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Abstract The aim of this paper is to provide a sys-
tematic review on the framework to analyze dynamics in
recurrently connected neural networks with discontinu-
ous right-hand sides with a focus on the authors’ works
in the past three years. The concept of the Filippov so-
lution is employed to define the solution of the neural
network systems by transforming them to differential in-
clusions. The theory of viability provides a tool to study
the existence and uniqueness of the solution and the Lya-
punov function (functional) approach is used to investi-
gate the global stability and synchronization. More pre-
cisely, we prove that the diagonal-dominant conditions
guarantee the existence, uniqueness, and stability of a
general class of integro-differential equations with (al-
most) periodic self-inhibitions, interconnection weights,
inputs, and delays. This model is rather general and in-
cludes the well-known Hopfield neural networks, Cohen-
Grossberg neural networks, and cellular neural networks
as special cases. We extend the absolute stability anal-
ysis of gradient-like neural network model by relaxing
the analytic constraints so that they can be employed to
solve optimization problem with non-smooth cost func-
tions. Furthermore, we study the global synchronization
problem of a class of linearly coupled neural network
with discontinuous right-hand sides.

Keywords delayed integro-differential system, dis-
continuous activation, almost periodic function, non-
smooth cost function, complete synchronization
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1 Introduction

It is well known that recurrently connected neural net-
works (RCNNs), proposed by Cohen and Grossberg [1],
Hopfield [2,3], and Chua and Yang [4,5], have been ex-
tensively studied in both theory and applications. They
have been successfully applied in signal processing, pat-
tern recognition, and associative memories, especially in
static image treatment. The key point of success of an
algorithm depends on whether the dynamical flow con-
verges to a given equilibrium or manifold. Therefore, dy-
namical behavior analysis of neural networks is the first
step for the desired applications.

In Ref. [1], the authors proposed a competitive and
cooperative network to generate self-organized and self-
adaptive neural networks, which can be modeled as an
ODE system:

dxi

dt
= Ai(xi)

[
− di(xi) +

n∑
j=1

tijgj(xj) + Ii

]
,

i = 1, 2, . . . , n, (1)

which is known as the Cohen-Grossberg neural networks
(CGNNs) and widely used in pattern recognition, signal
processing, and associative memory. Here, xi(t) denotes
the state variable of the ith neuron, di(·) represents the
self-inhibition function with which the ith neuron will
reset its potential to the resting state in isolations when
disconnected from the network, tij denotes the strength
of the jth neuron on the ith neuron, gi(·) denotes the
activation function of the ith neuron, Ii denotes the ex-
ternal input to the ith neuron, and Ai(·) denotes ampli-
fication function of the ith neuron.

References [2,3] developed a computing method using
recurrent network based on energy functions, which is



Wenlian LU et al. Neural networks with discontinuous right-hand sides 33

known as the Hopfield neural networks (HNNs):

dxi

dt
= −dixi +

n∑
j=1

tijgj(xj) + Ii, i = 1, 2, . . . , n. (2)

HNN is characterized as the activation function gj(·) is
a sigmoid function, for example,

gj(s) =
1

1 + exp(−λjs)
, (3)

when the interconnections T = [tij ]ni,j=1 is symmet-
ric, i.e., tij = tji. This model can be used to search
the minimum points of the quadratic objective function∑n

i,j=1 wijvivj over the discrete set {0, 1}n. Thus, the
following energy function

L(y) =
n∑

i=1

[
di

∫ yi

0

g−1
i (ρ)dρ − Iiyi − 1

2

n∑
j=1

tijyiyj

]

is a Lyapunov function for Eq. (2). It can be seen that
Eq. (2) has the following gradient-like form:

{
ẋ = −Dx − ∂f(y) + I,

y = g(x),
(4)

with f(y) = −(1/2)
∑n

i,j=1 tijyiyj. Here, D = diag[d1,

d2, . . . , dn] and g(y) = [g1(y1), g2(y2), . . . , gn(yn)]�. This
model is named as analytic neural networks (ANNs) [6],
since f(·) was assumed to be analytic when the general
model was proposed.

Also, in Refs. [4,5], Chua and Yang proposed a lo-
cally connected network model named as cellular neural
network (CNN), which can be described by

ẋi = −dixi +
n∑

i=1

tijyj + Ii,

yi = s(xi), i = 1, 2, . . . , n, (5)

where the activation function s(ρ) = (|ρ + 1|− |ρ− 1|)/2
is the linear saturation function. With assuming that
aij = aji for all i, j = 1, 2, . . . , n, it can be seen that
Eq. (5) has the form (24) below by letting f(y) =
−(1/2)

∑n
i,j=1 tijyiyj as well. Therefore, it can be seen

that Eq. (4) is a unified form of HNN and CNN with
symmetry interconnections. However, when they are
asymmetric, Eq. (4) is not valid any more.

On the other hand, in practice, time delays inevitably
occur due to the finite switching speed of the amplifiers
and communication time. Moreover, to process moving
images, one must introduce time delays in the signals
transmitted among cells [7]. Neural networks with time
delays have much more complicated dynamics. Further-
more, research of delayed neural networks with vary-
ing self-inhibitions, interconnection weights, and inputs
is another important issue, because, in real world, self-
inhibitions, interconnection weights, and inputs should

vary as time varies. Thus, we are to study the follow-
ing asymmetric delayed neural networks with a general
form:

dxi(t)
dt

= Ai(xi(t))
[
− di(t)xi(t) +

n∑
j=1

aij(t)gj(xj(t))

+
n∑

j=1

∫ ∞

0

gj(xj(t − s))dsKij(t, s) + Ii(t)
]
,

i = 1, 2, . . . , n, (6)

where dsKij(t, s), i, j = 1, 2, . . . , n, are Lebesgue-
Stieltjes measures with respect to s, which denotes the
delayed terms. If ai(s) = 1 for all i, it takes form:

dxi(t)
dt

= −di(t)xi(t) +
n∑

j=1

aij(t)gj(xj(t))

+
n∑

j=1

∫ ∞

0

gj(xj(t − s))dsKij(t, s) + Ii(t),

i = 1, 2, . . . , n, (7)

which is firstly introduced in Ref. [8] with asymmetric
interconnections.

In the past decades, the analysis of the dynamics of
neural network systems has attracted a large amount of
interests from diverse research fields. A huge number of
papers have arisen to give all kinds of sufficient condi-
tions to verify their global convergence. For details, we
refer the interested readers to a book chapter [9] and the
references therein.

However, most of the works were based on the as-
sumption that the activation functions are continuous
even globally Lipschitz. As mentioned in Ref. [10], a brief
review on some common neural network models reveals
that neural networks with discontinuous activations are
of importance and do frequently arise in practice. For ex-
ample, consider the classical HNNs with graded response
neurons [2]. The standard assumption is that the acti-
vations used are in high-gain limit, where they closely
approach discontinuous and comparator functions. As
shown in Refs. [2,3], the high-gain hypothesis is crucial
to make negligible the connection to the neural network
energy function of the term depending on neuron self
inhibitions, and to favor binary output formation. For
example, the activation function gi(·) is selected as the
sign function sign(s).

Also, a conceptually analogous model based on hard
comparators is also used to describe the discrete-time
neural networks in Ref. [11]. Another important exam-
ple is the neural networks introduced in Ref. [12] to
solve linear and nonlinear programming problems. Those
networks exploit constrained neurons with a diode-like
input-output activations. Again, in order to satisfy the
constraints, the diodes are required to possess a very
high slope in the conducting region, i.e., they should
approximate the discontinuous characteristic of an ideal
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diode. When dealing with dynamical systems possessing
high-slope nonlinear elements, it is often of advantage to
model them with a system of differential equations with
discontinuous right-hand side, rather than studying the
case where the slope is high but of finite value [13].

In this paper, for the discontinuous activations, we
make following assumption:
B1: gi(·) is nondecreasing and local Lipschitzian, ex-

cept on a set of isolated points {ρi
k}. More precisely, for

each i = 1, 2, . . . , n, gi(·) is monotonically nondecreasing
and continuous, except on a set of isolated points {ρi

k},
where the right and left limits g+

i (ρi
k) and g−i (ρi

k) satisfy
g+

i (ρi
k) > g−i (ρi

k); in each compact set of R, gi(·) has only
finite number of discontinuities; moreover, denote the set
of discontinuities by order {ρi

k : ρi
k+1 > ρi

k, k ∈ Z} and
there exist positive constants Gi,k > 0, i = 1, 2, . . . , n,
k ∈ Z such that |gi(ξ)− gi(ζ)| � Gi,k|ξ − ζ| holds for all
ξ, ζ ∈ (ρi

k, ρi
k+1).

In Refs. [14,15], for the ANN, the �Lojasiewicz gradi-
ent inequality reveals a fundamental relation between
gradient vector fields and the difference of the values
of the function, which provides a powerful tool to an-
alyze the gradient dynamical systems. This inequality
demands that the cost function be analytic. However, in
many situations, the cost function may not be analytic
or smooth. For example, the distance f(y) = d(y, ȳ) is
not smooth at the point y = ȳ, where ȳ is a given ref-
erence point and d(·, ·) is the metric in a given metric
space. In addition, the activation function is not always
analytic or strictly monotone increasing. For example,
the saturation function is piecewise analytic and mono-
tonely increasing but not strictly increasing. Therefore,
it is natural and necessary to investigate a generalized
dynamical system model that includes non-smooth cost
function as well as piecewise analytic and non-strictly
increasing activation functions.

