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Abstract A three-dimensional hydrodynamic model is
presented which combines a terrain-following vertical
coordinate with a horizontally orthogonal curvilinear
coordinate system to fit the complex bottom topography
and coastlines near estuaries, continental shelves, and
harbors. To solve the governing equations more efficiently,
we improve the alternating direction implicit method,
which is extensively used in the numerical modeling of
horizontal two-dimensional shallow water equations, and
extend it to a three-dimensional tidal model with relatively
little computational effort. Through several test cases and
realistic applications, as presented in the paper, it can be
demonstrated that the model is capable of simulating the
periodic to-and-fro currents, wind-driven flow, Ekman
spirals, and tidal currents in the near-shore region.

Keywords three-dimensional numerical model, alternat-
ing direction implicit method, tidal flow, orthogonal
curvilinear coordinates, terrain-following

1 Introduction

Numerical models are widely used at present to simulate
free surface flows in rivers, estuaries, and oceans. With the
rapid increase in computer power in recent years, the use of
three-dimensional (3D) hydrodynamic models has shifted
from academic research to practical applications. Such a
model supplies the basic current structure for pollutant
transport, oil-spill movement, and suspended sediment
transport models (Drago et al., 2000; Hu et al., 2009).
Compared with the depth-averaged two-dimensional

(2D) model, which has been extensively used for
simulating storm surges, pollutant transport, and the

evolution of rivers (Chen et al., 2009; Zhang et al., 2010;
Hu et al., 2011b), a 3D model is better able to reflect
vertical variations in velocity and allows the bed friction
stress to be determined more accurately (Mao et al., 2008;
Xie and Zhuang, 2010; Zhao et al., 2012). Therefore, the
tidal field obtained using a 3D model is typically more
realistic and reasonable than that obtained using a 2D
approach.
In the context of 3D simulation, it has often been noted

that the bottom topography of the sea is irregular and that
the ordinary z-coordinate system encounters certain
disadvantages in following it. A staircase representation
of bathymetry leads to numerical errors and may not
accurately represent bottom boundary layer flows. Gerdes
(1993) found that neither barotropic nor baroclinic coastal-
trapped waves could be accurately represented using a
z-coordinate model. Bell (1999) also demonstrated that
z-coordinate models can generate significant vorticity
errors. Therefore, terrain-following coordinates are widely
used in tidal modeling. One terrain-following coordinate,
the σ coordinate, was first introduced for use in atmo-
spheric modeling (Phillips, 1957) and has become a
standard vertical coordinate for the modeling of tides or
other patterns of coastal flows (Zhang et al., 2006; Young
et al., 2007; Keilegavlen and Berntsen, 2009; Hu et al.,
2011a). The main advantage of the σ coordinate is that
when it is cast in a different form, a smooth representation
of the bottom topography is obtained; one can also easily
incorporate both a bottom boundary layer and a surface
boundary layer into the coordinate system.
In the horizontal direction, traditional Cartesian coordi-

nate grids are not well suited for application to a coastal
region with complex coastlines and bathymetry; such grids
can lead to poor accuracy of the numerical solution and a
non-optimal compromise between accuracy and computer
resources. By comparison, orthogonal curvilinear coordi-
nates can accommodate a complex coastline more
precisely. Through a coordinate transformation, such an
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irregular physical grid can be transformed into a regular
computational one, and the grid can fit any boundary shape
of flowing fields, thereby improving the calculation
precision at the boundary with only a slight sacrifice in
computational time as a result of the need for coordinate
transformation (Ly et al., 1999; Hu et al., 2009). Indeed,
this transformation effort is minimal compared with that
required for an unstructured grid, which is also known for
its adaptability.
At present, most existing 3D models assume similar

simplifications to the Reynolds-averaged Navier-Stokes
(RANS) equations, based on the Boussinesq approxima-
tion and hydrostatic pressure assumption, and differ in
their numerical schemes. For instance, the governing
equations can be discretized using various methods such as
the finite difference, finite element, or finite volume
method. The time integration schemes range from fully
explicit to fully implicit. Currently, most existing 3D
models use semi-implicit schemes because they use an
explicit scheme for the horizontal direction but an implicit
scheme for the vertical direction (Blumberg and Mellor,
1987; Toro and Gomez, 1998). In recent years, several
fully implicit splitting methods have been developed and
applied (Casulli and Stelling, 1998; Stansby and Zhou,
1998).
In terms of time integration, many of the primitive

equation models in widespread use are solved explicitly.
To overcome the severe time-step restriction imposed by
the Courant – Friedrichs –Lewy (CFL) criterion on the
solution of the water elevation of the free surface, a mode-
splitting technique is used (Lazure and Dumas, 2008). This
technique separates the entire system into external and
internal modes and solves each of them separately at
different time steps; thus, a small time step can be used on
the barotropic equations, and a larger time step can be used
on the baroclinic equations. This method has the
disadvantages that terms must be introduced to account
for the interaction between the two modes and that
consistency between the internal and external modes
must be maintained. Many models, such as the Princeton
Ocean Model (POM), S-coordinate Primitive Equation
Model (SPEM) and Miami Isopycnic Coordinate Ocean
Model (MICOM), use this technique. By contrast, the tidal
model described here solves the continuity and momentum
equations using the semi-implicit alternating direction
implicit (ADI) method, which was first applied to simulate
the horizontal tidal current field by Leendertse (1970) and
has been extended to 3D models in the past decade (Yang
and Ozer, 1997; Shi et al., 1999). The advantages of the
ADI method are its stability and high efficiency, which
mean that typically Courant numbers of 5‒10 times larger
can be used for the barotropic modes. In this paper, a fairly
simple method is used to extend the ADI method from 2D
to 3D. It is demonstrated that the ADI method can be used
to solve for 3D coastal flows with good stability.

