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Abstract Over the past few decades, latent variable
model (LVM)-based algorithms have attracted consid-
erable attention for the purpose of data dimensional-
ity reduction, which plays an important role in machine
learning, pattern recognition, and computer vision. LVM
is an effective tool for modeling density of the observed
data. It has been used in dimensionality reduction for
dealing with the sparse observed samples. In this paper,
two LVM-based dimensionality reduction algorithms are
presented firstly, i.e., supervised Gaussian process la-
tent variable model and semi-supervised Gaussian pro-
cess latent variable model. Then, we propose an LVM-
based transfer learning model to cope with the case that
samples are not independent identically distributed. In
the end of each part, experimental results are given to
demonstrate the validity of the proposed dimensionality
reduction algorithms.

Keywords dimensionality reduction, latent variable
model, pairwise constraints, Bregman divergence

1 Introduction

In machine learning and pattern recognition, many in-
terested objects are naturally stored or hidden in very
high-dimensional space for better descriptions. How-
ever, these descriptions will lead to great troubles for
data analysis. On the one hand, the high-dimensional
storages will bring great troubles for the data visualiza-
tion; on the other hand, the high dimensions would lead
to “curse of dimensionality” in data analysis and pro-
cessing. The key technique to avoid above two problems
is dimensionality reduction. In mathematics, dimension-
ality reduction is the process of reducing the number
of random variables under specific consideration, that
is, the aim of dimensionality reduction is seeking a set of
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optimal bases for expressing the data. In the past
decades, dimensionality reduction techniques have been
extensively studied for various applications, e.g., data
visualization [1], pattern classification [2—4], and multi-
media information retrieval [5,6].

According to the observability of variables, the di-
mensionality reduction algorithms can be divided into
two general categories. One is observed framework, in
which the parameters of the dimensionality reduction
model are directly computed with the observed samples.
In this category, the low-dimensional variables do not
appear in computing parameters. The other category is
latent variable framework, in which some assumptions
about low-dimensional variables will be given, and the
mapping function is established from latent variables to
the observed samples. The parameters of the dimension-
ality reduction model are determined according to the
density of the observed samples.

In the observed framework, the representative dimen-
sionality reduction model is principal component analy-
sis (PCA), which is an orthogonal basis transformation;
PCA is a linear and unsupervised model [7,8]. In or-
der to deal with the nonlinear case, many nonlinear di-
mensionality reduction methods have been investigated.
Examples include kernel PCA [9], multidimensional scal-
ing (MDS) [10], locally linear embedding (LLE) [11,12],
Laplacian eigenmap (LE) [13], Isomap [14,15], locality
preserving projections (LPP) [16,17], and neighborhood
preserving embedding (NPE) [18]. This kind of nonlinear
dimensionality reduction methods, such as MDS, LLE,
and LPP, also belongs to “manifold learning”. Manifold
learning is a branch of nonlinear dimensionality reduc-
tion, which assumes that the data distribution lies on
a nonlinear manifold. To use the supervised informa-
tion, for example, labels of the samples, some supervised
dimensionality reduction methods are proposed one by
one, such as, the linear discriminant analysis [19], ker-
nel Fisher discriminant analysis (kernel FDA) [20,21],
marginal Fisher analysis (MFA) [22], and local Fisher
discriminant analysis (LFDA) [23]. These methods can
find the nonlinear compact representation of the high-
dimensional data.
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In the latent variable model (LVM)-based dimension-
ality reduction framework, it first assumes that there
exist latent variables corresponding to high-dimensional
samples in a low-dimensional space, and then some as-
sumptions are made for the latent variables. The map-
ping function will be offered to build the relationship
between latent variables and observed samples through
the mapping function. Finally, the probability distri-
bution function of the observed samples can be repre-
sented with latent variables and their parameters. The
latent variables and their parameters would be obtained
through maximizing the probability distribution func-
tion. LVM-based dimensionality reduction methods in-
clude probabilistic principal component analysis (prob-
abilistic PCA) [24], factor analysis (FA) [25], generative
topographic mapping (GTM) [26], and Gaussian process
latent variable model (GP-LVM) [27,28]. This kind of
methods can exactly model density of the observed sam-
ples, even when samples are really sparse or the samples
are particularly noisy. In this paper, we focus our atten-
tion on this kind of dimensionality reduction methods.
The detailed introduction about LVM-based dimension-
ality reduction methods will be given in Section 2, and
Fig. 1 gives an overview of some representative dimen-
sionality reduction methods.