In this paper, we focus on several results given in Refs.
[16–19]. The main goal of this article is to present a co-
hesive overview of the key approach for the analysis of
differential systems with discontinuous right-hand sides.
This approach applies to diverse sorts recurrently con-
nected neural networks, including periodic or almost pe-
riodic delayed neural networks, gradient-like neural sys-
tem, and coupled neural networks. As a unified frame-
work, we introduce the concepts of Filippov solution and
the theory of differential inclusions, and then divide the
analysis into two steps:

• Existence of the Cauchy problem of the differential
inclusions;

• Stability analysis via the Lyapunov functional ap-
proach.

By this fashion, we study the stability of a class of
differential-integral equations with discontinuous activa-
tions, almost periodic coefficients and delays. We pro-
pose a novel class of gradient-like neural systems with-

out the analyticity restrictions. Thus, it can be used to
solve a class of optimization problems with non-smooth
cost functions. In addition, we consider synchronization
problem of linearly coupled differential systems that has
discontinuity at their right-hands.

We organize this chapter as follows. We briefly intro-
duce the Filippov theory in Sect. 2 and the viability of
differential inclusions in Sect. 3. In Sect. 4, we study the
periodicity and almost periodicity. In Sect. 5, we investi-
gate the class of gradient-like systems with non-smooth
cost functions. In Sect. 6, we discuss synchronization
in network of coupled neural models with discontinuous
right-hand sides. We present discussion and reviews of
literature on this topic and compare them with the re-
sults in Sect. 7.

We present the notations in the following:
• A� for a matrix A denotes the transpose of A.
• ‖ · ‖ denotes the norm of a vector in some

sense. In particular, ‖v‖2 for a vector v =
[v1, v2, . . . , vn]� denotes the 2-norm by the way
‖v‖2 =

√∑n
i=1 |vi|2; ‖v‖{ξ,∞} for some posi-

tive vector ξ = (ξ1, ξ2, . . . , ξn)� is denoted by
‖v‖{ξ,∞} = maxi ξ−1

i |vi|; ‖v‖ξ,1 is denoted by
‖v‖{ξ,1} =

∑n
i=1 ξi|vi|; ‖v‖1 =

∑n
i=1 |vi|. The norm

of a matrix is induced by the definition of the norm
of vectors.

• C([a, b], Rn) denotes the class of continuous func-
tions from [a, b] to R

n. For each x(·) ∈ C([a, b], Rn),
its norm is denoted by ‖x(·)‖ = maxt∈[a,b] ‖x(t)‖
for some vector norm ‖ · ‖.

• R
n
+ denotes the first orthant, R

n
+ = {x =

(x1, x2, . . . , xn)� : xi > 0, ∀ i = 1, 2, . . . , n}.
• sign(·) denotes the signature function.

2 Filippov solution and differential inclusions

When the activations gi(·), i = 1, 2, . . . , n, are discontin-
uous in Eq. (2) or Eqs. (6) and (7), or the cost function
in Eq. (24) is non-smooth, the right-hand side of the un-
derlying system is not continuous any more. The theory
of ordinary differential equations does not work.

Consider the following system:

dx

dt
= f(x), (8)

where f(·) is not continuous. Reference [20] proposed the
following definition of the solution for the system (8) by
transforming it into differential inclusions [21].
Definition 1 A set-value map defined as

φ(x) =
⋂
δ>0

⋂
μ(N)=0

co

[
f(O(x, δ) − N)

]
, (9)

where co(E) is the closure of the convex hull of some set
E, O(x, δ) = {y ∈ R

n : ‖y − x‖ � δ}, and μ(N) is the
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Lebesgue measure of the set N . A solution of the Cauchy
problem for Eq. (8) with initial condition x(0) = x0 is
an absolutely continuous function x(t), t ∈ [0, T ), which
satisfies: x(0) = x0, and differential inclusion:

dx

dt
∈ φ(x), a.e. t ∈ [0, T ). (10)

Here, φ(x) is a set-valued map, which is defined as that,
for each point x, there corresponds a non-empty set
F (x) ⊂ R

n. For more details about set-valued map,
please refer to Ref. [22]. Differential inclusions mean that
there is an absolutely continuous function x(t) such that
Eq. (10) holds for almost every t. More details can be
found in Ref. [21].

In case that the cost function is non-smooth, which im-
plies that the differential of f may be discontinuous, we
can directly use the definition of Filippov solution to re-
define the solution for system (4). First of all, we should
redefine the differential of f at those non-smooth points.
Here, for a strictly continuous function f : R

n → R, the
Clarke’s generalized gradient of f at x ∈ R

n, which can
always be used to handle gradient flow on non-smooth
functions, can be written as

∂f = {p ∈ R
n : fo(x, v) � 〈p, v〉, ∀ v ∈ R

n}.

Thus, system (4) takes the form of differential inclusions:

ẋ ∈ −Dx − ∂f(y) + I, y = g(x). (11)

For the delayed asymmetric neural networks (6) and
(7), we should consider the delayed version of the Filip-
pov solution. In Refs. [21,23,24], the following functional
differential inclusion with memory were proposed:

dx

dt
(t) ∈ F (t, A(t)x), (12)

where F : R × C([−τ, 0], Rn) 	→ R
n is a given set-value

map, and

[A(t)x](θ) = xt(θ) = x(t + θ). (13)

Inspired by these works, in this paper, we denote
co[gi(s)] = [g−i (s), g+

i (s)] and co[g(x)] = co[g1(x1)] ×
co[g2(x2)]×· · ·× co[gn(xn)], where × denotes the Carte-
sian product. Thus, we can define solution of the system
(6) in the Filippov sense as follows.
Definition 2 For a continuous function φ(θ) = [φ1(θ),
φ2(θ), . . . , φn(θ)]� and a measurable function λ(θ) =
[λ1(θ), λ2(θ), . . . , λn(θ)]� ∈ co[g(φ(θ))] for almost all
θ ∈ (−∞, 0], an absolute continuous function x(t) =
x(t, φ, λ) = [x1(t), x2(t), . . . , xn(t)]� associated with a
measurable function γ(t) = [γ1(t), γ2(t), . . . , γn(t)]� is
said to be a solution of the Cauchy problem for the
system (6) on [0, T ) (T might be ∞) with initial value

(φ(θ), λ(θ)), θ ∈ (−∞, 0], if⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dxi(t)
dt

= Ai(xi(t))
[
− di(t)xi(t) +

n∑
j=1

aij(t)γj(t)

+
∫ ∞

0

γj(t − s)dsKij(t, s) + Ii(t)
]
,

a.e. t ∈ [0, T ),

γi(t) ∈ co[gi(xi(t))], a.e. t ∈ [0, T ),

xi(θ) = φi(θ), θ ∈ (−∞, 0],

γi(θ) = λi(θ), a.e. θ ∈ (−∞, 0],

(14)

holds for all i = 1, 2, . . . , n.
The solution of the system (22) below can be defined

by the same way.

3 Viability

The first question arises when we write down the differ-
ential inclusions to replace the original differential equa-
tions: whether do these differential inclusions have solu-
tions and whether are the solutions unique?

For any f ∈ Ξ, by the theory given in Ref. [25], the
following system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

duf
i

dt
(t) = Ai(xi)

[
− di(t)u

f
i (t) +

n∑
j=1

aij(t)σf
j (t)

+
n∑

j=1

∫ ∞

0

σf
j (t − s)dsKij(t, s) + Ii(t)

]
,

uf
i (θ) = φi(θ), θ ∈ (−∞, 0],

σf
i (θ) =

{
λi(θ), θ � 0,

fi(u
f
i (θ)), θ > 0,

i = 1, 2, . . . , n,

(15)
admits a unique solution uf (t)=[u1(t), u2(t), . . . , un(t)]�

on [0, T ), where T might be ∞.
We make following assumption for the initial value:
B2: The initial condition satisfies that φ(θ) ∈

C((−∞, 0], Rn) is bounded and λ(θ) is measurable and
essentially bounded.

