves. Thus, assuming
a simple harmonic wave on the sea surface that propagates
along the x direction, the boundary conditions are:

z ¼ 0, w ¼ 0; z ¼ H , w ¼ WHcosðkx –�tÞ, (3)

whereWH , k, and � are the amplitude, the wave number of
vertical movement, and the frequency of the ocean upper
boundary, respectively. All parameters are set to a real
constant and are greater than zero. H is the mean sea
surface height, namely, the thickness between the upper
boundary and the lower boundary of the sea. Using
boundary conditions (Eq. (3)), the solution of Eq. (2) can
be given by:

v

~�

ψ

0
B@

1
CA ¼

V ðzÞcosðkx –�tÞ
PðzÞsinðkx –�tÞ
ΨðzÞsinðkx –�tÞ

0
B@

1
CA, (4)

where V ðzÞ, PðzÞ, ΨðzÞ are real functions. Their absolute
values are the vertical amplitude of v, ~�, ψ. Let
ωðzÞ ¼ � – uðzÞ⋅k, then the following equations can be
obtained:

–ωV – f
dΨ

dz
¼ 0

–ωP – f
du

dz
V – kN2

0Ψ ¼ 0

–ω
d2Ψ

dz2
– k2Ψ

� �
– f

dV

dz
þ kP – k

d2u

dz2
Ψ ¼ 0

8>>>>>><
>>>>>>:

: (5)

The boundary conditions are as follows:

z ¼ 0, ∂ψ=∂x ¼ 0;

z ¼ H ,  ∂  ψ=∂  x ¼ –WHcosðkx –�tÞ: (6)

This means:

z ¼ 0, Ψ ¼ 0; z ¼ H , Ψ ¼ –WH=k ¼ ΨH :

In this case, Eq. (5) and boundary conditions (Eq. (6))
constitute a boundary value problem of the variable
coefficient ordinary differential equations set.

Using uz ¼
du

dz
, uzz ¼

d2u

dz2
, Eq. (5) without V , P can be

written as:

ωðω2 – f 2Þd
2Ψ

dz2
– 2kf 2uz

dΨ
dz

þ k2ωðN2
0 –ω

2Þ þ kω2uzz
� �

Ψ ¼ 0: (7)

In Eq. (7), the highest power of � is 3 in
d2Ψ

d2z
, which

corresponds to three waves in the eigen value problem of
the equations set under homogeneous boundary condi-
tions. Two of the waves are internal inertia gravity waves
in the opposite direction, and the other is a vortex wave
caused by the vertical shear of the background flow (Deng
et al., 2014).
This work focuses on internal gravity waves (internal

inertia gravity waves). The problem can be simplified by
filtering the vortex wave through the approximation of the
fast wave.
The approximation of the fast wave can be considered

whenj�j � juzj or ignoring the rotation of the earth, i.e.,
when frequency � is high (fast wave), the vertical shear of
the background flow is not too large, or the system time
scale is so small that the geostrophic effect is insignificant.
The 2kf 2uzdΨ=dz part in Eq. (7) is insignificant; therefore,
the equation can be rewritten by fast wave approximation
as:

ðω2 – f 2Þd
2Ψ

dz2
þ k2ðN2

0 –ω
2Þ þ kωuzz

� �
Ψ ¼ 0: (8)

If the wave is observed near the equator or its time scale
is less than 3 hours, the f in Eq. (8) can be ignored. Then,
the equation can be simplified to the classic Taylor-
Goldstein equation. The internal inertial gravity wave
becomes an internal gravity wave. Here, IWs with a long
period (12.5 h) are considered, and f is not ignored.
Therefore, Eq. (8) includes the internal inertial gravity
waves, which is developed based on the classic Taylor-
Goldstein equation. The variable coefficient ordinary
differential equation can be adapted as:

d2Ψ

dz2
þ k2ðN2

0 –ω
2Þ þ kωuzz

ω2 – f 2
Ψ ¼ d2Ψ

dz2
þ QðzÞΨ ¼ 0:

(9)