2 Background

In this section, we briefly introduce two dimensional-
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ity reduction models, including latent variable model
and Gaussian process latent variable model. More for-
mally, let Y = [y1,%2,...,yn]|T be the matrix denoting
N observed examples, i.e., the high-dimensional data
set to be processed. Each object y; is described by a
D-dimensional feature vector with y; € RP. We use
T N]T to denote the low-dimensional set
with z; representing positions in latent space of the cor-
responding high-dimensional point, x; € RY,q < D.

X = [:l]'l,.’,EQ,...,

2.1 Latent variable model

Latent variable model (LVM) is an effective dimension-
ality reduction approach through modeling the proba-
bilistic distribution of observed samples with involving
additional latent variables. According to the distribu-
tion of latent variables, the LVM can be divided into
two groups: discrete or continuous versions [29]. The
representative discrete LVMs are hidden Markov model
(HMM) [30] and latent Dirichlet allocation (LDA) model
[31,32]. HMM is one of the simplest dynamic Bayesian
networks and has been extensively used in speech recog-
nition [33,34] and biometrics feature analysis [35,36].
LDA is a discrete dimensionality reduction model pro-
posed in 2003. It is mainly used in document topic anal-
ysis [37,38] and image retrieval [39—41]. The represen-
tative continuous LVMs include probabilistic PCA and
GP-LVM. In the following, GP-LVM is used as an exam-
ple for explaining the process of dimensionality reduction
with LVM.
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Fig. 1 An overview of some representative dimensionality reduction methods
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2.2 Typical GP-LVM

GP-LVM is a nonlinear probabilistic dimensionality re-
duction algorithm proposed by Lawrence [27]. It can
recover complex manifolds through modeling the joint
distribution of the observed data. In recent years, it has
been widely used in human motion tracking [42,43], ob-
ject categorization [44,45], and 3D shape estimation [46].
The main reason for receiving considerable attention is
that GP-LVM can catch the accurate representation in
latent space even if the observed data is very sparse.

The traditional LVMs, for example, probabilistic
PCA, marginalize the latent variables and optimize the
parameters via maximum likelihood. However, the GP-
LVM marginalizes the hyper-parameters and optimizes
the latent variables through maximizing likelihood of the
observed samples. The positions of the data in the latent
space can be obtained through integrating over mapping
function f and maximizing likelihood function of the ob-
served data set.

The mapping function f : X — Y is a Gaussian pro-
cess priori given by

fNN(O’K)’ (1)

with the covariance between z; and z;, and the kernel
function value is determined by a Mercer kernel function,
for example, the radius basis function (RBF) kernel. The
RBF kernel is employed as the nonlinear mapping func-
tion, which can be substituted with

k(i ;) = Buos exp (=2 (@1 = 2,) (@i — )
+ Owhitedijs (2)

where k(z;,z;) is the element in the ith row and the
jth column of the covariance matrix K, and 4; ; is the
Kronecker delta function. 8 = [0, v, Ownite] is a collec-
tor of the kernel parameters. Then, the likelihood for
every dimension can be obtained through marginalizing
the mapping function.

p(yal X, 0) = / P(-al X, f0. O)p(fa)df
— N (a0, K. 3)

The likelihood for the whole observed data can be
viewed as a product of D number of independent Gaus-
sian processes, and each process is related to a different
dimension of the data set. So the observed data likeli-
hood function can be obtained as

1 1 1
W exp <§tr(K YYT)> .
(4)

In the training process, the latent variables and the
parameters will be optimized alternately until the algo-
rithm convergence. After the model is determined, the

p(Y[X,0) =

testing points can be directly computed using the pa-
rameters.