First, we prove that the solutions uf(t) are uniformly
bounded with respect to f ∈ Ξ.
Lemma 1 Suppose that the assumptions B1,2 hold. If
there exist constants ξi > 0, i = 1, 2, . . . , n, and δ > 0
such that di(t) � δ and

ξiaii(t) +
n∑

j=1,j �=i

ξj |aji(t)| +
n∑

j=1

ξj

∫ ∞

0

eδs|dK̄ji(s)| < 0

(16)

hold for all t � 0 and i = 1, 2, . . . , n, then the solutions
uf(t) are uniformly bounded with respect to f ∈ Ξ, i.e.,
there exists M = M(φ, λ) > 0, which is independent of
f ∈ Ξ, such that ‖uf(t)‖{ξ,1} � M holds for all f ∈ Ξ
and t � 0. Consequently, the existence interval of uf (t)
can be extended to [0,∞).
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Now, for any sequence
{

gm(x) = (gm
1 (x1), gm

2 (x2), . . . , gm
n (xn))�

}
m∈N

∈ Ξ

satisfying

lim
m→∞ dH(Graph(gm(K)), co[g(K)]) = 0,

for all K ⊂ R
n, (17)

where dH(·, ·) denotes the Hausdorff metric of R
n, we

construct a sequence of delayed systems with high-slope
continuous activations as follows:

dum
i (t)
dt

= −di(t)um
i (t) +

n∑
j=1

aij(t)σm
j (t)

+
n∑

j=1

∫ ∞

0

σm
j (t − s)dsKij(t, s) + Ii(t),

i = 1, 2, . . . , n, (18)

where um
i (θ) = φi(θ), θ ∈ (−∞, 0], and

σm
j (θ) =

{
λj(θ), θ � 0,

gm
j (uj(θ)), θ > 0.

For instance, let {ρk,i} be the set of discontinuous points
of gi(·). Pick a strictly decreasing sequence {δk,i,m} with
lim

m→∞ δk,i,m = 0 and define Ik,i,m = [ρk,i − δk,i,m, ρk,i +

δk,i,m] such that for every k1 �= k2, Ik1,i,m

⋂
Ik2,i,m = ∅

hold. Then, we define functions gm
i (·) as follows:

gm
i (s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

gi(s), s /∈
⋃
k∈Z

Ik,i,m,

gi(ρk,i + δk,i,m) − gi(ρk,i − δk,i,m)
2δk,i,m

· [s − ρk,i − δk,i,m] + gi(ρk,i + δk,i,m),

s ∈ Ik,i,m.

It can be seen that the sequence {gm(·)}m∈N ⊂ Ξ satis-
fies condition (17).

Second, we will point out that the solution sequence
of the system sequence (18) converges to a solution of
the system (6) in the Filippov’s sense.
Lemma 2 Suppose that the assumptions B1,2 hold. If
the condition (16), then for each initial value pair (φ, λ),
the system (6) has a solution in the Filippov’s sense on
the whole time interval [0,∞).

4 Global convergence of neural networks with
discontinuous activations

In this section, we present several results on the stabil-
ity of neural networks with discontinuous activations. In
particular, we consider the dynamics of Eqs. (7) and (6).

For Eq. (7), we concentrate on the almost periodic dy-
namics when the parameters are all almost periodic. In
Eq. (6), we focus on its nonnegative dynamics, namely,
the trajectory stays in the first orthant R

n
+ for all time.

4.1 Almost periodic dynamics of Hopfield neural
networks with discontinuous activations

We firstly consider the system (7) rewritten as follows:

dxi(t)
dt

= −di(t)xi(t) +
n∑

j=1

aij(t)gj(xj(t))

+
n∑

j=1

∫ ∞

0

gj(xj(t − s))dsKij(t, s) + Ii(t),

i = 1, 2, . . . , n, (19)

with the almost periodic parameters.
B3: di(t) and aij(t) are all continuous functions,

i, j = 1, 2, . . . , n and di(t) � δ > 0, aii(t) < 0 hold for all
i = 1, 2, . . . , n and t ∈ R; for any s ∈ R, the Lebesgue-
Stieltjes measures dsKij(t, s) : t 	→ dsKij(t, s) are con-
tinuous, i.e., lim

h→0

∫∞
0

|dsKij(t + h, s) − dsKij(t, s)| = 0

holds for all i, j = 1, 2, . . . , n and t ∈ R, and dsKij(t, s) is
dominated by some Lebesgue-Stieltjes dK̄ij(s) indepen-
dent of t satisfying

∫∞
0

eδs|dK̄ij(s)| < +∞ for all i, j =
1, 2, . . . , n and some δ > 0. Here, the domination means
|dsKij(t, s)| � |dK̄ij(s)| i.e.,

∫∞
0 f(s)|dsKij(t, s)| �∫∞

0
f(s)|dK̄ij(s)| holds for all t � 0 and any nonneg-

ative measurable function f(·); moreover, di(t), aij(t),
Ii(t), and dsKij(t, s) all possess almost periodic prop-
erty, i.e., for any ε > 0, there exists l = l(ε) such that
for any interval [α, α + l], there exists ω ∈ [α, α + l] such
that

|di(t + ω) − di(t)| < ε,

|aij(t + ω) − aij(t)| < ε,

|Ii(t + ω) − Ii(t)| < ε,∫ ∞

0

|dsKij(t + ω, s) − dsKij(t, s)| < ε

hold for all i, j = 1, 2, . . . , n and t ∈ R.
We study the almost periodicity of the delayed neural

networks. The main results stated below was proven in
Ref. [16].
Theorem 1 Suppose the assumptions B1,2,3 are satis-
fied. If there exist constants ξi > 0, i = 1, 2, . . . , n, and
δ > 0 such that di(t) � δ and

ξiaii(t) +
n∑

j=1,j �=i

ξj |aji(t)| +
n∑

j=1

ξj

∫ ∞

0

eδs|dK̄ji(s)| < 0

(20)

hold for all t � 0 and i = 1, 2, . . . , n, then
1) For every initial value (φ, λ), the system (19) has a

unique solution in the sense of Eq. (14);
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2) There exists a unique almost periodic solution x∗(t)
for the system (19), which is globally exponentially
stable, i.e., for any other solution x(t) with the ini-
tial condition (φ, λ), there exists a constant M =
M(φ, λ) > 0 such that

‖x(t) − x∗(t)‖{ξ,1} � Me−δt

holds for all t � 0.

Since any periodic function can be regarded as an
almost-periodic function, all the results apply to peri-
odic case. Now, replacing assumption B3 with B∗

3 :

B∗
3 : di(t) and aij(t) are all continuous functions,

i, j = 1, 2, . . . , n and di(t) � δ > 0, aii(t) < 0 hold for all
i = 1, 2, . . . , n and t ∈ R; for any s ∈ R, the Lebesgue-
Stieltjes measures dsKij(t, s) : t 	→ dsKij(t, s) are con-
tinuous, i.e., lim

h→0

∫∞
0

|dsKij(t + h, s) − dsKij(t, s)| = 0

holds for all i, j = 1, 2, . . . , n and t ∈ R, and dsKij(t, s) is
dominated by some Lebesgue-Stieltjes dK̄ij(s) indepen-
dent of t satisfying

∫∞
0 eδs|dK̄ij(s)| < +∞ for all i, j =

1, 2, . . . , n and some δ > 0. Here, the domination means
|dsKij(t, s)| � |dK̄ij(s)| i.e.,

∫∞
0 f(s)|dsKij(t, s)| �∫∞

0
f(s)|dK̄ij(s)| holds for all t � 0 and any nonnegative

measurable function f(·); moreover, di(t), aij(t), Ii(t),
and dsKij(t, s) are all periodic with the same period ω,
i.e.,

di(t + ω) = di(t),

aij(t + ω) = aij(t),

Ii(t + ω) = Ii(t),∫ ∞

0

|dsKij(t + ω, s)| = dsKij(t, s)

hold for all i, j = 1, 2, . . . , n and t ∈ R.

Then, we have

Corollary 1 Suppose that the discontinuous activa-
tions satisfy the assumptions B1,2 and B∗

3. If there exist
positive constants ξi, i = 1, 2, . . . , n, and δ > 0 such that
di(t) � δ and

ξiaii(t) +
n∑

j=1,j �=i

ξj |aji(t)| +
n∑

j=1

ξj

∫ ∞

0

eδs|dK̄ji(s)| < 0

hold for all t � 0 and i = 1, 2, . . . , n, then

1) For each initial data with assumption A3, the sys-
tem (19) has a unique solution in the sense of Eq.
(14);

2) There exists a unique periodic solution x∗(t) for sys-
tem (19), which is globally exponentially stable.

Furthermore, a constant can be regarded as a periodic
function with any period. Therefore, for the following

delayed system:

dxi(t)
dt

= −dixi(t) +
n∑

j=1

aijgj(xj(t))

+
n∑

j=1

∫ ∞

0

gj(xj(t − s))dsKij(s) + Ii,

i = 1, 2, . . . , n, (21)

where parameters are all constants. Then, we have
Corollary 2 Suppose that the discontinuous activa-
tions satisfy the assumption B1,2. If there exist positive
constants ξi, i = 1, 2, . . . , n, and δ > 0 such that di � δ

and

ξiaii +
n∑

j=1,j �=i

ξj |aji| +
n∑

j=1

ξj

∫ ∞

0

eδs|dK̄ji(s)| � 0

hold for all t � 0 and i = 1, 2, . . . , n, then
1) For each initial data with the assumption, the sys-

tem (21) has a unique solution in the sense of Eq.
(14);

2) The system (21) has a unique equilibrium x∗, which
is globally exponentially stable.