In Eq. (9), if the background flow u or the buoyancy
frequency N0 is not constant, it is usually difficult to obtain
an analytical solution and it may be unstable. Numerical
methods have been used to study Eq. (9) (Deng et al.,
2016). Assuming that u and N0 are constant, which is
consistent with the formation and persistence of IWs and
stable stratification of the ocean (Zhang and Zhang, 2009)
an analytical solution can be obtained. Therefore, ω is a
constant and can be defined as ω ¼ � – u⋅k. Only the case
with u and N0 being constant is discussed below. Thus,
Eq. (9) can be simplified as follows:

d2Ψ

dz2
þ k2

N 2
0 –ω

2

ω2 – f 2
Ψ ¼ 0: (10)

Eq. (10) and boundary conditions (Eq. (6)) constitute a
boundary problem of the second-order constant coefficient
differential equation, which is simple to solve.
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3 Analytical solution

To simplify the expression of Eq. (10), let η ¼ k�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðN2

0 –ω
2Þ=ðω2 – f 2Þj

p
> 0 and ignore the situation ω ¼

N0 and ω ¼ f . The analytical solution can be discussed in
two different situations.

3.1 The first situation

In this situation, k2ðN2
0 –ω

2Þ=ðω2 – f 2Þ> 0. Eq. (10) can be
rewritten as:

d2Ψ

dz2
þ η2Ψ ¼ 0: (11)

Its general solution is as follows:

Ψ ¼ AcosðηzÞ þ BsinðηzÞ: (12)

According to boundary conditions (Eq. (6)), A ¼ 0 and
B ¼ ΨH=sinðηHÞ. Thus, the solution of Eq. (11) under
boundary conditions (Eq. (6)) is:

ΨðzÞ ¼ ΨH

sinðηHÞsinðηzÞ ¼ –
WH

ksinðηHÞsinðηzÞ: (13)

In Eq. (13), the vertical structure of Ψ is a sine function.
η is the vertical wave number. Larger η values denote that
the vertical structure is more complex.
As shown in Eq. (13), the Ψ depends on WH=k, sinðηzÞ

and sinðηHÞ. The maximum value (ΨM ) of Ψ can be
estimated from Eq. (13):

ΨM ¼ max  �����WHsinðηzÞ
ksinðηHÞ  �����£ WH

kjsinðηHÞj: (14)

WH=k is only determined by the sea surface fluctuation,
i.e., the upper boundary conditions. The item sinðηzÞ
defines the vertical structure of IWs. Because
jsinðηHÞj£1, the amplitude of the wave inside the sea is
greater than or equal to its amplitude at a water depth H .
Therefore, the wave is an IW. The vertical structure term
sinðηHÞ is closely related to the marine environment. In
addition to the wave number k and the frequency (ω) of the
surface fluctuation, other factors that define the maximum
of jΨðzÞj include the marine environmental factors N0, u,
f, and H. When ηH ↕ ↓lπ (l is a positive integer),
jsinðηHÞj↕ ↓0 and ΨM ↕ ↓1. Once the combination of
these factors makes jsinðηHÞj↕ ↓0, a greater amplitude of
the IW will form and should be highly noticeable.
The vertical structure of IWs is defined by η. The

extreme point of jΨj is determined by sinðηzÞ ¼ 1 from the
lower to the upper boundary when H³ð1=2Þπ=η.
z ¼ ðl – 1=2Þπ=η < H ,  l ¼ 1,2,3,:::,̂l, where l is called
the modal number of the IW. The value of the first extreme

point of jψj is π
2η

, the second is
3π
2η

, and the rest can be

assessed in the same manner until ð̂l þ 1=2Þπ < ηH . The
maximum mode is l̂. There is a zero point between the two
extreme points. The larger the l̂ is, the more extreme and
zero points there are. The maximum value of jψj is

jψj
jsinðηHÞj. The greater the number of extreme points and

the higher the mode of the IW, the more complicated the
vertical structure of the IW can be.
However, when H < π=2η, e.g., H is too small or η is

too large, the Ψ is zero in the lower boundary. The sinðηHÞ
can increase until it reaches the first extreme point. Hence,
jΨj reaches its maximum jΨH j at H when z reaches the
upper boundary before the first extreme point. The wave is
still an IW, and its mode is zero. The maximum of jΨj
appears at the upper boundary.
In the first situation when the IW appears, it can be

inferred from

k2ðN2
0 –ω

2Þ=ðω2 – f 2Þ> 0,
where the conditions are fωjf < ω < N0jg ¼ ðf ,N0Þ. This
is a necessary and sufficient condition for the formation of
IWs. Although there is no wave at the height of H, which
means that z ¼ H , w ¼ 0with the rigid boundary approx-
imation on the upper boundary, IWs still exist inside the
sea. In this situation, the problem shifts from a boundary
problem to an eigen value problem (Deng and Zhang,
2006).