The paper is organized as follows: In section 2, the
model and its boundary conditions are introduced, and in
section 3, the numerical scheme is proposed. Subsequently,
the performance of the model is tested in section 4,
including both ideal testing and practical application.
Finally, conclusions are offered in section 5.

2 The governing equations

2.1 Hydrodynamic equations

The equations that form the basis of the tidal model
describe the velocity and surface elevation field. Consider
the hydrodynamic systems for free surface flows given
orthogonal curvilinear coordinates in the horizontal
direction and the σ coordinate in the vertical direction,
where the bottom is at σ=‒1 and the surface is at σ= 0 (see
Fig. 1). The processes under study occur at a horizontal
scale that is at least one order of magnitude larger than the
vertical scale; thus, the hydrostatic assumption is used to
simplify the equations.

The continuity equation is

h1h2
∂&
∂t

þ ∂ðh2uDÞ
∂ε

þ ∂ðh1vDÞ
∂η

þ h1h2
∂w
∂�

¼ 0: (1)

The ε-momentum equation is

∂u
∂t

þ u

h1

∂u
∂ε

þ v

h2

∂u
∂η

þ ω
D

∂u
∂�

– ~f v – fv

¼ –
g

h1

∂&
∂ε

þ AH
1

h21

∂2u
∂ε2

þ 1

h22

∂2u
∂η2

� �
þ 1

D2

∂
∂�

Av
∂u
∂�

� �
:

(2)
The η-momentum equation is

∂v
∂t

þ u

h1

∂v
∂ε

þ v

h2

∂v
∂η

þ ω
D

∂v
∂�

þ ~f uþ fu

¼ –
g

h2

∂&
∂η

þ AH
1

h21

∂2v
∂ε2

þ 1

h22

∂2v
∂η2

� �
þ 1

D2

∂
∂�

Av
∂v
∂�

� �
:

(3)

Fig. 1 The σ-coordinate system.
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where u, v, and w are the ε, η, and σ components of the
current; & is the free surface elevation; f is the Coriolis
parameter; AH and Av are the horizontal and vertical eddy
viscosity coefficients; h1 and h2 are the Lame coefficients
along the ε and η directions, (Blumberg and Herring,
1987); g is the gravitational acceleration; D ¼ & þ h is the
total water depth; and h denotes the bottom bathymetry.

~f ¼ v

h1h2

∂h2
∂ε

–
u

h1h2

∂h1
∂η

denotes the curvature term.

Integrating Eqs. (1), (2), and (3) over the depth and
applying a kinematics condition at the free surface leads to
the following equations:

h1h2
∂&
∂t

þ ∂ðh2UDÞ
∂ε

þ ∂ðh1VDÞ
∂η

¼ 0, (4)

∂U
∂t

¼ –
g

h1

∂&
∂ε

þ τsε
�D

–
τbε
�D

þ!
0

– 1
Mεd�, (5)

∂V
∂t

¼ –
g

h2

∂&
∂η

þ τsη
�D

–
τbη
�D

þ!
0

– 1
Mηd�, (6)

where the vertically integrated horizontal velocities are
defined as

ðU ,V Þ ¼ !
0

– 1
ðu,vÞd�, (7)

and

Mε ¼ –
u

h1

∂u
∂ε

þ v

h2

∂u
∂η

þ ω
D

∂u
∂�

� �

þ AH
1

h21

∂2u
∂ε2

þ 1

h22

∂2u
∂η2

� �
þ fvþ ~f v, (8)

Mη ¼ –
u

h1

∂v
∂ε

þ v

h2

∂v
∂η

þ ω
D

∂v
∂�

� �

þ AH
1

h21

∂2v
∂ε2

þ 1

h22

∂2v
∂η2

� �
– fu – ~f u: (9)

τsε and τsη are the wind stress components, and τbε and
τbη are the bottom stress components, which will be given
in section 2.2.
Subtracting Eq. (5) from Eq. (2) and subtracting Eq. (6)

from Eq. (3) yields

∂ðu –UÞ
∂t

¼ 1

D2

∂
∂�

Av
∂u
∂�

� �
–
τsε – τbε
�D

þMε –!
0

– 1
Mεd�, (10)

∂ðv –V Þ
∂t

¼ 1

D2

∂
∂�

Av
∂v
∂�

� �
–
τsη – τbη
�D

þMη –!
0

– 1
Mηd�: (11)

In the above equations, surface gradient terms are
eliminated and the relationship between u,v and U ,V can
be established.
Subtracting Eq. (4) from Eq. (1) yields

∂
�
h2Dðu –UÞ

�
∂ε

þ
∂
�
h1Dðv –V Þ

�
∂η

þ h1h2
∂w
∂�

¼ 0: (12)

If the horizontal velocity is known, then the vertical
velocity w can also be obtained through the discretization
of Eq. (12).