4.2 Nonnegative almost periodic dynamics of delayed
Cohen-Grossberg neural networks with discontinuous
activations

In the previous subsection, we consider global stability
of a general class of delayed HNNs with discontinuous
activations. Here, x(t) ∈ R

n. In the past decades, a lot
of literature have been involved in stability analysis of
CGNNs that can be regarded as special cases of Eq.
(6). In most of these papers, it is assumed that ampli-
fier functions Ai(·) are always positive, even greater
than some positive numbers Ai(·) � Ai > 0. Hence,
the dynamical analysis overlaps that of Hopfield mod-
els. See Refs. [26–28] for example. However, in the origi-
nal papers [1,29,30], the authors proposed this model as
a kind of competitive-cooperation dynamical system for
decision rules, pattern formation, and parallel memory
storage. Hereby, each state of neuron xi might be the
population size, activity, or concentration, etc., of the
ith species in the system, which is always nonnegative
for all time. To guarantee the positivity of the states,
one should assume Ai(ρ) > 0 for all ρ > 0 and Ai(0) = 0
for all i = 1, 2, . . . , n. It is clear that this subset of
CGNNs includes the famous Volterra-Lotka competitive-
cooperation equations, which can be formalized as fol-
lows:

dxi

dt
= Aixi

(
Ii −

n∑
j=1

aijxj

)
, i = 1, 2, . . . , n,

with letting Ai(ρ) = Aiρ, for all ρ > 0 and given Ai > 0,
and gi(ρ) = ρ, i = 1, 2, . . . , n.
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The aim of this subsection is to study the nonnega-
tive periodic dynamical behaviors of the delayed CGNN
system (6), rewritten as follows:

ẋi = Ai(xi)
[
− di(t)xi(t) +

n∑
j=1

aij(t)gj(xj(t))

+
n∑

j=1

∫ ∞

0

gj(xj(t − s))dsKij(t, s) + Ii(t)
]
,

i = 1, 2, . . . , n, (22)

with discontinuous activations, periodic coefficients, and
without assuming the strictly positivity of the amplifier
functions. dsKij(t, s), i, j = 1, 2, . . . , n, are Lebesgue-
Stieltjes measures with respect to s for any t ∈ R.
Hereby, we focus our study of the dynamical behaviors
on the first orthant R

n
+ and consider all trajectories ini-

tiated in the first orthant R
n
+ instead of the whole space

R
n.
Consider the system of differential equation (22). The

amplifier functions Ai(·) is assumed to satisfy:
B4: For all i = 1, 2, . . . , n, Ai(s) is continuous and for

s � 0 with Ai(s) > 0 for s > 0 and Ai(0) = 0, and
∫ ε

0

ds

Ai(s)
= +∞, i = 1, 2, . . . , n,

where ε is an arbitrary positive number.
The activation functions can be of discontinuity and

assumed to satisfy B1. The time-varying coefficients, in-
cluding the self-inhibitions, interconnection coefficients,
and the external inputs, are all almost periodic, i.e., sat-
isfying B2.

The solution of the Cauchy problem of the delayed
differential system (22) according to positive initial con-
ditions φi(θ) > 0, θ ∈ (−∞, 0], still in the sense defined
in Eq. (14). Thus, suppose that the solution of Eq. (22)
can exist to T = +∞, the asymptotical stability of a
given nonnegative solution x∗(t) (if existing) is also in
the first orthant.
Definition 3 x∗(t) is said to be asymptotically R

n
+-

stable if for any positive bounded initial conditions φi(θ)
and measurable essentially bounded functions λi(θ) for
θ ∈ [−∞, 0] and i = 1, 2, . . . , n, the solution x(t) in the
sense of Eq. (22) satisfies

lim
t→∞ |xi(t) − x∗

i (t)| = 0, i = 1, 2, . . . , n.

The results in this subsection can be derived from the
same fashion in Refs. [16] and [18] with minor modifi-
cations. The diagonal dominant conditions are the key
for the existence and its stability of the almost periodic
solution of the delayed system (22).

The assumption B4 guarantees that each solution tra-
jectory (if existing) of the system (22) is positive if the
initial data are positive. By Lemma 2 in Ref. [18], we
have

Lemma 3 (Positivity) Under the assumptions B1,3,4,
if initial values are positive, i.e., xi(0) > 0 for all
i = 1, 2, . . . , n, then each solution of the system (22)
is positive within the duration time.

The following theorem gives the viability for the sys-
tem (22).
Theorem 2 [18] Under the assumptions B1,2,3,4, for
each positive initial conditions, the system (22) admits
one positive bounded solution of which the duration time
interval is [0, +∞).
This theorem can be derived directly from by Ref. [18].

With diagonal dominant condition, we obtained the
existence of a nonnegative periodic solution as well as
its R

n
+-stability.

Theorem 3 Under the assumptions B1,2,3,4, if there
exist positive constants ξ1, ξ2,. . . , ξn and δ > 0 such that
for any t > 0, di(t) � δ and the following conditions are
satisfied:

ξiaii(t) +
n∑

j �=i

ξjaji(t) +
n∑

j=1

ξj

∫ ∞

0

eδs|dsK̂ij(t, s)| < 0,

i = 1, 2, . . . , n,

then, the system (22) has a nonnegative almost periodic
solution and this solution is globally asymptotically sta-
ble.
This theorem can be proven by a combination of the
approaches in Refs. [16] and [18].

The following corollary is a direct consequence of pre-
vious theorem and comes from Ref. [18].
Corollary 3 Suppose that the discontinuous activa-
tions satisfy assumptions B1,2,4 and B∗

3 . If there exist
positive constants ξi, i = 1, 2, . . . , n, and δ > 0 such that
di(t) � δ and

ξiaii(t) +
n∑

j=1,j �=i

ξj |aji(t)| +
n∑

j=1

ξj

∫ ∞

0

eδs|dK̄ji(s)| < 0

hold for all t � 0 and i = 1, 2, . . . , n, then for each initial
data with assumption A3, the system (22) has a nonneg-
ative periodic solution x∗(t) that is globally exponentially
stable.

Furthermore, a constant can be regarded as a periodic
function with any period. We have the following result,
which also comes from Ref. [18].
Corollary 4 Consider the following delayed system:

dxi(t)
dt

= Ai(xi)
[
− dixi(t) +

n∑
j=1

aijgj(xj(t))

+
n∑

j=1

∫ ∞

0

gj(xj(t − s))dsKij(s) + Ii

]
,

i = 1, 2, . . . , n. (23)

Suppose that the discontinuous activations satisfy the
assumption B1,3,4. If there exist positive constants ξi,
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i = 1, 2, . . . , n, and δ > 0 such that di � δ and

ξiaii +
n∑

j=1,j �=i

ξj |aji| +
n∑

j=1

ξj

∫ ∞

0

eδs|dK̄ji(s)| � 0

hold for all t � 0 and i = 1, 2, . . . , n, then the system (23)
has a unique nonnegative equilibrium x∗ that is globally
exponentially stable.

5 Convergence of a class of gradient-like
systems with non-smooth cost functions

This section is concerned with the convergence of the
following dynamical system:

{
ẋ ∈ −Dx − ∂f(y) + θ,

y = g(x),
(24)

where x = [x1, x2, . . . , xn]� ∈ R
n is the state vector,

D = diag[d1, d2, . . . , dn] with di > 0, i = 1, 2, . . . , n,
f(y) : R

n → R is a cost function, y = g(x) =
[y1, y2, . . . , yn]� denotes the output vector with yi =
gi(xi), gi(·) is a nonlinear activation function, and θ =
[θ1, θ2, . . . , θn]� ∈ R

n is a constant input vector.
Inspired by the ideas in Refs. [6,31,32], in this section,

we analyze the convergence dynamics of the model (24).
Here, we introduce some definitions and lemmas on non-
smooth analysis, variational analysis, and differential in-
clusions. We also give some mathematical description of
the generalized neural network model to be studied.

Via the Clarke gradient, the generalized model for
non-smooth cost function f(·) can be formulated as fol-
lows: {

ẋ ∈ −Dx − ∂f(y) + θ,

y = g(x) = [g1(x1), g2(x2), . . . , gn(xn)]�,
(25)

where x = [x1, x2, . . . , xn]� ∈ R
n denotes the state vari-

able vector, D = diag[d1, d2, . . . , dn] is a positive diago-
nal matrix with di > 0, i = 1, 2, . . . , n, function f(·) is
a cost function, y = [y1, y2, . . . , yn]� denotes the output
variable vector, g(·) is the activation function to obtain
the outputs, and θ = [θ1, θ2, . . . , θn]� denotes the input
vector with θi ∈ R.