3.2 The second situation

In the second case, k2ðN2
0 –ω

2Þ=ðω2 – f 2Þ < 0. Eq. (11)
can be written as

d2Ψ

dz2
– η2Ψ ¼ 0: (15)

Its general solution is as follows:

Ψ ¼ AcoshðηzÞ þ BsinhðηzÞ: (16)

According to boundary conditions (Eq. (6)), A ¼ 0 and
B ¼ ΨH=sinhðηHÞ. Thus, the solution of Eq. (15) under
boundary condition (Eq. (6)) is:

ΨðzÞ ¼ ΨH

sinhðηHÞsinhðηzÞ ¼ –
WH

ksinðηHÞsinhðηzÞ: (17)

In Eq. (17), sinhðηHÞ> sinhðηzÞ in ð0, HÞ. Hence,
ΨðzÞ< ΨH . The wave has its maximum amplitude at the
sea surface. In addition, there is no zero point of the wave
under the surface. The character of this wave corresponds
with an external gravity inertial wave. The amplitude
jΨðzÞj, which is maximal on the ocean surface, decreases in
a hyperbolic sine function into the seabed.
In short, for k2ðN2

0 –ω
2Þ=ðω2 – f 2Þ < 0, the requirement

for the appearance of the external wave (surface wave) is
that ω should fall outside of the closed interval between f
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andN0. In this situation, when there is no wave for the rigid
boundary approximation at the height of H, the eigen value
problem has only a zero solution, which shows that there is
no wave inside the sea.

3.3 The expression of the wave parameters

After solving the equation of ΨðzÞ in the two situations
above, the expressions of V ðzÞ, PðzÞ can be easily
concluded: ω, u are constant, and du=dz and d2u=dz2 in
the expression disappear. After getting ΨðzÞ, V ðzÞ, PðzÞ,
the solution of v, ~�, ψ can be concluded from Eq. (4),
which satisfies Eq. (2) and the boundary conditions (Eq.
(3)). The solution of u,w can be resolved from u ¼ ∂ψ=∂z,
w ¼ – ∂ψ=∂x.
The equations of the solutions of IWs are as follows:

ψðx,zÞ ¼ –
WH

ksinðηHÞsinðηzÞsinðkx –�tÞ, (18-1)

v ¼ f η
ω

WH

ksinðηHÞcosðηzÞcosðkx –�tÞ, (18-2)

~� ¼ kN 2
0

ω
WH

ksinðηHÞsinðηzÞsinðkx –�tÞ, (18-3)

u ¼ – η
WH

ksinðηHÞcosðηzÞsinðkx –�tÞ, (18-4)

w ¼ WH

sinðηHÞsinðηzÞcosðkx –�tÞ: (18-5)

The equations of the solutions of external waves are as
follows:

ψðx,zÞ ¼ –
WH

ksinðηHÞsinhðηzÞsinðkx –�tÞ, (19-1)

v ¼ f η
ω

WH

ksinðηHÞcoshðηzÞcosðkx –�tÞ, (19-2)

~� ¼ kN 2
0

ω
WH

ksinðηHÞsinhðηzÞsinðkx –�tÞ, (19-3)

u ¼ – η
WH

ksinðηHÞcoshðηzÞsinðkx –�tÞ, (19-4)

w ¼ WH

sinðηHÞsinhðηzÞcosðkx –�tÞ: (19-5)

After getting v, ~�, ψ, u, w and by using the equations
ðu#,  v#,  w#ÞT ¼ ðu,v,wÞT=�0 and �# ¼ – ~�=g, the velocity
disturbance field u#,  v#,  w#, and the density disturbance
field �# can be obtained. The stream function disturbance
is ψ# ¼ ψ=�0. The above equations do not superimpose a
constant background flow u. When the item u is super-
imposed, the velocity in the x direction is uþ u#, while
v#,  w# remains unchanged. The stream function is uzþ ψ#
with background flow added.