3 Dimensionality reduction based on latent
variable model

In this section, we will present our proposed LVM-based
dimensionality reduction methods with the help of su-
pervised and semi-supervised information. Some experi-
mental results are also reported to illustrate their effec-
tiveness.

3.1 LVM-based dimensionality reduction with
supervised learning

Supervised learning is the most effective machine learn-
ing paradigm of learning a function from training data
and its supervised information. With the help of the su-
pervised learning, many models can obtain much more
discriminant results. However the typical GP-LVM is
based on unsupervised learning, i.e., it does not use
any label information for training. As a consequence, it
is essential to develop the supervised variations to fur-
ther improve its performance in dimensionality reduc-
tion tasks.

Gao and Wang et al. [47] proposed a supervised Gaus-
sian process latent variable model (supervised GP-LVM)
for dimensionality reduction, which is based on the prop-
erty of the conditional independence in directed graphs,
i.e., the label set and the input data are independent
given the latent variables in the low-dimensional space.
Both the observed data and the class label informa-
tion are taken into account in supervised GP-LVM. The
supervised model establishes mappings from the latent
variables to the observed data and the available sample
labels, respectively.

We can establish the relationship between pairs of ob-
servations associated with corresponding labels (Y, Z)
with Z € RNV*L and latent variables X as

{Y = f(X,@),
Z zg(X,v).

The function f with hyper-parameters 6 denotes a map-
ping that transforms latent variables to observations.
The function g with hyper-parameters v transforms la-
tent variables to observation labels. # and « are the col-
lection of the hyper-parameters in two projection, i.e.,
0= [erbf; ebandy 05] and Y= ['Yrbf; “Yband, U?]

In supervised GP-LVM, f and g are two Gaussian pro-
cesses, and latent variables X ~ N(0, I). Then, the pos-

terior of X can be obtained with Bayes’ theorem:

(5)

p(Y, Z|X)p(X)

p(XlZ,Y) = p(Y Z) )

(6)
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where p(Y, Z|X) is the likelihood of pairs of observations
and labels (Y, Z) and p(Z,Y") are the marginal likelihood
of all pairs integrated over X. According to the condi-
tional independence, p(Y, Z|X) = p(Y|X)p(Z|X). The
log-posterior of p(X|Z,Y) is given by

Inp(X|Z,Y)=Inp(Y|X)+ Inp(Z|X)
+Inp(X) —Inp(Y, 2). (7)

The last term in the right-hand side of Eq. (7) is
log marginal likelihood, so it is irrelevant to the latent
variables X and maximizing the log-posterior p(X|Z,Y)
is equivalent to maximizing the likelihood function
p(Z,Y|X) plus the prior p(X). We denote Inp(Y|X) as
Ly and Inp(Z|X) as Lz.

Ly =Inp(Y|X)

DN D 1
= -2 -3 In|K|— 5tr(K—lny). (8)

Lz =Inp(Z|X)

LN D 1
== -In2r - T In[3| - 5tr(z—lzZT). (9)

The objective function of supervised GP-LVM can be

written as
{X,0,~v} = arg)rglg)’(y{lnLy +Lz+Inp(X)}. (10)

We apply the scaled conjugate gradient (SCG) with re-
gard to latent variables and hyper-parameters for train-
ing. The detail optimization algorithm and procedure
can be seen in Ref. [47].

In Fig. 2, an intuitionist experimental result is given
to show the efficiency of label information. 400 samples
are randomly selected for digits “3” and “5” from hand-
written digits database USPS, respectively. The dimen-
sionality reduction results for total 800 samples are given
in Fig. 2. Figure 2(a) is the result obtained by GP-LVM,
and Fig. 2(b) is the result obtained by the supervised
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GP-LVM. Compared with Fig. 2(a), digits “3” and “5”
in Fig. 2(b) can be well separated. The result of the
supervised GP-LVM is superior to GP-LVM because it
considers the label information in the training stage.

