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Abstract Gravity data are the results of gravity force field
interaction from all the underground sources. The objects of
detection are always submerged in the background field, and
thus one of the crucial problems for gravity data interpretation
is how to improve the resolution of observed information.
The wavelet transform operator has recently been introduced
into the domain fields both as a filter and as a powerful source
analysis tool. This paper studied the effects of improving
resolution of gravity data with wavelet analysis and spectral
method, and revealed the geometric characteristics of density
heterogeneities described by simple shaped sources. First, the
basic theory of the multiscale wavelet analysis and its lifting
scheme and spectral method were introduced. With the exper-
imental study on forward simulation of anomalies given by
the superposition of six objects and measured data in Songliao
plain, Northeast China, the shape, size and depth of the buried
objects were estimated in the study. Also, the results were
compared with those obtained by conventional techniques,
which demonstrated that this method greatly improves the
resolution of gravity anomalies.

Keywords gravity anomalies, spectral analysis, Songliao
plain, wavelet

1 Introduction

One of the most common problems encountered in geophy-
sical studies is how to improve the resolution of observed
information. In this paper, great effort has been given to solve
this problem by combing the wavelet analysis and the spectral
method. To better understand the specific characteristics of
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our approach, first, the existing techniques and their signifi-
cance in establishing modern investigation methods in the
potential fields were reviewed. Several techniques are con-
cerned about transforming the measured field and source
characterization. Empirical graphical procedures were first
proposed. They show reasonable determination of the depth
to magnetization distributions of defined shapes (Peters,
1949). Then, another method was devoted to comparing an
observed field with analytic models—first, by means of charts
(Chastenet de Gery and Naudy, 1957), and later by a variety
of different techniques that use synthetic model fitting, such
as Werner deconvolution (Werner, 1953), automated by Ku
and Sharp (1983), Euler deconvolution (Thompson, 1982),
and analytic signal (Nabighian, 1972, 1974). A lot of applica-
tions and improvements of these methods have been tried,
such as the use of vertical gradients (Marson and Klingele,
1993) and considering the effect of noise in data (Keating,
1998). These techniques have always been used on the basis
of assuming a chosen geometry of the source. Stavrev (1997)
investigated the revelation of both shape and depth of sources
using methods derived from the Euler deconvolution and the
analytic signal technique (Hsu et al., 1998). Fourier analysis
has triggered a wide range of applications in the potential-
fields, both for data filtering (Bhattacharyya, 1972) and trans-
forming and for sources characterization (Blakely, 1995). The
wavelet transform has been developed as a powerful analysis
tool (Holschneider, 1995) and has been introduced into the
geophysical field (Foufoula-Georgiou and Kumar, 1994). The
purposes of both Fourier and wavelet operators are to inves-
tigate the behavior of the measured field in terms of wave-
lengths. The Fourier technique is more efficient in estimating
depth information than estimating stationary undulating sur-
faces (Spector and Grant, 1970), while its application may
become a problem when the signal is not stationary. The use
of the wavelet operator instead, as first defined by Grossman
and Morlet (1984), allows wavelength-adaptive convolution
operators to vary the wavelength of the studied portion of



signal. In other words, the wavelet operator can focus on indi-
vidual object. The special class of wavelets used in this study
can analyze the scaling properties of the source via upward
continuation. A general n-dimensional theoretical framework
for local homogeneous sources has been developed by Moreau
et al. (1997, 1999). With this approach, Sailhac et al. (2000)
addressed the issue of the magnetic anomalies interpretation.

Recently, Martelet et al. (2001) used 1-D wavelet trans-
form on gravity data to characterize geological boundaries.
Fedi et al. (2004) proposed the combined application of con-
tinuous and discrete wavelet transform to identify shallow
and deep sources on gravity data. Ning et al. (2005) applied
the multiscale edge constraint to enhance the stability of
downward continuation. The depth from extreme points
(DEXP) method is proposed to determine the depth and the
structural index of potential field sources (Fedi, 2007). The
wavelet analysis has been applied to analyze the coherence
between Bouguer gravity and topography of the elastic thick-
ness anisotropy in the Canadian Shield (Audet and Mareschal,
2007). Here, we discussed the technique capabilities for
gravity data by combining wavelet with power spectrum anal-
ysis, which estimates the shape, size and depth of the buried
objects. Then, its results were compared with those obtained
by conventional techniques.