Here, we list some sets for the cost f(·) below.
1) A1 = {f(·): f is strictly continuous and regular in

R
n};

2) A2 = {f(·): f is subanalytic in R
n};

3) A3 = {f(·): f is φ-convex in R
n for some continu-

ous function φ: R
n × R

n × R
3 → R

+}.
Note that A3 ⊂ A1. We denote by D the set of all posi-
tive diagonal matrices.
Definition 4 (Absolute stability [6,10]) For a given
cost function class F , an activation function set G, a
diagonal matrix set D, and an input set θ ⊂ R

n, we

say that 1) the state of the system (25) is absolutely
stable with respect to (F ,G,D, E) if for any f(·) ∈ F ,
g ∈ G, D ∈ D, and θ ∈ E , each state trajectory x(t)
of the system (25) converges to certain x̄ ∈ R

n, i.e.,
limt→∞ x(t) = x̄; 2) the output of the system (25) is
absolutely stable with respect to (F ,G,D, E) if for any
f(·) ∈ F , g(·) ∈ G, D ∈ D, and θ ∈ E , each output
trajectory y(t) of the system (25) converges to certain
ȳ ∈ R

n, i.e., limt→∞ y(t) = ȳ.
Following two typical activation functions often used

in neural network models. One is the sigmoid function:
g(ρ) = 1/(1 + exp(−ρ)) and the other is the saturation
function: s(ρ) = (|ρ + 1| − |ρ − 1|)/2. In this paper, we
provide a generalized class of activation functions, which
can be described as a piecewise analytic, increasing, and
bounded function class G, including these two functions.
Definition 5 A function h(z) = [h1(z1), h2(z2), . . . ,
hn(zn)]� : R

n → R
n is said to belong to the vector-

valued function class G(n) of n-dimension if the following
conditions are satisfied for i = 1, 2, . . . , n:

1) hi(z) is bounded, continuous, and increasing;
2) There exist at most countable interval divisions for

R by ordered numbers · · · < ρi
k < ρi

k+1 < · · · which
can be infinity, where Ii

k = (ρi
k, ρi

k+1) is an open in-
terval or one-side infinite interval such that hi|Ii

k
is

either analytic with h′
i(z) > 0 on z ∈ [ρi

k, ρi
k+1], or

a constant; there exists a locally finite such interval
division of R.

One can see that the sigmoid function: h(z) = 1/(1 +
exp(−z)), which is strictly increasing and analytic, and
the saturation function: s(ρ) = (|ρ+1|− |ρ−1|)/2, both
belong to the class G(1). Also, we can define some special
subclass of G(n).
Definition 6 A function h(·) is said to belong to G1(n)
if h(·) ∈ G(n) and hk(·) is C1 continuous with h

′
k(z) > 0

for all u ∈ dom(hk) and k = 1, 2, . . . , n.
Definition 7 A function h(·) is said to belong to
G2(n) if h(·) ∈ G1(n) and hk(·) is C2 continuous for all
k = 1, 2, . . . , n.

It is clear that h(z) = [h1(z1), h2(z2), . . . , hn(zn)]� be-
longs to G(n) (G1,2(n)) if and only if each hi(zi) is a
scalar function of G(1) (G1,2(1)), respectively. One can
see that the sigmoid activation function belongs to G2(1).
For h(·) ∈ G(1), we divide all indices of the interval set
{Ii} into two subsets I1 and I2 such that i ∈ I1 implies
that h|Ii is analytic with positive first-order derivative
and i ∈ I2 implies that h|Ii is a constant. We also define
J1 = h({Ii : i ∈ I1}) =

⋃
i∈I1

(h(ρi), h(ρi+1)) which
is a union of a number of open intervals, J2 = h({Ii :
i ∈ I2}) =

⋃
i∈I2

h(ρi) which is a union of a number of
isolated points, and J3 =

⋃
i∈I1

Bd(h(Ii)) − J2. Thus,
Jk, k = 1, 2, 3, compose a disjoint splitting of R(h).

Due to the monotonicity and boundedness, we de-
fine the inverse function of h(·) ∈ G(1) as a set-valued
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function:

h−1(u) =

⎧⎪⎨
⎪⎩

h−1(u), u ∈ J1

⋂J3,

Ii, u ∈ J2 such that u = h(Ii)

for some i ∈ I2.

It can be seen that the h−1(·) is increasing, i.e., x1 > x2

holds for each y1 ∈ h(x1) and y2 ∈ h(x2) with y1 > y2;
and on each open interval h(Ik), k ∈ I1, h−1(·) is also
analytic (Theorem 1.5.3 in Ref. [33]).

The existence of the solution of a Cauchy problem of
Eq. (24) is guaranteed by the following theorem given in
Ref. [17].
Theorem 4 (Theorem 1 in Ref. [17]) For each f ∈
A1

⋂A2, g ∈ G(n), D ∈ D, and θ ∈ R
n, the system (25)

has at least one solution x(t, x0) initiated at x(0) = x0

for any x0 ∈ R
n and defined on [0, +∞).

The following theorem tells that the system (25) has
at least one equilibrium.
Theorem 5 (Theorem 2 in Ref. [17]) For each f ∈
A1

⋂A2, g ∈ G(n), D ∈ D, and θ ∈ R
n, the system (25)

has at least one equilibrium x∗, i.e., 0 ∈ F (x∗)+θ holds.
Theorem 4 indicates that there exists a solution but

does not guarantee the uniqueness or continuous depen-
dence. However, in the case that g ∈ G2(n) and f(·) is
φ-convex for some positive continuous function φ, then
both uniqueness and continuous dependence of the solu-
tion is given by the following theorem.
Theorem 6 (Theorem 3 in Ref. [17]) For any g(·) ∈
G2(n), f(·) ∈ A2

⋂A3, D ∈ D, and θ ∈ R
n, the system

(25) has the unique solution for each initial condition
x0 ∈ R

n and this solution continuously depends on the
initial condition.

5.1 State convergence

The following theorem states the absolute stability of
the state of the neural system.
Theorem 7 (Theorem 4 in Ref. [17]) (Absolute sta-
bility of state) The system (25) is absolutely stable
with respect to (A1

⋂A2,G1(n),D, Rn), i.e., for any
f(·) ∈ A1

⋂A2, g(·) ∈ G1(n), D ∈ D, and θ ∈ R
n,

each trajectory x(t) possesses some x̄ ∈ R
n such that

limt→∞ x(t) = x̄.
Since g(·) is continuous, the output y(t) must con-

verge, i.e., limt→∞ y(t) = g(x̄). If uniqueness and con-
tinuous dependence can be guaranteed, we can conclude
that x(t) converges to some equilibrium of the system
(25).
Proposition 1 For any f ∈ A2

⋂A3, g(·) ∈ G2(n),
D ∈ D, and θ ∈ R

n, the limit x̄ of the trajectory x(t)
of the system (24) satisfies that x̄ is an equilibrium of
F (x) + θ.

In fact, according to the uniqueness and continu-
ous dependence of the solution for the system (25) by

Theorem 6, we have x(x̄, τ) = limt→∞ x(x(x0, t), τ) =
limt→∞ x(x0, t + τ) = x̄. So, dx(x̄, τ)/dτ = 0 for all
τ � 0. Letting τ = 0, we have 0 ∈ F (x̄) + θ.

With the same arguments as in the proof of Theorem
4.7 in Ref. [32], we similarly give the convergence rate
as follows.
Proposition 2 Under the assumptions in Theorem 7,
let ϑ be the �Lojasiewicz exponent near x̄. There exist
c1,2 > 0, T1,2,3 > 0, and k1 > 0 such that

1) If ϑ ∈ (1/2, 1), then |x(t)− x̄| � c1(t + 1)
1−ϑ
2ϑ−1 holds

for all t � T1;
2) If ϑ = 1/2, then |x(t)− x̄| � c2 exp(−k1t) holds for

all t � T2;
3) If ϑ ∈ [0, 1/2), then x(t) converges in finite time,

i.e., x(t) = x̄ for all t � T3.
The following result is a direct consequence from

Proposition 2 and the “perturbation idea” in Ref. [34].
Corollary 5 1) If f(·) is C2 near x̄, g(·) ∈ G2(n),

D ∈ D, and ∇F (x̄) is nonsingular, then x(t)
converges exponentially; additionally, if f(·) ∈
C2(Rn, R) and g(·) ∈ G2(n), then for almost all
θ ∈ R

n , any solution x(t) of the following system:

ẋ = −Dx −∇f(y) + θ, y = g(x), (26)

converges exponentially;
2) Under the assumptions made in Theorem 7, if

there exist some δ0 > 0 and δ > 0 such that
m(F (x) + θ) > δ0 holds for all x ∈ Bδ(x̄)\{x̄},
then x(t) converges in finite time.

5.2 Output convergence

In this subsection, we analyze the convergence behavior
of the system (25). In case that the activation function
belongs to the class G(n), we give the following theorem
on output convergence.
Theorem 8 (Theorem 5 in Ref. [17]) (Absolute stabil-
ity of output) The output y(t) of the system (25) is
absolutely stable with respect to (A1

⋂A2,G(n),D, Rn),
i.e., for any f(·) ∈ A1

⋂A2, g(·) ∈ G(n), D ∈ D, and
θ ∈ R

n, each output trajectory y(t) possesses ȳ ∈ R
n

such that limt→∞ y(t) = ȳ. Moreover, if either 1) ∂f(y)
is a singleton at ȳ, or 2) ȳi ∈ J i

1

⋃J i
3 holds for all

i = 1, 2, . . . , n, then the state x(t) also converges.
In fact, if ∂f(ȳ) is not a singlet set and ȳi ∈ J i

2 holds
for some i, we cannot guarantee the convergence of the
state, x(t), as indicated by the following counterexample
of one-dimensional system:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋ ∈ −x − ∂f(y),

f(y) = 2|y − 1|,
y = g(x),
x(0) = 0.