3.2 LVM-based dimensionality reduction with semi-
supervised learning

Although supervised learning can achieve discriminative
results, labeled data is often limited, and labeling sam-
ples is time consuming and requires much human exper-
tise, so it is expensive to obtain supervised information.
Semi-supervised learning can take full use of limited su-
pervised information and the abundant unlabeled data
to further improve the performance. In Ref. [48], Wang
and Gao et al. proposed a semi-supervised LVM with
the help of pairwise constraints.

More specifically, two types of pairwise constraints:
must-link constraint and cannot-link constraint are
defined as follows.

e Must-link constraint: It specifies that two sam-

ples should be assigned into one class. The con-
straints data set can be denoted as

M = {(yi,y;)|y; and y; belong to the same class}.

e Cannot-link constraint: It specifies that two
samples should be assigned into different classes.
The constraints data set can be denoted as

C = {(yi,y;)|y; and y; belong to different classes}.

If the pair of samples (y;,y;) € M, the latent variables
(x;,x;) corresponding to (y;,y;) will belong to the same
class. In the same way, if the pair of samples (y;,y;) € C,
the latent variables (z;, z;) corresponding to (y;, y;) will
belong to different classes. Then, according to the pair-
wise constraints relationship among the observed sam-
ples and the distances of the observed samples, we can
infer the priori information of the latent variables. We

Fig. 2 Dimensionality reduction results for USPS database. (a) Result obtained by GP-LVM; (b) result obtained by

supervised GP-LVM
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define a weight matrix W € RV*V as

et

Tret’ (yiry;) € M,
ol
Wi,j 7@) (yi,yj) € Ca (11)
ot
m, otherwise,
where ¢ = ||z; — x;|| represents the Euclidean distance

between two latent variables x; and x;. N is the num-
ber of all samples. In order to emphasize the constraint
relationship of the supervised samples, we use N2 to di-
vide the weights of the unsupervised samples. The value
W;.; will be determined by both the distance and the
pairwise constraints. If the two samples belong to M,
i.e., the same class, the weight value is positive. If they
belong to C, the weight value is negative. The weight
values will change with the distance among the latent
variables as shown in Fig. 3.

As shown in Fig. 3, real line represents the must-link
relationship in two samples, and dashed line represents
cannot-link relationship. The values will be positive if
the sample pair belongs to same class and negative if
the sample pair belongs to different classes. The values
are also influenced by the distances of samples.

The priori probability of the latent variables can be
defined as

1 N
P(X)= Z exp [~ Z d(z;,x;) |, (12)

ij=1

where d(z;,z;) = W, ; - ||z; — x;|| and Z is a constant.
Here, Z is used to normalize P(X), and make P(X) as
a priori probabilistic distribution of the samples. So Eq.
(12) can be rewritten as

N
1
P(X|W) = Zexp [~ Z d(z;,x;)

% exp (—tr(XTWX))

1 exp (—tr(WXXT)),

Z (13)

where W represents a weight matrix. Just as mentioned
above, the weight matrix is defined according to the pair-
wise constraints and the distances of the samples. Then,
the weight matrix W can be obtained by Eq. (13).

Given the constrained priori information of the latent
variables, the detailed description of the semi-supervised
framework will be given later. The GP-LVM is a latent
variable model through defining a joint distribution over
the observed variables Y and the latent variables X. The
hyper-parameters and the latent variables can be opti-
mized through maximizing the likelihood function as Eq.
(4). According to the Bayes’ theorem,

Y, X|o)p(X|17)

P(x|y.0,w) = 2 )

(14)