2.2 Boundary conditions

The bottom boundary condition is based on the assumption
that the current velocity near the bottom has a logarithmic
profile as a function of the distance from the wall. Assume

that u
↕ ↓ð�Þ is the horizontal flow rate at a distance of σ from

the bottom, which can be expressed by (Pan et al., 2005)

u
↕ ↓ð�Þ ¼ u

↕ ↓

*

k
lnfð1þ �ÞD=z0g, (13)

where u
↕ ↓

*
is the friction velocity, k = 0.41 is the Von

Karman constant, and z0 is the roughness parameter. The
bottom stress is

τ↕ ↓

b ¼ �u
↕ ↓

*2
: (14)

By substituting Eq. (13) into Eq. (14), the bottom stress
can be expressed as

τ↕ ↓

b ¼ �
k

lnfð1þ �ÞD=z0g
� �2

u
↕ ↓ð�Þ2: (15)

Upon introducing the drag coefficient Cd ¼
k

lnfð1þ �ÞD=z0g
� �2

, the bottom stress is given as

follows:

ðτbε,τbηÞ ¼ �$Cd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2b þ v2b

q
ðub,vbÞ, (16)

where ub and vb represent the current velocity nearest to the
bottom, satisfying the “logarithmic law” of the velocity
profile. Numerically, ub and vb are the velocity components
of the first grid points nearest to the bottom.
At the free surface ð� ¼ 0Þ, the wind stress components

can be expressed as

τsx ¼ gs�aWε

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W 2
ε þW 2

η

q

τsy ¼ gs�aWη

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W 2
ε þW 2

η

q
, (17)
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where Wε and Wη are the ε and η components of the wind
speed vector, ρa is the air density; and gs is the wind stress
drag coefficient, which is dependent on the wind speed.
For the 10-minute-averaged wind speed at 10 m above the
free surface, this coefficient can be expressed as (Garratt,
1977)

gs ¼ 6:9$10 – 4 þ 7:5$10 – 5W : (18)

At the open boundaries, the surface water elevations or
flow speeds are prescribed as a function of time and space.
At the land boundaries, slip conditions are used for the
tangential velocity, and a value of zero is prescribed for the
normal velocity.

2.3 Vertical and horizontal eddy viscosities

The vertical eddy viscosity Av is obtained by introducing
appropriate ‘closure’ hypotheses, such as the mixing
length hypothesis, the k-ε model, the k-L model, and the
eddy viscosity model (Reid, 1957; Svensson, 1978;
Koutitas, 1980; Tsanis, 1989). Performance comparisons
of four turbulence closure models implemented via a
generic length-scale method are available (Warner et al.,
2005), and there are also several reviews about second-
moment turbulence closure models for geophysical
boundary layers (Umlauf and Burchard, 2005; Kantha,
2006). A desirable turbulence sub-model should remain
stable and occupy moderate resources during the computa-
tion process.
The horizontal eddy viscosity AH is either simply taken

to be a constant value or related to the scales of the motion
being resolved, as suggested by Smagorinsky (Wang and
Hutter, 1998)

3 Numerical scheme

First, we discretize the governing equations into algebraic
equations and then find an efficient method of solving
them.

3.1 Equation discretization

For the discretization of the equations, the staggered C-grid
proposed by Arakawa and Lamb is used as shown in Fig. 2.
The centers of the cells are numbered with indices i, j, and
k, where i = 1,…, im in the ε direction, j = 1,…, jm in the η
direction and k = 1,…, km in the vertical direction from the

bottom to the free surface. The u velocity is defined at (i+
1/2, j, k); The v velocity is defined at (i, j+ 1/2, k), and the
vertical velocity, w, is defined at the node (i, j, k‒1/2). The
surface elevation η is defined at the cell center (i, j), and the
water depth H is specified at the vertices of each cell to
provide a comprehensive representation of the bathymetry.
In accordance with the ADI method, a fractional step

method is used to solve the equations in two half steps. In
the first half step, the momentum Eqs. (6) and (11) in the η
direction and the continuity Eq. (4) are discretized together
in the η-σ vertical plane as follows:

&
nþ1=2
i,j – &ni,j

0:5Δt
ðΔh1Δh2Þi,j þ ðΔh2DnUnÞiþ1=2,j

– ðΔh2DnUnÞi – 1=2,j þ ðΔh1DnVnþ1Þi,jþ1=2

– ðΔh1DnVnþ1Þi,j – 1=2 ¼ 0, (19)

Vnþ1
i,j – 1=2 –V

n
i,j – 1=2

Δt
¼ – g

&nþ1
i,j – &nþ1

i,j – 1=2

ðΔh2Þi,j – 1=2
þ ðτsηÞnþ1

i,j – 1=2

�Dn
i,j – 1=2

–
Cd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðuni,j – 1=2,1Þ2þðvni,j – 1=2,1Þ2

q
Dn

i,j – 1=2

vnþ1
i,j – 1=2,1

þ
Xkm
k¼1

ðMηÞni,j – 1=2,kΔ�k ,

(20)

vnþ1
i,j – 1=2,k –V

nþ1
i,j – 1=2 – ðvni,j – 1=2,k –Vn

i,j – 1=2Þ
Δt

¼ ðMηÞni,j – 1=2,k –
Xkm
k¼1

ðMηÞni,j – 1=2,kΔ�k

Fig. 2 The layout of the variables on the staggered C-grid (Δh1
and Δh2 are the horizontal grid scales, and Δ� is the vertical
increment, which can vary in thickness) .
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þ 1

ðDn
i,j – 1=2Þ2

Avni,j – 1=2,kþ1=2

vnþ1
i,j – 1=2,kþ1 – v

nþ1
i,j – 1=2,k

Δ�kþ1=2

 !
–Avni,j – 1=2,k – 1=2

vnþ1
i,j – 1=2,k – v

nþ1
i,j – 1=2,k – 1

Δ�k – 1=2

 !