(27)
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That is,

ẋ ∈ −x + 2v(1 − g(x)),

where v(·) is a set-valued map as the convex closure of
the sign function:

v(ρ) =

⎧⎪⎨
⎪⎩

1, ρ > 0,

[−1, 1], ρ = 0,

−1, ρ < 0,

and g(x) =
|x + 1| − |x − 1|

2
.

Then, at the beginning, x(0) = 0 ∈ (−1, 1), it be-
comes ẋ = −x + 2, which implies the solution is
x(t) = −2 exp(−t) + 2 which increases; at t = ln 2,
x(t) = 1, then the equation becomes ẋ ∈ −x + 2ζ(t)
where ζ(t) ∈ [−1, 1], which implies the solution becomes
x(t) = exp(−(t − ln 2))[1 + 2

∫ t−ln 2

0
exp(τ)ζ(τ)dτ ]. Let-

ting ζ(τ) � 1/2, we have

x(t) � exp(−t + ln 2)
(

1 +
∫ t−ln 2

0

exp(τ)dτ

)
= 1

for all t � ln 2.
Therefore, one can verify that the following:

x(t) =

⎧⎪⎨
⎪⎩

−2 exp(−t) + 2, t � ln 2,

exp(−t + ln 2)[1 + 2
∫ t−ln 2

0 exp(τ)ζ(τ)dτ ],

t > ln 2,

is one solution of the system (27), where ζ(τ) can be
any measurable function with ζ(τ) ∈ [1/2, 1]. It can
be seen that the solution is not asymptotically stable
if ζ(τ) = sin τ/4 + 3/4. Also, noting that f(y) is a con-
vex function, one can see that for cellular-type neural
networks, a φ-convex, even actually convex function, is
unable to guarantee the uniqueness. The non-uniqueness
of the solution of differential equations (inclusions) ac-
tually induces a set-valued action, which means that the
system can reach multiple targets from same initial state.

Let

L(y) = f(y) +
n∑

i=1

di

∫ yi

0

g−1
i (ρ)dρ − θ�y.

Then, we have
Proposition 3 1) If ȳi ∈ J i

1 for all i = 1, 2, . . . , n,
L(y) is C2 near ȳ, D ∈ D, and ∇2L(ȳ) is nonsin-
gular, then y(t) converges to ȳ exponentially;

2) Under the assumptions made in Theorem 8, and
ȳ ∈ Φξ, if there exist δ0 > 0 and δ > 0 such that
for each ξ

′
with Φξ′ ⊃ Φξ, m(∂

yξ
′ L(y)) > δ for all

y ∈ Bδ(ȳ)
⋂

Φξ′ with y �= ȳ, then y(t) converges to
ȳ in finite time.

This proposition can be proven by the similar arguments
as in Corollary 5.

5.3 Two examples: Sigmoid and saturation activation
functions

The following two typical activation functions: sigmoid
function g(u) = 1/(1 + exp(−u)) is frequently used in
the HNNs [2,3], and saturation function s(u) = (|u +
1| − |u − 1|)/2 is used in the CNNs [4,5].

Consider the following system:

ẋ ∈ −Dx − ∂f(y) + θ, y = g(Γx),

where Γ = diag[γ1, γ2, . . . γn] with γi > 0, i = 1, 2, . . . , n,
being the scaling parameter corresponding to the ith
variable and g(·) is either a sigmoid function or a satu-
ration function. Note that the sigmoid function belongs
to the class G2(n) and the saturation function belongs
to G(n) but does not belong to G1(n). Therefore, by the
results given in the previous subsection, we have
Theorem 9 (see Theorem 6 in Ref. [17])

1) If g(·) is the sigmoid function, f(·) ∈ A1

⋂A2,
D ∈ D, and θ ∈ R

n, then each state trajectory x(t)
is convergent;

2) If g(·) is the saturation function, f(·) ∈ A1

⋂A2,
D ∈ D, and θ ∈ R

n, then each output trajectory
y(t) is convergent.

Furthermore, the convergence rate can be obtained as
consequences of the results above.

5.4 Application: Simple examples of seeking local
minimum point of non-smooth function

Here, we give a simple example to illustrate the
minimum-seeking capability of the following special
model of the system (25) with a scaling parameter λ:

{
ẋ ∈ −x − ∂f(y) + θ,

y = g(λx) = [g1(λx1), g2(λx2) . . . , gn(λxn)]�,
(28)

for certain non-smooth objective function f(·) in the dis-
crete state space {0, 1}n, where each gi(·) is a sigmoid
function or a saturation function. The minimum-seeking
problem can be formulated as follows:

{
minimize f(y1, y2, . . . , yn),

subject to yi ∈ {0, 1}, i = 1, 2, . . . , n.
(29)

A local minimum point of the problem (29) is de-
fined by the Hamming neighborhood. That is, for any
y ∈ {0, 1}n, its Hamming neighborhood is denoted by
a set of n elements, N(y) = {z : z = [y1, y2, . . . , 1 −
yi, yi+1, . . . , yn]�, for all i = 1, 2, . . . , n}, i.e., all ele-
ments lie at a Hamming distance of one to y: {y : f(y) =
min[f(y), f(z), z ∈ N(y)]}.

Let y(t, λ) be the trajectory of the output of the sys-
tem (28) and ȳ(λ) = limt→∞ y(t, λ). Suppose {λj} is
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such a sequence that λj ↗ ∞ and ȳ(λj) converges to
some ȳ. In Ref. [34], it is proven that ȳ is a local mini-
mum points for a class of multilinear objective function
f(·) if θ is selected sufficiently small and avoids in a set
with zero measure. The key of the method lies in two
respects. First, only such equilibria, which converge to
{0, 1}n as λ → ∞, can be stable. This implies that for
almost all initial data and sufficiently large λ, y(λ, t) con-
verges into a small neighborhood of objective set {0, 1}n.
If ȳ ∈ {0, 1}n, avoiding θ in some set of zero measure,
the parity condition is satisfied:

[∂f(ȳ)]i < 0 if ȳi = 1, and [∂f(ȳ)]i > 0 if ȳi = 0. (30)

Second, the parity condition (30) of such stable equilib-
rium actually implies local minimum.

We hope to apply this method to the case that ob-
jective functions could be non-smooth. Unfortunately,
careful investigation suggests that it be impossible to
succeed for all regular, strictly continuous, and suban-
alytic functions. Hence, we try to find the class of ob-
jective functions such that the model (28) can solve the
problem (29). It can be seen that the second condition
of the parity condition can be extended to a little larger
class of functions.
Proposition 4 If f is a lower-C2 function, then the
parity condition (30) implies a local minimum on the set
{0, 1}n.
For proof, see Ref. [16].

We consider a special objective function f(y) = p(y)+
|y − y∗|1, where p(y) =

∑n
i,j=1 aijyiyj is a quadratic

polynomial and y∗ is a reference point. One can see
that f(y) is a regular, strictly continuous, subanalytic,
and non-smooth function. Since ρ2 = ρ holds for all
ρ ∈ {0, 1}, we can rewrite p(y) as a multi-affine func-
tion ṕ(y) =

∑n
i=1 aiiyi +

∑
i=1

∑
j>i 2aijyiyj . Therefore,

f(·) can be regarded as a sum of a multi-affine function
ṕ and a L1 distance between y and y∗. Then, the differ-
ential model to solve this optimization problem can be
written as

ẋi ∈ −xi − aii − 2
∑
j �=i

aijyj − sign(yi − y∗
i ) + θi,

yi = gi(λxi), i = 1, 2, . . . , n. (31)

Then, similar to the discussion in Ref. [34], we have
Proposition 5 Suppose that

1) either y∗
i /∈ [0, 1] holds for all i = 1, 2, . . . , n;

2) or if y∗
i ∈ [0, 1] holds for some index i, then aii >

−2
∑

j>i,aij<0 aij +1 or aii < −2
∑

j>i,aij>0 aij −1
holds.

Select each activation function as the sigmoid function
gi(ρ) = 1/(1 + exp(−ρ)) or the saturation function
gi(ρ) = (|ρ + 0.5| − |ρ − 0.5| + 1)/2. Then, there ex-
ists ε > 0 such that for any |θ| < ε, except for a set

with zero measure, for almost all initial conditions, ȳ(λ)
is near a local minimum point of the problem (29) for a
sufficiently large value of λ.

In fact, it is not difficult to see that either the con-
dition 1) or 2) implies that only ȳ ∈ {0, 1} could be
the limit of any convergent sequence of equilibria of the
system (31) ȳ(λj) avoiding θ in a set of zero measure.
According to Proposition 4, this proposition can be con-
cluded.

As an illustration, to minimize f(y) = a11y
2
1 +a22y

2
2 +

2a12y1y2 + |y1 − y∗
1 | + |y2 − y∗

2 | over {0, 1}2, we use the
following differential system:

{
ẋ1 ∈ −x1 − a11 − 2a12y2 − sign(y1 − y∗

1) + θ1,

ẋ2 ∈ −x2 − a22 − 2a12y1 − sign(y2 − y∗
2) + θ2,

yi = gi(λxi), i = 1, 2, (32)

where v(·) is the convex closure of the sign function.