We apply the SCG with regard to latent variables and
hyper-parameters for training. The detail optimization
process can be seen in Ref. [48]. Equation (13) suggests a
general framework for incorporating constraints into the
GP-LVM. Particular choices of the pairwise constraints
would construct the different weight matrix and produce
corresponding algorithms. That is, if the data set can
be divided into three parts: must-link constrained data,
cannot-link constrained data, and wunlabeled data; then,
the semi-supervised GP-LVM can be built in three ways
as follows:

e SSGP-LVM-M: Ounly the must-link constraints is

used in the model;

e SSGP-LVM-CM: Both the must-link and cannot-

link constraints are used in the model;

e SSGP-LVM-CMU: Both the constrained sample

pairs and the unlabeled samples are used for training

i,j=1 process.
O  observed sample
- @ latent variable
. —— must-link :
fo) . ——- cannot-link : ®
\ ............................... \
: 3 0.62
A\ \ =0.
\ O \
\ _ \
\ ; |> 0.67 \ 0.73
% g ‘\\ propagate the \ b4 '\\
\ // R constraints 0 qé\ _0,(,0’/ \—(1.68
\\ / N TN / N
7 i N E
\ol# \O S ~
/P
i L 0.61
observed space latent space

Fig. 3 Transfer scheme of pairwise constraints
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To validate the performance of the semi-supervised
GP-LVM method, we test the algorithms in different di-
mensional latent space on three data sets, i.e., ORL face
data, Oil data set, and handwritten digits data. The
pairwise constraints are randomly selected, and we re-
peat each experiment 50 times independently. The per-
cent of constraints is given in Table 1.

Table 1 Statistics in percentiles of constraints

data total number class # of constraints
ORL 400 40 4x40
Oil 1000 1003
USPS(3,5) 300%2 2 1002

As shown in Table 1, the numbers of constrained sam-
ples in three data sets are different. Percentage of the
constrained samples in each data set is around 30%. The
results for three data sets are shown in Fig. 4.

Figure 4 shows the plots for mean error wvs. num-
ber of dimensionalities. The mean errors are decreas-
ing with the increase of the dimensionality of the latent
space. That is, these curves have the same decrease ten-
dency. Compared with the traditional GP-LVM, the ad-
vantages of SSGP-LVM-M and SSGP-LVM-CM are not
obvious as shown in Fig. 4(a). The SSGP-LVM-CMU
has much more advantage than other three models. Fig-
ures 4(b) and 4(c) show the performance comparison on
the Oil data set and USPS data set, respectively. Com-
pared with the GP-LVM, the proposed methods, espe-
cially the SSGP-LVM-CM and SSGP-LVM-CMU, signif-
icantly outperform the traditional GP-LVM for all the
three data sets. As the number of dimensionality grows,
the performance of the proposed methods can keep the
advantage consistently.

4 Transfer learning with LVM-based
dimensionality reduction model

The traditional latent variable models work well under a
necessary and strict assumption, that is, both the train-
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ing and test samples are drawn from the same domain
and obey the identical distribution. When they come
from different domains, the training and test samples
would be not independent identical distribution (i.4.d.).
Therefore, the performance of the LVMs will be de-
graded because the parameters of the training model
may not suited for the test data set. One attempt to
this problem is applying a transfer learning framework
to LVMs, which has been verified that it can effectively
deal with the different domains problem, i.e., not i.i.d..

For this purpose, Gao and Wang et al. proposed a
transfer dimensionality reduction model in Ref. [49]. The
model utilizes the Bregman divergence to measure the
distance between the training set and test set and then
adjusts the model parameters according to the diver-
gence. The details will be given as follows.

4.1 Bregman divergence as distance measurement

Bregman divergence defines a generalization distance to
measure the discrepancy between distributions. It has
been testified to be effective and efficient in clustering
[50] and nearest neighbor retrieval [51].

Definition 1  Bregman divergence between vectors: Let
® : Q2 — R be a strictly convex function defined on
a closed convex set 2, and ® is continuously differen-
tiable. Then, Bregman divergence associated with @ for
vectors p, g € €1 is defined as

da(p,q) = ®(p) — (q) — (VO(q), (p — q)), (15)

where V®(q) denotes the first-order difference of the ®
at point p.

The Bregman divergence can be interpreted as the
distance between a function and its first-order Taylor
expansion, as shown in Fig. 5.