Δ�k

þ
Cd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðuni,j – 1=2,1Þ2 þ ðvni,j – 1=2,1Þ2

q
Dn

i,j – 1=2

vnþ1
i,j – 1=2,1 –

ðτsηÞnþ1
i,j – 1=2

�Dn
i,j – 1=2

:

(21)

In the second half step, the process is similar, but the
discretization is performed in the ε-σ vertical plane,
yielding the following:

&nþ1
i,j – &

nþ1=2
i,j

0:5Δt
ðΔh1Δh2Þi,j þ ðΔh2DnUnþ1Þiþ1=2,j

– ðΔh2DnUnþ1Þi – 1=2,j þ ðΔh1DnVnÞi,jþ1=2

– ðΔh1DnVnÞi,j – 1=2 ¼ 0,

(22)

unþ1
i – 1=2,j,k –U

nþ1
i – 1=2,j – ðuni – 1=2,j,k –Un

i – 1=2,jÞ
Δt

¼ ðMεÞni – 1=2,j,k –
Xkm
k¼1

ðMεÞni – 1=2,j,kΔ�k

þ 1

ðDn
i – 1=2,jÞ2

Avni – 1=2,j,kþ1=2

unþ1
i – 1=2,j,kþ1 – u

nþ1
i – 1=2,j,k

Δ�kþ1=2

 !
–Avni – 1=2,j,k – 1=2

unþ1
i – 1=2,j,k – u

nþ1
i – 1=2,j,k – 1

Δ�k – 1=2

 !

Δ�k

þ
Cd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðuni – 1=2,j,1Þ2 þ ðvni – 1=2,j,1Þ2

q
Dn

i – 1=2,j

unþ1
i – 1=2,j,1 –

ðτsεÞnþ1
i – 1=2,j

�Dn
i – 1=2,j

,

(24)

where &
nþ1=2
i,j denotes the intermediate water elevation at

time tn þ
1

2
Δt and Δ�k�1=2 ¼ 0:5� ðΔ�k þ Δ�k�1Þ is the

vertical increment between levels k and k�1. Here, we
define Δh1 ¼ h1Δε and Δh2 ¼ h2Δη, which are the
horizontal grid scales in both directions.

3.2 Computational method

Taking the first half step as an example, Eq. (21) can be
rewritten as

A1kþ1v
nþ1
i,j – 1=2,kþ1 þ A2kv

nþ1
i,j – 1=2,k þ A3k – 1v

nþ1
i,j – 1=2,k – 1

þ A4vnþ1
i,j – 1=2,1 þ A5Vnþ1

i,j – 1=2

¼ A6k , (25)

where A1kþ1, A2k , A3k – 1, A4, A5 and A6k are coefficients
obtained at the last time level.
An auxiliary equation at level k is introduced as follows:

vnþ1
i,j – 1=2,k ¼ PkV

nþ1
i,j – 1=2 þ Qkv

nþ1
i,j – 1=2,1 þ Rk : (26)

It is obvious that P1 ¼ 0, Q1 ¼ 1 and R1 ¼ 0.
In addition, at level k = 1, P2 ¼ –A5=A12, Q2 ¼

– ðA4þ A21Þ=A12 and R2 ¼ A61=A12 are obtained from
Eq. (25).
Substituting Eq. (26) at levels k =m‒1 and m (m> 1)

into Eq. (25) yields

vnþ1
i,j – 1=2,mþ1 ¼ –

A5þ A2mPm þ A3m – 1Pm – 1

A1mþ1
Vnþ1
i,j – 1=2

–
A4þ A2mQm þ A3m – 1Qm – 1

A1mþ1
vnþ1
i,j – 1=2,1

þ A6m –A2mRm –A3m – 1Rm – 1

A1mþ1
:

(27)

A comparison between Eqs. (26) and (27) reveals that
Pmþ1, Qmþ1 and Rmþ1 (m> 1) can be expressed as

Pmþ1 ¼ –
A5þ A2mPm þ A3m – 1Pm – 1

A1mþ1
, (28a)

Qmþ1 ¼ –
A4þ A2mQm þ A3m – 1Qm – 1

A1mþ1
, (28b)

Unþ1
i – 1=2,j –U

n
i – 1=2,j

Δt
¼ – g

&nþ1
i,j – &nþ1

i – 1,j

ðΔh1Þi – 1=2,j
þ ðτsεÞnþ1

i – 1=2,j

�Dn
i – 1=2,j

–
Cd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðuni – 1=2,j,1Þ2þðvni – 1=2,j,1Þ2

q
Di – 1=2,j

unþ1
i – 1=2,j,1

þ
Xkm
k¼1

ðMεÞnþ1=2
i – 1=2,j,kΔ�k ,

(23)
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Rmþ1 ¼
A6m –A2mRm –A3m – 1Rm – 1

A1mþ1
: (28c)

Finally, given a total number of km layers in the vertical
direction, multiplying Eq. (27) by Δ�k , which is the
relative thickness of depth layer k, and then summing from
k = 1 to K yields

vnþ1
i,j – 1=2,1 ¼ 1 –

XK
k¼1

PkΔ�k

 !
Vnþ1
i,j – 1=2 –

XK
k¼1

RkΔ�k

" #

=
XK
k¼1

QkΔ�k : (29)

Then, upon substituting Eq. (29) into Eq. (20), the

surface elevation &
nþ1=2
i,j and the depth-averaged velocity

component Vnþ1
i,j – 1=2 can be solved for implicitly using the

ADI method; thus, the velocity profiles can be obtained
simultaneously from Eqs. (29) and (26). For the next half
step, the process is the same as that for the first, except with
vnþ1
i,j – 1=2,k and Vnþ1

i,j – 1=2 replaced by unþ1
i – 1=2,j,k and Unþ1

i – 1=2,j.