4 The case analysis

Six typical cases for visually expressing the configuration
and the relationship between surface fluctuations and IWs
are analyzed in the following. Among those cases, the
parameters that refer to the marine environmental char-
acteristics of IWs in the China Sea (Zhang and Zhang,
2009) are L = 1000 m, f = 5�10‒5 s–1, T = 12.5 h, andWH =
0.5 cm/s. The analysis uses different buoyancy frequencies
N0, water depth H, and constant background flow u. The
settings of the various parameters are shown in Table 1. For
each case, the patterns of ψ#,ΨðzÞ,w#, and u# are shown in
Figs. 1(a)–1(d), respectively. In the figures, the z-axis
denotes the water depth, and the x-axis is the horizontal
distance, except for Fig. 1(b), which shows the amplitude.
Figure 1(a) shows the distribution of ψ#, w#, and u# when
t = 0, and Fig. 1(b) shows the distribution of ΨðzÞ.

4.1 Case 1

Take the case where buoyancy frequency N0 ¼ 2� 10 – 4

s–1 and the effect of the background is neglected flow,
which means u= 0. The given parameters can generate
IWs, i.e., k2ðN2

0 –ω
2Þ=ðω2 – f 2Þ> 0.The wavelength of the

stream function ψ# is the same as the surface fluctuation
(Fig. 1). There is only one single loop in the vertical
direction, and the circulation center is located at a height of
228 m from the lower boundary (Fig. 1(a)). The amplitude
distribution of Y(z) has only one extreme value in the
whole body of water. The position of this extreme value is
situated at the center of the stream function (Fig. 1(b)). The
vertical motion of w# also shows a single loop, with a
maximum of w# exceeding 15 cm/s at a height of 228 m
(Fig. 1(c)). The amplitude of the loop is 30 times greater
than that at the upper boundary.
The distribution of the field u# is different from the

stream functionY and the vertical velocity w#, where u# is

Table 1 The settings of the parameters in six typical cases

Case N0/s
–1 u /(m$s–1) H/m

1 2.0� 10–4 0 460

2 2.0� 10–4 0.05 460

3 3.0� 10–4 0 460

4 3.0� 10–4 0.05 460

5 2.0� 10–4 0 200

6 1.0� 10–4 0 460
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Fig. 1 The distribution of IW parameters in the first case. (a) The distribution of stream function; (b) ΨðzÞ distribution;
(c) w0 distribution; (d) u0 distribution.
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0 at the maximum of w#. Its maximum (> 15 cm/s) is
present in the upper and lower borders (Fig. 1(d)), and the
direction of the upper and lower streams is opposite. The
ocean wave is the same as the upper boundary fluctuation,
and there is no phase change.

4.2 Case 2

In this case, the marine environment is the same as that in
the first case except for the background flow u = 0.05 m/s
and still meets IWs existence conditions. The stream
function contains the background flow, as shown in
Fig. 2(a). ðuzþ ΨÞ, and is obviously different from the
stream function in the first case. The single-loop current
from the first case is replaced by the wave distribution. Its
maximum appears at the height of 423 m, where the
vertical amplitude of the streamline is approximately 25 m
(Fig. 2(a)). The distribution of the ΨðzÞ (vertical
amplitude) also has only one maximum value in the
whole body of water, which appears at the height of 423 m,
near the upper boundary (Fig. 2(b)).
In Fig. 2(c), the maximum vertical amplitude of the field

w# also appears at the height of 423 m, which is much
smaller than the corresponding value in the first case, e.g.,
approximately 0.55 cm/s. The distribution of the field is
also significantly different from that of the first case. The
large value of u# is mainly observed at the bottom of the
water body. The velocity field near the upper boundary is
very small and reaches 0 at 423 m (Fig. 2(d)). Compared
with Case 1, the intensity of the IW is weakened due to the
existence of background flow, and the position of the
maximum vertical amplitude of the IW is raised upwards.

4.3 Case 3

To discuss the effect of the floating frequency, this case is
set up similar to the first case, except for N0= 3.0�10–4 s–1.
It meets the IWs existence conditions. The stream function
appears as a positive and negative two-circulation ring in
the vertical direction. The central positions are situated at
heights of approximately 130 m and 370 m (Fig. 3(a)).
Y (z) has a zero value and two extremes in the whole body
of water. The position of the extreme point is consistent
with the center of the stream function (Fig. 3(b)). The
characteristics of the distribution of the vertical velocity w#
are similar to the stream function, e.g., two-circulation
distributions. The center position of w# is the same as the
center position of the stream function, and the velocities of
negative and positive circulation centers are approximately
1 cm/s and 0.5 cm/s, respectively (Fig. 3(c)). The
distribution of the u# field (Fig. 3(d)) is different from
the stream function and the vertical velocity, as a single
loop is present between the vertical height of 125 m and

375 m, which is close to the center of the circulation, where
the velocity is approximately 2.5 cm/s. The upper and
lower boundaries have a half-circle circulation of the same
phase.