Besides the vectors, Bregman divergences can also be
utilized to measure the distance between matrices, func-
tions, and distributions. The LVMs will be extended
to deal with the cross-domain tasks; therefore, the
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Fig. 4 Comparison of classification error rates between the proposed three methods and the GP-LVM on three data sets with
different number of dimensions. (a) ORL data; (b) Oil data; (c) USPS(3,5)
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Fig. 5 Bregman divergence between p and ¢

probability density functions of different domains are
also different. Let p(y) and ¢(y) represent the proba-
bility density functions of the training samples Y and
test samples Y;, respectively. The Bregman divergences
between the distributions is defined as follows.
Definition 2  Bregman divergence between distribu-
tions: The Bregman divergence between two given dis-
tribution functions p(y) and ¢(y) under a certain mea-
sure pu can be obtained as

Da(p.q) = / do(p(y), a))du(y).  (16)

As shown in examples, Bregman divergences are gen-
eralizations of the squared Euclidean distance that they
all share similar properties, such as non-negative and
not symmetric. In the next subsection, the Bregman
divergence will be utilized to measure the distance be-
tween two distributions. If p(y) and ¢(y) represent the
probability density functions, that is, [p(y)dy = 1 and
J q(y)dy = 1, the divergence will be the Kullback-Leibler
(KL) divergence. In general, KL divergence is a special
case of Bregman divergences.

If Y and Y; are drawn from different distributions, the
samples in two data sets will not be .7.d.. Sometimes,
even if the samples were drawn from the same kind of
distributions, such as Gaussian distribution, the mean
values and covariance matrices of training samples and
test samples would not be uniform, e.g., the two Gaus-
sian distributions may have different mean values and
covariance matrices.

4.2 Transfer learning with latent variable model

The transfer learning algorithm based on Bregman di-
vergence will be required for measuring the distance be-
tween Y and Y;. Let Y; = [ys1,Ye2, - - -, year] T denote the
test data set and Xy = [41,Ts2,..., 2] denote the
corresponding variables for Y; in low-dimensional space.
Then, a new transfer learning framework for the LVMs
can be established by using the regularization as

{X,0} = arg@g{L(X, 0) + D(p(Y)|p(Y2))}.  (17)
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As well known, the GP-LVM establishes the Gaussian
process mapping from the latent space to each dimen-
sion of the observed space, and the likelihood function
of the test data set Y; can be represented as

PV X:) =

e o (o).
(18)
To estimate the distance between the training and test
samples, we just need to measure the distance between

the training and test data sets.

D

D(p(Y)llp(Ys) = > KLY allYi.a))
d=1

D D
=5 | KKt + St (K YK - Ky)).
(19)

Then, the transfer learning framework for the latent
variable model can be formulated as

{X.0) = argmin{F(X.0)). (20)

The function F(X,0) is equal to

F(X,0) = L(X,0) + D(p(Y)|p(Y2))

DN D 1
= m2r+ |K| + 5tr(K—lny)

D D
+5 I | KKt + St (K; YK - Ky)).
(21)
The above Eq. (21) can also be rewritten as

DN D
F(X,0) = — - In2r+ In(|K| - | K. K1)

1
—i—?cr(K’lYYT + DK, (K — K3))

DN D

1
+§tr(K_1YYT + DK; 'K + DE), (22)

where F is an identity matrix.

There is an inevitable instance that the number of the
training samples is different with the test samples, i.e.,
M # N. In this case, kernel matrices K € RV*N and
K; € RM*M ()M # N), and it makes no sense to calcu-
late K, K~ or K — K. To handle this issue, we utilize
the informative vector machine (IVM) algorithm to ex-
tract a subset from the data set [45]. That is, the IVM
can represent the data set by a subset I, which is an
active set contained r samples, where r < min{N, M}.
The objective function can be represented as

DN D
F[(X,e) = Tln2ﬂ'+ §1D(|Kt[|)

1
+§tr(KI_1Y1YIT + DK;;'K; + DEy).
(23)
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The transfer learning framework is given as

{X, 6} = argmin{Fy (X, 6)}. (24)

The Bregman divergence possesses various representa-
tions according to the convex function ®, which modal-
ity should be chosen in the transfer learning, will be
determined by the distributions of the training and test
samples. The framework of the transfer learning process
can be divided into two steps.