2 Background of the methods

2.1 Multiscale wavelet analysis
Gravity data observed in geophysical surveys are the sum of
gravity fields produced by all underground sources. The tar-
gets for specific surveys are often small-scale structure, buried
at shallow depths, and are embedded in a regional field arising
from residual sources, which are usually larger, deeper than,
or located far from the targets. Correct estimation and removal
of the regional field from initial field observations yield the
residual field produced by the target sources. Interpretation
and numerical simulation are carried out on the residual field
data, and the reliability of the interpretation depends upon the
success of the regional-residual separation to a great extent.
The Grossmann and Morlet’s (1984) definition of the con-
tinuous wavelet transform for a 1-D signal f(x) € L*(R) with
respect to the analyzed wavelet \i(x) € L2(R) is

W (a,b) = k(a)fif(x)t[(y_x)dx

a

= k@) f(x)zﬁ(x;b )dx,

)

where Y(x)=y(x);acR" andbeR, are the scale and
the position parameters, respectively, with R* being the set
of positive real numbers; L*(R) denotes the Hilbert space
of square integrable functions, and the bar denotes the
conjugated complex. The constant k(a) can be taken to 1/ JR
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in order to insure normalization in energy of the set of

wavelets ( x—b

) obtained by a translation and dilation of
a

the “mother wavelet” . Discrete families of orthonormal
wavelets

wL,K<x>=Lw("_"2J=Lw(2’x—k) @

R AN

are obtained by dilating or contracting and translating 1,
with the choice a = 2’ and b = ka with [, k € Z (Z is the set of
integers).
In this case, the discrete wavelet transform (DWT) is
W, () = [ £ (x)dx (3)
and the inverse discrete wavelet transform in the L’-sense
(IDWT) is

4oo oo

f(x)= Z z w/,k‘ﬁl,k (x)

J=—oc0 k=—oo0

“4)

The advantage of analyzing a signal with wavelets is that
it enables the study on local features of the signal with a
detailed matching to their characteristic scale. In the temporal
domain such a property allows for an effective representation
of transient signals. Because a major potential application of
wavelets is image processing, 2-D DWT is necessary. Let ¢,
and ¢, be the 2-D coordinates, and then the 2-D separable
scaling function is

90 (x, ) = pO(») ©)

Original signal can be reconstructed. Then 2-D separable
wavelets are

YO (x,y) = pO(») (6)
Y (x,0) = Y(0)9(») )
YO (x, ) = ¢()9(») ®)

In scale j + 1, separable approximation
L5 mon) = (£ (x,y),¢(x—2m), y —2n) ©)

Inscalej + 1, separable detail at horizontal, vertical, diagonal
directions

Ll (mm)={£5Ge ) (x—2m),y—2n)  (10)
Flamm)y = (13 o)y (x—=2m),y=2n) (1)
Lhammy=(13 o (x=2m),y—2n)  (12)

Because wavelet analyses do not decompose signals into
sines and cosines, a purely periodic signal of frequency F,
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(pseudofrequency) is defined to allow wavelet decomposition
of the signals to be related to the more traditional Fourier
decomposition. This is a convenient way of characterizing the
dominant frequency of the wavelet (Abry, 1997) and its appli-
cation in bioscience (Karlsson et al., 2000) and in geosciences
(Zhou and Adeli, 2003). Pseudofrequency corresponding to
the scale of wavelet decomposition is calculated as

F A
Fp=—t (13)

where « is a scale, A is the sampling period, and F, is the
center frequency of the wavelet in Hz (i.e. the frequency
corresponding to the spectral peak of the wavelet). The sam-
pling period A and the scale a take into account dilations and
contractions of the wavelet function.

Recently, a method for implementing lifting-based
DWT has been proposed (Sweldens, 1995; Daubechies and
Sweldens, 1998) and applied ( Jiang and Ortega, 2001; Andra
et al., 2002; Xiong et al., 2004) because the lifting-based
DWT has many advantages over the convolution-based one.
The lifting scheme is a new method based on spatial to con-
struct wavelet, which comprises three steps: splitting, pre-
dicting, and update lifting, as well as scale normalization.
Lifting wavelet (Sweldens, 1995) is called the second genera-
tion wavelet, the basic principle of which is to break up the
polyphase matrices for the wavelet filters into a sequence of
upper and lower triangular matrices and convert the filter
implementation into banded matrix multiplications.