3.3 Summary of the scheme

In summary, each time step is divided into two half steps.
In the first half step, the coefficients Pi, Qi, and Ri (i = 1, 2,
…, km) are obtained from Eq. (21). Then, Eq. (29) should
be substituted into Eq. (20). Afterward, Eqs. (19) and (20)
are solved, combined with the boundary conditions for

&
nþ1=2
i,j and Vnþ1

i,j – 1=2. Using Eqs. (29) and (26), vnþ1
i,j – 1=2,k can

be obtained. Finally, the vertical velocities wnþ1
i,j,k are

obtained through the discretization of Eq. (12). The
process in the second half time step is much like that in
the first, except that the direction changes from η to ε and

&ni,j, v
nþ1
i,j – 1=2,k and Vnþ1

i,j – 1=2 are replaced with &
nþ1=2
i,j , unþ1

i – 1=2,j,k

and Unþ1
i – 1=2,j.

3.4 Wetting and drying (WAD) scheme

Regarding the tidal model, an important phenomenon that
should be addressed using a specialized numerical method
is wetting and drying (WAD). This phenomenon typically
occurs in low-lying coastal zones and also in embayments
and inlets. This process should be reflected in any tidal
model, such as the well-known POM (Oey, 2005; Xue and
Du, 2010). At present, several WAD evaluations have been
performed (Medeiros and Hagen, 2013). Each WAD
algorithm is closely related to the numerical model it
serves, and thus, they are difficult to generalize.
Overall, a robust WAD scheme not only guarantees

stability and mass balance but also reflects the real physical
process precisely. In this paper, the improved line
boundary method is used (Song et al., 1999). In this

method, the side of the cell rather than the entire cell is
used to judge the wetting and drying status. If the water
depth at one side of the cell is lower than a certain
threshold value, then that side is treated as a closed
boundary, called a line boundary. In one grid cell, the
minimum number of line boundaries is zero and the
maximum is five; different combinations of line bound-
aries can represent different boundary forms. Thus, this
method can simulate the wetting and drying process more
accurately than can the conventional method.

4 Validation of the model

A crucial step in numerical modeling is the verification of
the model. Three test cases are presented in this paper.
First, the model is validated against the analytical solution
developed by Lynch (1985), which is often used in the
literature to test numerical solutions (Toro and Gomez,
1998).
The geometry and topography of the test case are the

same as those of the case used by Toro and Gomez, shown
in Fig. 3. It is an annular bay with a depth following a
parabolic distribution h ¼ h0r

2 (h0 is a constant) from the
shallower boundary at r1 to the deeper one at r2. A semi-
diurnal tidal wave of variable amplitude is prescribed along
the boundary at r2. The bottom stress is assumed to vary
linearly with the velocity, and the vertical eddy viscosity
coefficient is assumed to be constant. The parameters used
in the test are as follows: r1 = 6096.0 m, r2 = 152400.0 m,
h0= 3.048r1–2, T = 12 hours, �r2 ¼ cosð2�Þ for 0£θ£π /2.
Considering that the analytical solution is obtained from

linearized mass and momentum conservation equations
without convective and horizontal diffusive terms, we
leave out these terms in the numerical analysis for

Fig. 3 Topography and horizontal grid.
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comparison with the analytical result.
The model was run for several periods, until the

establishment of steady periodic circulation. To test the
stability and sensitivity of the model with different Courant
numbers and vertical resolutions, several time steps (i.e.,
400 s, 200 s, 100 s, 50 s) and vertical levels (i.e., 5, 8, 11)
were chosen for comparison with each other. It was found
that even at large Courant numbers, when a relatively large
time step and high vertical resolution were used, the model
was stable and there was no obvious effect on the current
pattern and tide level. Figure 4 shows the free surface
elevation contours and the velocity field at the surface in
various phases of a single period.
The free surface lines along sections 1-1, 2-2, and 3-3

are shown in Fig. 5, and the vertical profiles of the x and y
velocity components are shown in Fig. 6. The agreement
between the analytical and numerical solutions is very
good, with the exception of a few small differences,
possibly due to the inversion of the velocity from

curvilinear coordinates to Cartesian coordinates using a
relatively coarse grid and the numerical diffusion caused
by the scheme itself. Overall, the result is satisfactory.
The second test case is a simulation of a wind-driven

current in an idealized rectangular basin. The vertical
profile of the velocity is available from Officer (1976) and
is written as follows:

∂�
∂x

¼
τs
�

h2

2Av
þ h

gb

� �
h3

3Av
þ h2

gb

� � , (30)

uðzÞ ¼ g
∂�
∂x

z2

2Av
–
h

gb
–

h2

2Av

� �

þ τs
�

z

Av
þ 1

gb
þ h

Av

� �
, (31)

Fig. 4 Free surface elevation contours with an interval of 0.1 m and the velocity field at the surface over one period in time. (a) T/4; (b) T/
2; (c) 3T/4; (d) T.
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where gb is the bed friction coefficient and is assumed to be
0.001 m/s.
In the calculation, the rectangular closed basin is

3,400 m long, 1,400 m wide, and 10 m in depth. The
wind blows longitudinally to the basin, and a constant
vertical turbulent eddy coefficient of Av ¼ 0:01 is
assumed. The other parameters are chosen to be the same
as in the test case considered by Drago and Iovenitti
(2000).
A comparison between the numerical and analytical

vertical current profiles in the middle of the basin is shown
in Fig. 7 for different numbers of layers at a wind speed of
22.8 m/s. The numerical results can be improved by using
a higher vertical resolution. It can be observed that the
action of the wind on the water’s surface causes a drift
along the direction of the wind and a bottom return flow in
the opposite direction. This indicates that the model can
reproduce the circulation for a geophysical wind-driven
current.
The third test is to investigate the model’s ability to

reproduce the Ekman spiral. As we know, the Coriolis
effect plays a major role in coastal dynamics, and its
correct representation is a critical requirement for large-

scale tidal models. Ekman dynamics describes the
expected behavior for a steady wind blowing over an
infinitely deep and wide ocean with a constant density,
assuming a balance among the wind stress, vertical eddy
viscosity, and the Coriolis force. Under the assumption that
the wind is blowing longitudinally in the easterly direction,
the analytical solution is given by

u ¼ V0e
– ðπ=D0Þzsin

π
4
–

π
D0

z

� �
,

v ¼ V0e
– ðπ=D0Þzcos

π
4
–

π
D0

z

� �
,

(32)

where D0 is the Ekman depth:

D0 ¼ π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Av

ωsin Φ

r
: (33)

This parameter represents the height of the water layer
influenced by the wind, and V0 is the surface current speed:

V0 ¼
τs
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2Avωsin f

s
, (34)

Fig. 5 Comparison between the numerical solution (squares) and the analytical solution (solid lines) along sections 1-1, 2-2, and 3-3,
indicated as bold lines in Fig. 3.
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where ω is the angular velocity of the Earth and f is the
latitude.
The analytical solution shows the currents at an angle to

the direction of the wind: π/4 to the right of the wind

direction at the surface in the northern hemisphere,
and rotating with depth in a spiral pattern known as the
Ekman spiral. The computational domain, a flat layer of
100 km�100 km with a frictionless bottom (to approx-
imate an infinite depth) at a latitude of approximately 45°,
is discretized using 2 km�2 km meshes and 15 σ layers
with thicknesses of 0.01 (10 layers), 0.1 (l layer), and 0.2
(4 layers) from the surface to the bottom. The elevation is
fixed at the mean sea level (MSL) on the four edges of the
square domain. The time step is set to 600 s. The non-linear
advection terms are turned off to facilitate comparison
with the analytical solution. The other parameters used
for the simulation are as follows: Av = 0.01 m2/s and τs=
0.176 N/m2 (when the wind speed is 10 m/s to the east).
The solution oscillates around its steady state with a

velocity amplitude of approximately 0.05 m/s for a long
time. To avoid excessive CPU time consumption, we

Fig. 6 Vertical profiles of the x and y velocity components over one period in time (the solid lines represent the results for the analytical
solution, and the squares represent the numerical results at monitoring points A, B, and C (see Fig. 3)).

Fig. 7 Vertical current velocity profile for the velocity comparison.
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average the solution at the center of the domain over more
than 1 day to approximate a quasi-steady state. Figure 8
shows a comparison between the analytical and computed
solutions for the Ekman spiral.

To evaluate the performance of the model and
demonstrate its predictive capacity in a practical case, we
consider its application to the Jiangsu offshore sea area,
located to the east of Jiangsu province in China in a near-
shore region of the East China Sea, which is morpholo-
gically complex, especially near the radiation shoal that
has formed under specific hydrodynamic conditions for
more than a thousand years and is considered to have a
significant effect on the tidal wave system in the East
China Sea. As shown in Fig. 9, the simulation domain
extends north to the southern coastline of Shandong
Peninsula and south to the Yangtze River Estuary,
spanning approximate dimensions of 630 km in length
and 106 km in width. Its northern and western boundaries

are coastlines, and its eastern and southern boundaries are
open ocean and approximately perpendicular.
The horizontal grid employs a curvilinear orthogonal

system with a variable resolution, ranging from 1–0.5 km
near the open sea in the east to 0.2–0.5 km at the Yangtze
River Estuary. The vertical σ grid has 7 levels, with higher
resolutions toward the bottom.
Lateral open boundary conditions for the tide level are

provided by the East China Sea Model (Song et al., 1999).
The normal vector of the velocity is defined to be zero at
land boundaries. The upstream water level of the Yangtze
River is supplied by hydrologic stations.
The parameters used in the model are as follows: a time

interval of 100 s, Ah = 100 m2/s, and z0 = 0.01 cm.
The numerical results are compared with the water

levels and velocities measured at select measurement sites
distributed at monitoring stations a, b, c, and d (see Fig. 10
and Fig. 11). Stations a, b, c, and d were chosen for water-
level comparisons, and stations b and c, including 7 and 5
sites, respectively, were chosen for current velocity
comparisons. Here, we show only some of the sites for
the current velocity comparisons over more than 1 tidal
cycle. The predicted tide level is consistent with the
measured one in terms of both phasing and amplification.
Note, however, that the largest discrepancies appear
mainly at wave crests and troughs. In addition to
inadequate model physics, these discrepancies are, in
part, due to the inexact knowledge of the open boundary
conditions resulting from the linear interpolation from the
coarse grids of the East China Sea Model.
The red points represent the measurement sites used to

validate the numerical simulation results and the blue area
represents the simulation domain. The right panel shows
the sand ridge of the radiation shoal.

Fig. 8 The Ekman spiral. Comparison of the analytical and
computed solutions at the center of a square domain.

Fig. 9 The left panel shows the bottom topography of the model; the contour interval is 5 m.