First, let A =

[
−1.5 0.2

0.2 1.1

]
and y∗ = [0.1, 0.7]�. Figure 1

indicates that the terminal limit ȳ(λ) converge to a local
minimum point [1, 0]� as λ goes to the infinity.

Fig. 1 The limits ȳ(λ) converge to a local minimum point [1, 0]�.
We select a random θ with |θ| < 0.001, A = [−1.5 0.2; 0.2 1.1],
y∗ = [0.1, 0.7]�, random initial data, and g(·) as the sigmoid func-
tion (plotted in blue ) or saturation function (plotted in red ).
The reference point y∗ is targeted by a triangular and the vertices
of the cube {0, 1}n are indicated by o. λ is selected from 10−2 to
102.

Next, let A =

[
1.0965 −1.0787

−1.0787 1.2535

]
and y∗ =

[−0.1, 1.2]�. It can be seen that the objective function
has two local minimum points: [0, 0]� and [1, 1]�. Fig-
ure 2 indicates that the terminal limits ȳ(λ) converge to
such two local minimum points as λ goes to the infinity.
This also indicates that the solution may approach the
local minima instead of the global one.
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Fig. 2 The limits ȳ(λ) converge to two local minimum points
[0, 0]� and [1, 1]�. We select a random θ with |θ| < 0.001,
A = [1.0965 − 1.0787; −1.0787 1.2535], y∗ = [−0.1, 1.2]�, ran-
dom initial data, and g(·) as the sigmoid function (plotted in blue

) or saturation function (plotted in red ). The reference point
y∗ is targeted by a triangular and the vertices of the cube {0, 1}n

are indicated by o. λ is selected from 10−2 to 102.

6 Synchronization of linearly coupled neural
networks with discontinuous right-hand sides

In this section, we discuss synchronization of linearly
coupled systems with discontinuous right-hand sides.

Consider the following differential systems:

dxi(t)
dt

= f(xi(t), t) +
N∑

j=1

aijΓxj(t),

i = 1, 2, . . . , N, (33)

where xi(t) ∈ R
n denotes the state variable vector of the

neuron i, f : R
n×R+ 	→ R

n represents the right-hand of
the node dynamics of the uncoupled system, and aij � 0
for i, j = 1, 2, . . . , N with i �= j denote the interaction
between the two nodes by the manner that aij > 0 in-
dicates that there is a directed edge from the node j

to node i, aii = −∑N
j=1,j �=i aij for i = 1, 2, . . . , N , and

Γ represents the inner coupling configuration. In par-
ticular, picking Γ = diag[γ1, γ2, . . . , γn]. In this case, if
aij > 0, then γk �= 0 implies that the node j is linked to
i by the kth component.

Mathematically, complete synchronization (synchro-
nization for simplicity) with respect to the network (33)
can be defined as
Definition 8 The network (33) of coupled nodes can
achieve complete synchronization if

lim
t→+∞ ‖xi(t) − xj(t)‖ = 0, i, j = 1, 2, . . . , N.

In literature concerned with synchronization analysis
of coupled differential systems, the following QUAD con-
dition is assumed.

Definition 9 (QUAD condition or decreasing condi-
tion) A function f is said to satisfy the QUAD condi-
tion or decreasing condition if there exist some positive
definite diagonal matrix P and a diagonal matrix Δ such
that

(x − y)�P
{

[f(x, t) − f(y, t)] − Δ(x − y)
}

� −ε(x − y)�(x − y)

holds for some ε > 0 and any x, y ∈ R
n with x �= y.

We define the weak-QUAD condition as follows:
Definition 10 A function f(x, t) is said to satisfy the
weak-QUAD condition if there exist some positive def-
inite diagonal matrix P and a diagonal matrix Δ such
that

(x − y)�P
{

[f(x, t) − f(y, t)] − Δ(x − y)
}

� 0

holds for any x, y ∈ R
n with x �= y.

Based on the weak-QUAD condition, we can define
a class of semi-QUAD functions for discontinuous func-
tions as follows:
Definition 11 (Definition 7 in Ref. [19]) A discontinu-
ous function f(x, t) is called a semi-QUAD function if it
satisfies the condition λ, and there is a continuous func-
tion g(x, t), which satisfies the weak-QUAD condition
such that

lim
t→∞[f(x, t) − g(x, t)] = 0, ∀ x ∈ R

n.

Furthermore, let h(t) = supx∈Rn |f(t, x) − g(t, x)|, then
h(t) is bounded and

∫ ∞

0

h(t) < +∞.

A simple example of the semi-QUAD functions is

f(x, t) = x + e−tsign(x),

where the corresponding limit function is g(x, t) = x,
and h(t) = e−t.

To conceive a distance from the collective states of the
coupled system (33) to the synchronization subspace:

S = {[x1�, x2�, . . . , xN�
] ∈ R

nN : xi = xj , ∀ i �= j},

we introduce certain structural matrices.
Definition 12 [35] Let Mm×n(R) be the class of m×n

real matrices, and T1(k, K) be the set of matrices with
entries in Mk×k(R) such that the sum of the entries
in each row is equal to K for some K ∈ Mk×k(R).
Let M2(k) be the set of matrices M with entries in
{αIk : α ∈ R} such that each row of M contains ze-
ros and exactly one αIk and one −αIk for some nonzero
α, and for any pair of indices i and j, there exist in-
dices i1, i2, . . . , il with i1 = i and il = j such that for all
1 � q < l, Mp,iq �= 0 and Mp,iq+1 �= 0 for some integer p.
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In the following, we assume that the discontinuous re-
gion of f is composed of a series of smooth hypersurfaces
of dimension m (m < n), denoted by Si, i = 1, 2, 3, . . .

(may be empty or infinite). Suppose that Si = {(y, t) ∈
R

n × R+

∣∣ ϕi(y, t) = 0}, with ϕi(y, t) ∈ C1(Rn × R+).
Then, the continuous region of f is a series of connected
regions divided by the Si.

Let G+
i (G−

i ) be a connected region such that
1) f(x, t) is continuous on G+

i (G−
i );

2) Si ⊂ ∂G+
i (∂G−

i ) ⊂ ⋃
k Sk;

3) ϕi(x, t) > 0 (< 0) on G+
i (G−

i ).
With these assumptions and notations, for each i, G+

i

and G−
i are two different regions with Si as their com-

mon boundary. For the convenience of the later use, in
the following, we summarize the properties of f .
Definition 13 Let F (x, t) = K[f ](x, t) be the set val-
ued map generated by f , then f is said to satisfy the
condition λ if the following conditions are satisfied:

1) F (x, t) satisfies the basic conditions;
2) For any x ∈ R

n and t ∈ R+, ‖F (x, t)‖ � a(t)‖x‖ +
b(t), where a(t), b(t) are functions defined on R+

which are integrable on any finite interval of t;
3) For any x, y ∈ R

n and t ∈ R+, ‖F (x, t)−F (y, t)‖ �
h(‖x − y‖), where h: R+ 	→ R+ is continuous and
nondecreasing;

4) B(Si, δ) and B(Sj , δ) have no intersection for all
i �= j and some δ > 0;

5) On the closure of each G+
i and each G−

i , there exists
a continuous extension of f ;

6) On each Si, ∇ϕi(y, t) �= 0 for almost all t, where

∇ϕi(y, t) =
[
∂ϕi

∂y1
,
∂ϕi

∂y2
, . . . ,

∂ϕi

∂yn

]
.

In case that f is continuous, we always assume that f

satisfies the condition λ with empty set of discontinuities
and F (x, t) = K[f ](x, t) = f(x, t).

Following a similar arguments in Ref. [23], it is not
difficult to verify that if f satisfies condition λ, then the
solution of the coupled networks exists and can be ex-
tended to R+ for any initial value at t = 0. Under the
assumption that f satisfies condition λ, we can define
the solution of system (33) by the following differential
inclusion:

dxi

dt
∈ F (xi(t), t) +

N∑
j=1

aijΓxj(t), i = 1, 2, . . . , N, (34)

where F (x, t) = K[f ](x, t).
The following results guarantee the synchronization of

the coupled system (33).
Theorem 10 (Theorem 1 in Ref. [19]) Suppose that
f(x, t) satisfies condition λ. If for any given initial value
x̃0 ∈ R

nN , letting x̃(t) = [x1(t)�, x2(t)�, . . . , xN (t)�]�

be the solution from x̃0, there exists an (N −1)×N ma-
trix M ∈ M2(n), an N ⊗ N matrix T ∈ T1(n, K) , and
a positive definite matrix P ∈ Mn(N−1)×n(N−1)(R) such

that the symmetric part of PS(M, T +A⊗Γ) is negative
definite and

sup
t�0

{∫ t

0

sup
ξs∈F̃ (x̃(s),s)

{
x̃(s)�M�PM

[
ξ(s) − T x̃(s)

]}
ds
}

< +∞, (35)

where F̃ (x̃, t) = {[ξ1(t)�, ξ2(t)�, . . . , ξN (t)�]�, ξi(t) ∈
F (xi, t), i = 1, 2, . . . , N}, then we have

lim
t→+∞ ‖xi(t) − xj(t)‖ = 0, i, j = 1, 2, . . . , N.