4.4 Case 4

Case 4 is similar to Case 2, except that the floating
frequency is set to N0 = 3�10–4 s–1. The case also meets the
IWexistence conditions. In this case, the distribution of the
stream function is similar to that of Case 2, which is a
simple harmonic shape (Fig. 4(a)). However, the phases of
the upper and lower stream functions are opposite. The
maximum vertical amplitude of the streamline appears at
approximately 170 m (Fig. 4(b)). Compared with Case 2,
the distribution of the extreme Y(z) is shifted downward
from the upper layer. The maximum intensities of w# and
u# are approximately 0.5 cm/s (Fig. 4(c)) and 0.8 cm/s
(Fig. 4(d)), respectively. The vertical motion in this case
(w#) shows one and a half loops, which is different from
Cases 2 and 3. It can be concluded that the background
flow and the floating frequency not only have a significant
effect on the intensity of the IW but also its vertical
structure and shape of motion.

4.5 Case 5

To study the effect of water depth on the IW, the other
environmental parameters are the same as in Case 1 except
that the water depth is 200 m. This case also meets the IW
generation conditions. The stream function in the vertical
direction only has half circulation, and a large area appears
in the vicinity of the surface (Fig. 5(a)). The extreme point
of Y(z) appears at the upper boundary (Fig. 5(b)). The
maximum value of w# is also located at the upper
boundary, which is only 0.5 cm/s (Fig. 5(c)). The
maximum value u# is observed at the lower boundary,
which is approximately 0.5 cm/s, and the value is
much smaller than the corresponding value of Case 1
(Fig. 5(d)).

4.6 Case 6

When the buoyancy frequency is set to N0= 1.0�10–4 s–1,
and the other marine environmental conditions remain the
same as in Case 1, i.e., k2ðN2

0 –ω
2Þ=ðω2 – f 2Þ < 0, the case

does not meet the conditions required for the generation of
an IW. Therefore, this case only results in an external wave
(surface wave). As shown in Figs. 6(a)–6(d), the largest
amplitude of the stream functionY, the velocity u# and the
vertical motion w# occur at the upper boundary and
decrease as the depth increases. This is clearly different
from the vertical structure of an IW.
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Fig. 2 The distribution of IW parameters in the second case. (a) The distribution of stream function; (b) ΨðzÞ distribution;
(c) w0 distribution; (d) u0 distribution.
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Fig. 3 The distribution of IW parameters in the third case. (a) The distribution of stream function; (b) ΨðzÞ distribution;
(c) w0 distribution; (d) u0 distribution.
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Fig. 4 The distribution of IW parameters in the fourth case. (a) The distribution of stream function; (b) ΨðzÞ distribution;
(c) w0 distribution; (d) u0 distribution.
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Fig. 5 The distribution character of IW in the fifth case. (a) The distribution of stream function; (b) ΨðzÞ distribution; (c) w0 distribution;
(d) u0 distribution.
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Fig. 6 The distribution character of the surface wave in the sixth case. (a) The distribution of stream function; (b) ΨðzÞ distribution;
(c) w0 distribution; (d) u0 distribution.
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5 Discussion

5.1 The constraint condition

According to the above results, different constraint
conditions lead to completely different IW dynamics.
The waves themselves also show different states with
uncertain solutions, which also shows the characteristics of
the inverse problem. To obtain a definite solution to the
inverse problem, the constraint conditions must be given.
The background state parameters of the ocean, i.e.,
background flow, buoyancy frequency, sea surface height,
and geostrophic parameters are the constraint factors. Once
the constraint conditions are defined, the solutions are also
defined.
In the first situation, k2ðN2

0 –ω
2Þ=ðω2 – f 2Þ> 0, which

meets the IW existence conditions, and IWs are present in
the vertical structure of the ocean. Under the constraint
conditions, the amplitude of the stream function and
the vertical velocity may reach their maximum within
the ocean (e.g., Case 1). In the second situation,
k2ðN2