2.2 Spectral estimation of depth

The depth extent of gravity sources can be of considerable
geologic interest. Two types of methods have been commonly
used in the spectral estimation of the depth to the bottom of
the layer (Ravat et al., 2007): (1) the spectral peak method
originally proposed in a landmark paper by Spector and Grant
(1970) and then used by Shuey et al. (1977), Connard et al.
(1983) and Blakely (1988); and (2) the centroid method orig-
inally presented by Bhattacharyya and Leu (1977) and used
with certain caveats and variations by Okubo et al. (1985) and
Tanaka et al. (1999).
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Fig. 1 Cut-open view of synthetic gravity anomaly sources
Note: grid size in is 50 km x 50 km, sampling interval is 0.25 km.
For the shape, coordinate, size and density of these objects, see
Table 1

The spectral factorization method (Spector and Grant,
1970) is based on the assumption that interfaces are essen-
tially horizontal with some small relief. The gravitational
variation of this subsurface topography can be described in
the frequency domain by the first term of Parker’s expansion
(Parker, 1972). Assuming a group of prismatic sources dis-
tributed over the subsurface topography, the gravity Fourier
power spectrum of the group of bodies reveals a quasilinear
relationship between the wavenumber and the Fourier power
spectral density. Plotting the natural logarithm of the radially

Table 1 Parameter of the shape, coordinate, size and density of synthetic gravity anomaly sources

Objects No. 1 2 3 4 5 6
Shape Sphere Sphere Sphere Sphere Sphere Cylinder
X, y, z coordinate/km 25,25,80 25,25,0.6 40, 20, 1 10, 40, 3 35,35,12 10, 0-50, 12
Radius/km 25 0.4 0.5 1 4 2
Density/(g-m™) 1.8 1.0 1.0 1.0 1.6 1.2

Table 2 Parameter of wavenumber, wavelength and scale corresponding to detail and approximation at each levels using wavelet separate

respectively

Levels Detail at first Detail at second Detail at third Detail at fourth Detail at 51st Detail at sixth Appro. at sixth
Scale 2 4 8 16 32 64 64
Wave number scope at x, y directions ~ 1.294-0.647  0.647-0.324  0.324-0.162  0.161-0.081 0.081-0.041 0.041-0.021 <0.021
Wave length scope at x, y directions 0.773-1.545  1.545-3.090  3.090-6.180 6.180-12.361 12.361-24.722  24.722-49.443 >49.443
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averaged Fourier power spectrum of the free-air anomaly
versus wavenumber results in several lines, which correspond
to the mean depths of the density contrast. The power spec-
trum of the gravity is anomaly in relation to the average depth
of the disturbing interface

2
n—l1 — .
itk o
= E g(x].,z)e e
=0

where g(x,,z) is an anomaly with » data points in z depth,
wavenumber £ is defined therefore as the amplitude £=1//.
Plotting wavenumber k against log,P, to attain the average
depth to the disturbing interface. The interpretation of the
against wavenumber k requires the best fit line through the
lowest wavenumbers of the spectrum. The average depth can
be estimated from plotting the spectrum.

(14)

7 AP
dnAk

(15)

where 4 is the average depth, and AP and Ak are derivatives
of P and £, respectively.

3 Experimental study

3.1 Synthetic anomalies
Forward simulation anomalies given by the superposition of
six objects are considered, which correspond respectively to
five shallower structures and to a deeper one, each distributed
in a 3-dimensional space.

In Cartesian coordination, the gravitational potential is
denoted by U, the vertical attraction of gravity measured by
the gravity meters (Blakely, 1995) is

oUu
g y,2)=—=
z
= J‘.”p(x/,y’, W(x—x,y—y,z—2)dxdydz (16)
'y X

10 15 20 25 30 35 40 45 50 5
(a) (b)

10 15 20 25 30 35 40 45 50 5

where

V(2 =y
( 2 + yz + Zz)

The forward method requires the repeated calculation
using Eq. (16). Table 1 shows the shape, coordinate, size and
density of these objects. In this synthetic data, grid size
is 50 km x 50 km and sampling interval is 0.25 km. While
region field shows the effect of the deepest object, local field
shows the effect of five shallow objects. Figure 1 shows
the depth drawing the cut-open view of synthetic gravity
sources.