In general, it is difficult to verify the con-
ditions proposed in Theorem 10 directly, since
supξ(t)∈F̃ (x̃,t)

{
x̃�M�PM

[
ξ(t)−T x̃

]}
� 0 may not hold

globally.
In the following, we derive two corollaries as direct

consequences from Theorem 10. These corollaries will
provide some more testable but tighter conditions.

In particular, let

M =

⎡
⎢⎢⎣
−In In 0

...
. . .

−In 0 In

⎤
⎥⎥⎦, Γ =

[
In1 0

0 0

]

with n1 � n, P = IN ⊗ In and T = IN ⊗ Δ with

Δ =

[
LIn1 0

0 −αIn−n1

]
for some constants L ∈ R and

α > 0. Then, we have

S(M, T + A ⊗ Γ) = (LIN−1 + B) ⊗ Γ

− αIN−1 ⊗
[

0 0

0 In−n1

]
,

where B = [bij ]N−1×N−1 with bij = ai+1,j+1 − a1,j+1.
As consequences of Theorem 10, we have

Corollary 6 Suppose that f(x, t) satisfies condition
λ, Δ is defined as above. If there exist C ∈ R, L <

−λmax(BS) and α > 0 such that

sup
t�0

{∫ t

0

sup
ξ1(s)∈F (x1(s),s)
ξi(s)∈F (xi(s),s)

{
[ξi(s) − ξ1(s)

−Δ(xi(s) − x1(s))]�[xi(s) − x1(s)]
}

ds

}
� C

holds for all i = 2, 3, . . . , N , then the coupled sys-
tem (33) synchronizes, i.e., lim

t→+∞ ‖xi(t) − xj(t)‖ = 0,

∀ i, j = 1, 2, . . . , N .
Let Δ and ξ(t) be defined as in Corollary 6 and denote

T̃i =
{
t ∈ R+

∣∣ sup{[ξi(t) − ξ1(t) − Δ(xi(t) − x1(t))]�

·[xi(t) − x1(t)]} > 0
}
, (36)

and Ti = R+\T̃i. It can be verified that Ti and T̃i are
measurable for each i. Then, from Corollary 6, we have
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Corollary 7 Suppose that f(x, t) satisfies condition
λ. Given an initial value x̃0 ∈ R

nN , if the trajec-
tory [x1(t)�, x2(t)�, . . . , xN (t)�]� satisfies that ‖xi(t)−
x1(t)‖ is uniformly bounded (the bound depends on the
initial value but is uniform for all t ∈ R+) and μ(T̃i) <

+∞ for i = 2, 3, . . . , N , then system (33) synchronizes.
Now, we discuss semi-QUAD functions, and we have

the following corollary from Theorem 10.
Corollary 8 Let f(x, t) be a semi-QUAD function
whose limit function is g(x, t) such that g(x, t) satisfies
the weak-QUAD condition for some P , Δ. If there ex-
ists an (N − 1) × N matrix M ∈ M2(n) such that the
symmetric part of PS(M, IN ⊗ P + A ⊗ Γ) is negative
definite, and the trajectories of system (33) is bounded,
then system (33) reaches complete synchronization.

At last, we investigate networks of linearly coupled
networks with nonidentical external inputs.

Consider the following networks of linearly coupled
dynamical systems:

dxi(t)
dt

= f(xi(t), t) +
n∑

j=1

aijΓxj(t) + pi(t),

i = 1, 2, . . . , N, (37)

where f : R
n × R 	→ R

n is a continuous map satisfying
the QUAD condition for some P , Δ, pi(t) is an inte-
grable function of t, which is not necessarily continuous.
We have the following corollary.
Corollary 9 Suppose f(x, t) satisfies the QUAD con-
dition for some P , Δ. If for any initial value the tra-
jectories of system (37) are bounded, and there exists an
(N − 1) × N matrix M ∈ M2(n) such that the symmet-
ric part of (IN−1 ⊗P )S(M, IN ⊗Δ + A⊗Γ) is negative
definite and

∫ +∞

0

|pi(t) − pj(t)|dt < +∞, ∀i �= j,

then, the system (37) synchronizes.
As applications of the theoretical results, we present

a scheme to synchronize a class of switching systems
via coupling the switching-driving signals. Consider N

switching systems with K switching dynamics:

ẏi = fk(yi, t), if ξi ∈ Ωk, k = 1, 2, . . . , K. (38)

Here, ξi denotes the switching signal of the ith system,
which can be described by a differential equation:

ξ̇i = g(ξi, t), i = 1, 2, . . . , N,

where Ωk, k = 1, 2, . . . , K, denote domains on the space
of the signals. We present a coupling scheme over a graph
G with the Laplacian A = [aij ]Ni,j=1 via only coupling
their switching-driving signals as follows:{

ξ̇i = g(ξi, t) +
∑N

j=1 aijξ
j ,

ẏi = fk(yi, t), if ξk ∈ Ωk, k = 1, 2, . . . , K,
(39)

where i = 1, 2, . . . , N.

From Corollary 7, we can conclude that if the trajec-
tories are uniformly bounded and the sum of the time
intervals on which the signals are located in different
region of Ωk’s is finite, the system (39) synchronizes.

In the following, we present a simple example to illus-
trate this synchronization scheme.

Consider a network of N all-to-all coupled three-
dimensional individual dynamical systems that has the
form (38) where

f1(x, t) = cos t,

and

fk(x, t)

=

⎧⎪⎨
⎪⎩

−3
2
xk + | sin t|xk+1 + | cos t|xk+2 − 1, x1 < 0,

−3
2
xk + | sin t|xk+1 + | cos t|xk+2 + 1, x1 > 0,

for k = 2, 3, and x4 = x2, x5 = x3.
It is clear that, under the scheme (39), the inner cou-

pling matrix Γ = diag[1, 0, 0]. We can show that the con-
ditions proposed in Corollary 7 are satisfied. Therefore,
the coupled networks (39) synchronizes.

7 Discussion and conclusions

The stability of neural networks has always been a fo-
cus in the last two decades. Among them, the neural
networks with discontinuous activations have been at-
tracting increasing interests recently. In the pioneering
works [10,28,36,37], the stability of the equilibrium of
neural networks with discontinuous activations were in-
vestigated. Periodicity of neural networks with discon-
tinuous activations was firstly studied in Ref. [38] to our
best knowledge. Other works include Refs. [39–41] and
others. In comparison, the model (6) in this paper is
more general and includes HNNs, CGNNs and CNNs as
special cases. The almost periodicity we considered is
also more general than periodicity and fixed point at-
tractor.

Different from the existing literature concerned with
the stability of CGNN model, here we consider the
positive dynamics that is more related to the original
model proposed by Cohen and Grossberg [1]. In Refs.
[42,43], the authors studied the global stability of non-
negative equilibrium or nonnegative periodic solution of
the CGNNs with assuming Ai(ρ) > 0 for ρ > 0 and
Ai(0) = 0, i = 1, 2, . . . , n. To our best knowledge, Refs.
[1,30] provided the pioneering study on the dynamics of
such neural network model with assuming Ai(ρ) > 0 for
all ρ > 0 and Ai(0) = 0 for all i = 1, 2, . . . , n and without
considering any time delay. As far as we know, few works
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investigated the nonnegative dynamics of CGNNs with
discontinuous activations that was done in this paper.

As far as we know, this is the first paper using the
celebrated �Lojasiewicz inequality for the stability anal-
ysis of neural networks. From then on, Forti et al. pub-
lished several papers using the �Lojasiewicz inequality to
characterize the absolute stability of generalized neural
networks for quadratic programming [44] and standard
CNNs [31]. In these works, the concept of stability is
quite different from other literature dealing with this is-
sue because in this case the equilibria are not unique,
even not countable. They obtained the stability without
knowledge of equilibria as needed in other references.
In this paper, we release the restriction of the analyt-
icity by sub-analyticity. We use the recent result that
was extended in Refs. [32,45] of this inequality to the
non-smooth case, which made it possible to study the
gradient inclusion with non-smooth cost functions. The
similar idea was also used to solve linear and quadratic
programming [44,46,47].

Synchronization, which means that the dynamics of
nodes share the same time-spatial property, can be found
in a wide variety of research fields, such as biological sys-
tems, chemistry, nonlinear optics, meteorology, etc. Till
now, in most existing works concerning the model (33),
the right-hand side is companied with the continuous
assumption, i.e., the right-hand side of the uncoupled
system is continuous or even Lipschitz continuous. To
the best of our knowledge, the few exceptions include
Refs. [48–50], in which discontinuous functions appear.
In Ref. [48], discontinuity arises due to the temporal
switching of the coupling. In Refs. [49,50], the authors
studied the master-slave synchronization for a class of
discontinuous bi-modal piecewise affine (PWA) systems.
Both can be considered as some kind of switching sys-
tems. In Ref. [48], switching occurs in the coupling,
while in Refs. [49,50], it lied in the uncoupled individ-
ual system. It should be noted that, in these papers,
the QUAD condition still be required in discussion of
synchronization, though the systems are discontinuous,
which are relaxed in the current paper.
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