0 –ω
2Þ=ðω2 – f 2Þ < 0, the waves are external waves

(surface waves). The maxima of the stream function and
the vertical velocity are both at the sea surface. From the
solutions, we can see that the vertical structure of internal
and external waves is completely different. The IWs are
consistent sine or cosine waves, while the external waves
are hyperbolic sine or cosine waves that decay with the
ocean depth.
Buoyancy frequency and background flow are two

important constraint factors in this inverse problem. They
define natural characteristics of the wave. Section 2
explains that the necessary and sufficient conditions for
the existence of an IW is ω2 2 ðf 2, N2

0 Þ. However, the
necessary and sufficient condition for the existence of an
external wave is ω2 =2 ðf 2, N2

0 Þ. Because ω ¼ � – u⋅k, the
� and k are estimated from the surface fluctuation.
Therefore, the key constraint factors on the wave are the
buoyant frequency N0 and the background flow u. The
existence of background flow has a great impact on the
results; although the background flow itself is a constant,
the nature of the wave differs. The existence of the
background flow changes ω (ω ¼ � – u⋅k), which has the
same frequency �. The ω is the only factor in Eq. (10) that
defines the character and shape of the wave when f and N0
have not changed. Due to the existence of u, ω is the
frequency that influences the frequency � through the
Doppler shift. One should pay attention to the effect of
background flow.

5.2 The resonance

When the upper boundary is just a wall, the boundary
conditions are z ¼ 0, Ψ ¼ 0, z ¼ H ,    Ψ ¼ 0. Solving the
boundary problem of Eq. (10) converts it into an

eigenvalue problem. The eigenvalue problem has non-
zero solutions, and its characteristic frequency (Deng and
Zhang, 2006) is

~� ¼ ~ku�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~k
2
N2
0H

2 þ n2π2f 2

~k
2
H2 þ n2π2

s
,

n ¼ 1,  2,  3,:::, (20)

where ~� and ~k are the characteristic frequency and wave
number when the mode is n, respectively. The modal eigen
function expression is as follows:

ΨðzÞ ¼ Csin
nπ
H
z

� 	
¼ Csin ~ηzð Þ, (21)

where C is a constant, which is the amplitude of the
characteristic waves.

Also, ~η ¼ nπ=H ¼ ~k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2
0 – ~ω2

� 	
= ~ω2 – f 2ð Þ

r
,

where ~ω ¼ ~� – ~k⋅u.
When the background field and the environment are

defined, i.e., N0, u, H , f are defined, and if there is a
characteristic wave in a mode with the frequency ~k, the
characteristic frequency ~� can be defined by Eq. (20).
When ~η ¼ nπ=H , sinð~ηHÞ¼ 0. This is the upper boundary
condition of the eigen value problem.
For the same ocean environment as the above eigen

value problem, it has the same N0, u,H , and f . Eq. (10) and
the boundary conditions (Eq. (6)) constitute a boundary
value problem of partial differential equations.
In the first situation of Section 2, if �↕ ↓~� and k↕ ↓

~k at
the sea surface (z = H), η↕ ↓~η. Since sinð~ηHÞ ¼ 0,
sinðηHÞ↕ ↓0. In Eq. (13), the vertical amplitude ΨðzÞ of
the IWs is calculated from the surface wave, the
denominator is sinðηHÞ. If the denominator tends to 0,
the maximum vertical amplitude of the IWs (ΨM ) will be
very large even if the amplitude of the surface wave WH is
small (see Case 1). Of course, when sinðηHÞ↕ ↓0, the
amplitude of the IW in the actual ocean would not be
infinite due to the viscosity and nonlinear characteristics of
seawater.
When the frequency of the surface wave is similar to or

equal to the natural frequency, the resonance phenomenon
occurs.
However, no resonance phenomenon occurs in the

second situation in the external wave because the eigen
value problem has no non-zero solution. This is an
important difference between the internal wave and the
external wave.