First, the hyper-parameters and the positions for
training samples in the latent space are determined by
the traditional GP-LVM through maximizing the likeli-
hood function.

Second, the divergence between the training and test
samples are calculated, and then the hyper-parameters
can be updated according to the obtained divergence,
and the positions of the test samples in the latent space
are determined finally.

We empirically investigate the performance of the pro-
posed transfer learning algorithm on two kinds of real-
world data sets. One collects three face data sets, i.e.,
ORL, Yale, and YaleB. The ORL data contains 400 face
images, of which 40 individuals are selected as test-bed.
For each individual, there are 10 different images taken
at different times, varying the lighting and facial ex-
pressions. The Yale data contains 165 images of 15 in-
dividuals and each has 11 images with different facial
expressions or configurations. The YaleB data contains
a total 38 (subjects) x 64 (illumination conditions) sam-
ples. The size of each cropped image for three data sets
is pixels as shown in Fig. 6.

In order to verify the validity of the proposed transfer
learning LVM (TLVM)-based dimensionality reduction
algorithm, we compare the performance of the proposed
TLVM with the traditional LVM in two sides, e.g., the
data reconstruction error and recognition error. In tra-
ditional LVM learning, there is no consideration of the
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relationship between training and test sets. While the
transfer learning tasks could build on the cross-domain,
and the distance between the training and test data is
considered for capturing the similar properties of the two
data sets. In the following experiments, the number of
active samples is 40 for each face data set. For most di-
mensionality reduction algorithms, the experimental re-
sults usually vary with the number of data dimensions.
Therefore, we study the performance of the proposed
dimensionality reduction methods varying with different
dimensions of the latent space in Fig. 7.

Figure 7 shows the face reconstruction error vs. the di-
mensions of the latent space. With considering the dis-
tances between training and test data sets, the trans-
fer learning framework works well under the condition
that training and test samples share common proper-
ties. TLVM outperforms the traditional LVM on both
data sets, especially for the ORL data set. Although the
YaleB face data set is an extension of the Yale, the re-
construction error is larger than that on the ORL data
set. The reason is that the ORL data set does not con-
tain the variations of lighting conditions, while the YaleB
data set contains strong variations of illumination and

poses.
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Fig. 7 Comparison of reconstruction error with different dimensions of the latent space on ORL (a) and YaleB (b) from

Yale
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Figure 8 presents the recognition error rate chang-
ing with the different dimensions of the latent space.
The nearest neighborhood (NN) classifier is used to test
the recognition error rate. The experimental results con-
firm that the proposed TLVM framework actually out-
performs the traditional LVM for cross-domain tasks.
For the ORL face data set, the performance of TLVM
is improved obviously especially when the dimensions
of the latent space are small. For the YaleB face data
set, TLVM could also acquire accurate recognition rate.
However, as shown in Fig. 8(b), it performs very similar
to the traditional LVM. This is because the transfer in-
formation from training data set, i.e., Yale face data set,
cannot represent so many variations in the YaleB face
data set, which contains lighting conditions or postures.
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Fig. 8 Comparison of recognition error rate with different di-
mensions of the latent space on ORL (a) and YaleB (b) from Yale

5 Conclusions

In this paper, we first give an overview on dimensionality
reduction algorithms and then present two LVM-based

dimensionality reduction algorithms. One is supervised
Gaussian process latent variable model, and the other is
semi-supervised Gaussian process latent variable model.
The former is established on the full labeled data set, and
the latter is modeled on the semi-supervised informa-
tion, i.e., pairwise constraints. The paper also discusses
the key techniques in building transfer learning frame-
work based on the LVMs. The key techniques mentioned
in this paper can be generalized to other generative mod-
els, not only for Gaussian process latent variable model.
The reason is that these techniques have generalized
properties in the generative models, such as conditional
independent, Bayes’ theorem, and divergence analysis.
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