The data were decomposed into six levels by applying
a type of wavelet, possessed to be symmetry, compact sup-
ported, smooth, and biorthogonal. Table 2 shows the corre-
spondent relationship between wavenumber and wavelength.
The scale of detail and approximation at each level can be
obtained using Eq. (13). Figure 2 shows the result of synthetic
gravity anomaly data by applying wavelet and spectral
analysis at six levels. It is shown in Fig. 2(b) that the detail
displays a cone-like structure corresponding to object No. 2,
which is the shallowest structure equivalent to 0.6 km in
depth. In Fig. 2(c), detail shows another cone-like structure
corresponding to object No. 3, which is the second shallowest
structure equivalent to 1 km in depth. In Fig. 2(d), the detail
shows a structure corresponding to object No. 4, which is a
shallow structure equivalent to 3 km in depth. In Fig. 2(e),
the detail shows a cone-like structure and a strip-like one
corresponding to object No. 5 and No. 6, which is the second
deeper structure equivalent to 12 km in depth. Finally, in
Fig. 2(f), the detail shows a lager structure corresponding to
object No. 1, which is the deepest structure equivalent to
80 km in depth.

For the purpose of comparison, the synthetic data were
analyzed with the conventional method discussed above.
Figure 3(a) shows the second derivative of synthetic gravity
anomaly. Figure 3(b) and (c) show the result of synthetic data
after moving 300 times iterated. In comparison with the result

50
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)

10 15 20 25 30 35 40 45 50
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Fig.3 Result of synthetic gravity anomaly data processed by conventional method
Note: (a) shows the second derivative of synthetic data; (b) and (c) show the result of synthetic data applied by moving average method

after 300 times iterated.
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Fig. 5 Result of measured data in Songliao plain, Northeast China, processed by conventional method
Note: (a) shows the second derivative of measured data; (b) and (c) show the result of measured data applied by moving average method

after 300 times iterated

of the multiscale wavelet and spectral method, the results of
these conventional techniques have no improving resolution
ability to easily distinguish the local field from the region
field without a priori estimation of the layer. Moreover, it
is convenient to determine the depth corresponding to the
structure by the multiscale wavelet and spectral method.

3.2 Measured data in Songliao

Twenty four gravity measurements along a north-south
profile were collected. Figure 4(a) shows measured gravity
anomalies of Songliao plain in Northeast China. Figure 4(b)—
(g) show the result of measured data applying wavelet and
spectral analysis at five levels.

Similarly, to compare this method with conventional
techniques, the measured data were possessed by smoothing
method. Figure 5(a) shows the second derivative of measured
data. Despite in rough correspondence to the detail at
first (see Fig. 4(b)) and third levels (see level Fig. 4(d))
decomposed by wavelet, the results are not as good as those
decomposed by the wavelet. The residue field was rough, cor-
responding to the approximation at fifth level, and the region
field was also rough, corresponding to the detail at fourth and
fifth levels, which fairly fitted the observed structures.

4 Conclusions

Geophysical gravity field interpretation constantly suffers
from the well-known nonuniqueness of the inversion, and
thus needs additional priori information. Several existing
methods have been proposed to analyze the gravity field prior
to modeling to extract useful information. The technique
described in this paper combines the upward continuation,
derivation operators and spectral analysis into a new
convenient formalism.

It has shown that this wavelet and spectral method allows
deep sources when the corresponding gravity anomalies
merged with anomalies of sources at shallow depths. This is
a special case of multisource problem, which frequently
occurs in potential field interpretation. The wavelet analysis

is necessary for separating the shallow-source anomalies
from the deep-source ones, benefiting also from the optimum
shift criterion and the well-known properties of localized
filtering of this kind of wavelet transform (Fedi and Quarta,
1998). Although the separation of gravity fields is always
a very tricky task, we showed the experimental results of
forward simulation and measured data cases where the super-
positions of deep objects are fairly well-separated. Moreover,
the spectral estimation of the separated detail can roughly
gain the depth in rough correspondence to structures, which
has contributed to the resolution for data interpretation.
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