5.3 Analytical estimation

With u ¼ –
ηWH

ksinðηHÞcos ηzð Þsin kx –�tð Þ and u ¼ ∂ψ=∂z,

the following equation can be derived:
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u ¼ U zð Þsin kx –�tð Þ

¼ –
WH

ksinðηHÞηcos ηzð Þsin kx –�tð Þ, (22)

where UðzÞ is the vertical structure of u,

U zð Þ ¼ –
ηWH

ksinðηHÞcos ηzð Þ, (23)

when z ¼ H ,

k

η
¼ –

WH

UH
cot ηHð Þ, (24)

where UH denotes the amplitude of u for the sea surface
fluctuation. By the equation above, when the ocean
parameters k, η, and H are given, WH can be obtained by
UH , and vice versa.
The ratio of the wave number (k) to the vertical wave

number (η) is subject to the constraint of Eq. (24). If the
wave number (k),UH ,WH , and the sea surface heightH are
given, the value η can be obtained by iteratively solving
Eq. (24). When η is obtained, the vertical amplitude W ðzÞ
equation can be solved by Eq. (18-5).

W zð Þ ¼ WH
sinðηzÞ
sinðηHÞ: (26)

If the UH , WH , and H are known, we can obtain the
maximum vertical amplitude of the IW and its depth
without � and ω. This result is sure to receive more
attention for marine safety applications.
If the ω, k, and f of the sea surface ðz ¼ HÞ are known,

the stratification parameters of the ocean through
the relationship η2 ¼ k2ðN2

0 –ω
2Þ=ðω2 – f 2Þ> 0 can be

obtained by:

N2
0 ¼ η2

k2
ω2 – f 2

 �þ ω2: (27)

6 Conclusions

This paper studies the relation between IW parameters and
surface fluctuation using a quasi-incompressible non-
hydrostatic two-dimensional linear ocean wave model.
The main conclusions are as follows:
1) IW features can be obtained by solving the boundary

value problem of an ordinary differential equation based
on the frequency �, the wave number k, and the amplitude
of ocean surface fluctuation. When the background flow
and the buoyancy frequency are both constant, an
analytical solution can be obtained.
2) When the surface fluctuation state is given, the IW

features present different shapes, which reflect the
uncertainty of the solution. The uncertainty reflects the
characteristics of the inverse problem. To obtain a definite
solution, the constraint conditions of the inverse problem,

such as the background flow, buoyancy frequency, sea
surface height, and geostrophic parameters are imposed.
3) Depending on the different constraint conditions, the

results can be divided into two completely different
situations. One is the IW situation. In this situation, the
necessary and sufficient conditions for wave formation are
ω2 2 ðf 2, N2

0 Þ. The other case is the external wave (surface
wave) situation, in which the necessary and sufficient
conditions for wave formation are ω2 =2 ½f 2, N2

0 �.
4) The frequency and wave number of the IW are the

same as the surface fluctuation. The greater the amplitude
of the surface fluctuation is, the greater the amplitude of the
IW is. They are positively correlated. Their amplitude is
also related to sinðηHÞ. The smaller sinðηHÞ is, the greater
the amplitude is. However, it is possible that the amplitude
of the IW is huge while the surface fluctuation is small. The
vertical structure of the IW is related to the η. The greater
the η is, the more complex the vertical structure is.
5) For a certain mode, once the ocean environmental

factors are determined, the natural frequency (character-
istic frequency) of the IW is also revealed. When the
frequency and the wave number of surface waves are
similar or equal to the natural frequency and the natural
wave number, respectively, the resonance phenomenon
occurs, and there can be very strong IWs. When this
occurs, great attention must be paid to ensure marine safety
is maintained.
In the case of the simplified stratification structure of the

ocean, N0 can be taken as a constant, but often there is a
pycnocline in the actual ocean. Hence, N0 cannot be
constant. N0 is a function of z. When N0 is a function of z,
Q ¼ ½k2ðN2

0 ðzÞ –ω2Þ�=ðω2 – f 2Þ is a function of z as well.
If QðzÞ> 0 and QðzÞ 2 ½0,H �, the conditions for the
existence of IWs will be satisfied, i.e., ðN2

0 ðzÞ –ω2Þ=
ðω2 – f 2Þ> 0. There will be IWs.
In this paper, a boundary value problem of second-order

linear ordinary differential equations with constant coeffi-
cients was transformed into a boundary value problem with
variable coefficients. However, it still suffers from the
issues related to solving boundary value problems which
must be overcome to examine IW features. In this case, the
analytical solution cannot be solved, but an approximate
method, such as numerical solution, can be used although
the theoretical basis of both solutions is the same.
The relationship between sea surface fluctuations and

ocean IWs quantified with analytical methods is a
prerequisite for reliable retrieval of IWs. It could benefit
others interested in understanding the relation of surface
and the internal waves through analytical estimation or
through numerical modeling of wave characteristics.
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