Fuqiang LU et al. A new 3D terrain-following tidal model 651



After model verification, we can determine the factor for
the formation of the radiation shoal in terms of the
hydrodynamic angle. Figure 12 shows the surface velocity
field at times of peak flood and peak ebb. It is observed that
the tide current is characteristic of periodic to-and-fro
movement. The current between the Yangtze River Estuary
and the radiation shoal rotates clockwise, and the current in
the north near Shandong Peninsula rotates anticlockwise.
When the current floods, it flows radiatively into the
offshore region, and the tidal bores converge on the
radiation shoal in a ring-like shape. When the current ebbs,
it flows radiatively out of the offshore region, and the tidal
bores diverge away from the radiation shoal. This unique
flow pattern is caused by the joint effect of tide waves
traveling from the East China Open Sea and the particular
coastline and continent shelf geometry of the Shandong
Peninsula and Jiangsu Province. The current structure
plays a major role in the evolution of the radiation shoal
and the morphology of the offshore water. The water depth
near the radiation shoal is shallow; therefore, large areas of
sand flats are exposed before the tidal bores pass over
them. The WAD schemes applied in the model can
effectively address this problem.
As another example, we demonstrate the application of

the model to the tidal dynamics system of the Bohai Sea

and the Yellow Sea. As shown in Fig. 13, the computa-
tional domain is discretized using a longitude-latitude grid,
which is a type of orthogonal curvilinear grid. The spatial
resolution is set to 2 minutes (approximately 0.333 degree)
along each direction. The southern and south-eastern
boundaries of the domain are specified as open boundaries,
forced by 8 major constituents, 4 semi-diurnal and 4
diurnal, which are typically written as M2, S2, N2, K2, K1,
O1, P1, and Q1. We ran the model at a time step of 450 s for
33 mode-days, and the time series of surface elevations at
each grid point was then fitted using the least-squares
harmonic analysis method.
To test the accuracy of our model, 10 tidal stations along

the coastline were selected, of which the last 3 stations are
located on the western shoreline of the Korean peninsula
(see the left-subfigure in Fig. 13). The harmonic constants
obtained from these stations and from our model are listed
in Table 1, where the first 2 columns give the name and
location of each station and the last 4 columns show a
comparison of the harmonic constants for constituents M2,
S2, K1, and O1. From the overall root-mean-square (RMS)
differences, it can be observed that the model offers greater
accuracy in amplitude than in phase lag. Moreover,
comparisons between the harmonic constants obtained
from OPEX/Poseidon altimetry (Fang et al., 2004) and

Fig. 10 Verification of the tide level predictions near the shoreline of Jiangsu Province, corresponding to monitoring stations a, b, c, and
d shown in Fig. 9.
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from the numerical model are given in Table 2. The RMS
differences in amplitude for M2, S2, K1, and O1 are less
than 8 cm, and the differences in phase lag are not more
than 10°, indicating that the difference in accuracy between
the two models is small and may be tolerable.
The resulting co-tidal charts for each of these four

constituents are shown in Fig. 14 and Fig. 15. It can be
observed from Fig. 14 that the M2 and S2 tides have three
amphidromic points: one in the Bohai Sea and two in the
Yellow Sea. The amphidromic point in the Bohai Sea is
close to the mouth of the Yellow River. The two
amphidromic points in the Yellow Sea are located to the
northeast of Chengshantou and the southeast of Qingdao.

The pattern of the S2 constituent is much like that of M2,
differing only slightly in the details. Figure 15 shows that
the K1 and O1 constituents have two amphidromic points:
one point in the Bohai Strait and the other in the Southern
Yellow Sea. Similarly, the pattern of the O1 constituent is
much like that of K1. These results agree with those
obtained by other authors (Kang et al., 1998; Fang et al.,
2004).

5 Conclusions

A 3D tidal model has been established that can be applied

Fig. 11 Verification of current velocity predictions, including magnitudes and directions.
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Fig. 12 The patterns of the tidal currents at the surface. The left panel represents the time of peak flood, and the right panel represents the
time of peak ebb. White regions near the shoal represent dry (and land) areas.

Fig. 13 The computational domain and the orthogonal grid (blue lines). In the left sub-figure, at the southern and south-eastern
boundaries, the open boundaries comprise three arcs: OA, AB, and BC. L1‒L10 are tidal stations (denoted by black filled circles) along
the coastline. I1‒I3 are island tidal stations, and S1‒S4 are open-sea tidal stations.

654 Front. Earth Sci. 2015, 9(4): 642–658



to estuarine, coastal, and near-shore areas with rather
complex geometry and bathymetry. A terrain-following σ
coordinate system is applied vertically to represent the
bathymetry as accurately as possible. An orthogonal
curvilinear coordinate system is incorporated into the
model to better fit the coastline. Another characteristic of
the model is the numerical scheme, which is based on the
conventional ADI method; it inherits certain advantages of
this method, such as high efficiency and stability, and can
be extended to 3D problems with little computational
effort.
The model was tested against several cases, including

analytical solutions and measured data. In all cases, the
model yields very satisfactory results, thus confirming the

accuracy and efficiency of the model for engineering
applications. In addition, the model was applied to the
Jiangsu offshore sea area, a near-shore region of the Yellow
Sea to the east of China. The model was also used to
predict the patterns of the tidal wave system in the Bohai
Sea and Yellow Sea. These applications and simulations
will be helpful for studying the dynamics of a tidal wave
system and its interactions with geomorphology.
Further developments of the model will account for the

baroclinic effect, achieve coupling with a turbulence sub-
model, and incorporate a pollutant or sediment transport
module. In addition, the numerical model should be
applied to more practical cases for calibration and
improvement.

Table 1 Comparison between ground-measured (gr) harmonics and the results obtained using the numerical model (MD)

Station Latitude (N)/Longitude (E) Amp/pha M2 S2 K1 O1

L1 Dalian 38.92°/121.67° H/g (gr) 99/318 29/15 27/3 21/333

H/g (MD) 107/295 29/343 25/357 17/319

ΔH/Δg 8/‒23 0/‒32 ‒2/‒6 ‒4/‒14

L2 Qinhuangdao 39.92°/119.62° H/g (gr) 15/312 4/32 28/120 20/70

H/g (MD) 10/331 4/54 26/111 19/64

ΔH/Δg ‒5/19 0/22 ‒2/‒9 ‒1/‒6

L3 Tanggu 39.10°/117.72° H/g (gr) 94/91 24/169 25/149 18/108

H/h (MD) 104/76 29/149 32/145 24/96

ΔH/Δg 10/‒15 5/‒20 7/‒4 6/‒12

L4 Yantai 37.53°/121.40° H/g (gr) 76/289 22/342 17/305 7/238

H/g (MD) 82/287 21/337 15/288 8/237

ΔH/Δg 6/‒2 ‒1/‒5 ‒2/‒17 1/‒1

L5 Jinghaijiao 36.85°/122.18° H/g (gr) 90/69 20/126 30/341 20/267

H/g (MD) 98/73 34/121 23/321 17/272

ΔH/Δg 8/4 14/‒5 ‒7/‒20 ‒3/5

L6 Qingdao 36.08°/120.32° H/g (gr) 125/136 39/183 27/356 21/293

H/g (MD) 131/133 38/175 24/347 18/294

ΔH/Δg 6/‒3 ‒1/‒8 ‒3/‒9 ‒3/1

L7 Lianyungang 34.75°/119.46° H/g (gr) 155/177 50/220 30/14 22/307

H/g (MD) 170/181 48/229 27/8 21/314

ΔH/Δg 15/4 ‒2/9 ‒3/‒6 ‒1/7

L8 Sunwi Do 37.75°/125.33° H/g (gr) 163/155 59/210 38/312 28/274

H/g (MD) 174/138 58/188 33/298 23/261

ΔH/Δg 11/‒17 ‒1/‒22 ‒5/‒14 ‒5/‒13

L9 Incheon 37.65°/126.25° H/g (gr) 283/137 113/196 39/304 25/265

H/g (MD) 274/128 91/189 34/297 24/264

ΔH/Δg ‒9/‒9 ‒22/‒7 ‒5/‒7 ‒1/‒1

L10 Anma Do 35.35°/126.02° H/g (gr) 169/69 56/113 32/265 24/228

H/g (MD) 179/52 62/100 28/260 21/227

ΔH/Δg 10/‒17 6/‒13 ‒4/‒5 ‒3/‒1

RMS σ(H)/σ(g) 9.2/13.5 8.6/16.7 4.4/11.0 3.3/7.9
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Table 2 Comparison between TP-measured (TP) harmonics and the results obtained using the numerical model (MD)

Station Latitude (N)/Longitude (E) Amp/pha M2 S2 K1 O1

S1 TPHJ-C 35.97°/124.03° H/g (TP) 87.6/55.0 30.8/106.0 20.2/287.0 15.8/248.0

H/g (MD) 91.1/59.4 30.0/107.4 18.7/293.3 14.5/253.9

ΔH/Δg 3.5/4.4 ‒0.8/1.4 ‒1.5/6.3 ‒1.3/5.9

S2 F-1 35.67°/122.67° H/g (TP) 61.1/49.0 22.3/95.0 15.3/328.0 12.7/278.0

H/g (MD) 68.5/63.2 22.3/107.7 15.2/321.8 12.5/274.8

ΔH/Δg 7.4/14.2 0.0/12.7 ‒0.1/‒6.2 ‒0.2/‒3.2

S3 F-2 34.00°/122.50° H/g (TP) 79.3/333.0 29.2/17.0 5.7/80.0 4.4/321.0

H/g (MD) 68.7/347.9 22.5/27.7 4.6/83.2 4.6/320.8

ΔH/Δg ‒10.6/14.9 ‒6.7/10.7 ‒1.1/3.2 0.2/‒0.2

S4 TPHJ-B 33.75°/125.00° H/g (TP) 69.0/333.0 24.2/5.0 18.1/216.0 12.2/186.0

H/g (MD) 77.6/333.2 32.1/6.9 15.7/222.3 11.5/194.0

ΔH/Δg 8.6/0.2 7.9/1.9 ‒2.5/6.3 ‒0.7/8.0

I1 Beihuangcheng 38.40°/120.92° H/g (TP) 61.4/292.0 22.6/352.0 9.9/24.0 6.1/8.0

H/g (MD) 56.6/297.3 14.8/350.6 3.0/26.8 3.7/14.0

ΔH/Δg ‒4.8/5.3 ‒7.8/‒1.4 ‒6.9/2.8 ‒2.4/6.0

I2 Haiyangdao 39.07°/123.15° H/g (TP) 128.6/246.0 40.3/298.0 30.5/334.0 20.2/296.0

H/g (MD) 135.2/251.2 38.8/298.2 30.4/334.5 20.0/295.8

ΔH/Δg 6.6/5.2 ‒1.5/0.2 ‒0.1/0.5 ‒0.2/‒0.2

I3 Qianliyan 36.27°/121.38° H/g (TP) 97.7/98.0 35.3/140.0 21.6/337.0 16.3/279.0

H/g (MD) 106.6/100.0 33.4/143.8 21.9/335.4 16.6/284.3

ΔH/Δg 8.9/2.0 ‒1.9/3.8 0.3/‒1.6 0.3/5.3

RMS σ(H)/σ(g) 7.6/8.4 5.0/6.5 2.9/4.4 1.1/4.9

Fig. 14 The co-tidal charts of the M2 (left) and S2 (right) constituents in the Bohai Sea and Yellow Sea. The dashed (blue) and solid
(green) lines show the distributions of amplitude (in centimeters) and phase lag (in degrees, referred to Beijing Standard Time (GMT+ 8
hours)).
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