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Abstract Echo state network (ESN) proposed by Jaeger
in 2001 has remarkable capabilities of approximating
dynamics for complex systems, such as Mackey-Glass
problem. Compared to that of ESN, the scale-free highly-
clustered ESN, i.e., SHESN, which state reservoir has both
small-world phenomenon and scale-free feature, exhibits
even stronger approximation capabilities of dynamics and
better echo state property. In this paper, we extend the state
reservoir of SHESN using leaky integrator neurons and
inhibitory connections, inspired from the advances in
neurophysiology. We apply the extended SHESN, called e-
SHESN, to the Mackey-Glass prediction problem. The
experimental results show that the e-SHESN considerably
outperforms the SHESN in prediction capabilities of the
Mackey-Glass chaotic time-series. Meanwhile, the inter-
esting complex network characteristic in the state reservoir,
including the small-world property and the scale-free
feature, remains unchanged. In addition, we unveil that the
original SHESN may be unstable in some cases. However,
the proposed e-SHESN model is shown to be able to
address the flaw through the enhancement of the network
stability. Specifically, by using the ridge regression instead
of the linear regression, the stability of e-SHESN could be
much more largely improved.

Keywords echo state network (ESN), e-SHESN,
Mackey-Glass problem, small-world phenomenon, scale-
free distribution, ridge regression

1 Introduction

With the development of neuroscience, more and more
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computational models have been proposed to explain lots
of experimental phenomena. In the field of artificial neural
network, more useful and interesting inspirations from
neurophysiology and neuroanatomy are used for the
existing computational models, such as spiking networks
[1-3] and Kohonen network [4,5], in order to improve their
performance on specific problems. Among these models,
recurrent neural network (RNN) is one of the most
successful models [6]. In 2001, Jaeger proposed echo
state network (ESN) for function approximation, chaotic
time-series prediction, and modeling of nonlinear dynamic
system [7]. The ESN is similar to liquid state machine on
the reservoir architecture [8], which is widely exploited in
chaotic system prediction and pattern matching [9,10]. The
ESN contains a “rich” state reservoir as a hidden layer, of
which the reservoir connection weight is assigned
randomly. For the training of ESN, we just need to adjust
the output weight using linear regression algorithm [11].
The ESN partially reflects some features of learning
mechanisms in biological brains. It is amazing that such a
simple model with completely random reservoir state can
approximate such the chaotic systems as Mackey-Glass
dynamics [12] and laser time-series [13] with rather high
accuracy. Specifically, the accuracy of predicting the
Mackey-Glass chaotic time-series with ESN is signifi-
cantly improved by a factor of 2400 over previous
techniques [9], thanks to its rich state reservoir that causes
the network to have large memory capacity. Besides,
Jaeger gave a formal expression of the network short-term
memory capacity [7,14]. He had proven that echo state
property holds if and only if spectral radius of reservoir
weight matrix is less than 1 [7]. Considering the memory
capacity of network may increase with the spectral radius
according to Ref. [7]; however, this sufficient condition
restricts largely further improvement of approximation
capabilities of this model.

Recently, the modified model, called SHESN (scale-free
highly-clustered ESN), was proposed by Deng and Zhang
[13]. The SHESN model can largely relax the sufficient
condition given by Jaeger [7], which means that the
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spectral radius of reservoir weight matrix could be much
greater than 1 [13]. They designed the network to generate
a naturally evolving state reservoir according to incre-
mental growth rules that account for the following features:
1) short characteristic path length, 2) high clustering
coefficient, 3) scale-free distribution, and 4) hierarchical
and distributed architecture. In the reservoir of SHESN,
neurons are divided into different domains, each of which
contains one backbone neurons and lots of local ones. This
network structure reflects spatial distribution features of
biological brain neurons, and has some natural character-
istics of biological neuronal systems in many aspects, such
as power law [15,16], small-world property [17], and
hierarchical architecture. In Ref. [13], the authors applied
the SHESN to benchmark problems such as Mackey-Glass
prediction problem and laser time-series problem as well.
The experimental results achieved by SHESN indicate that
the prediction accuracy of nonlinear dynamical system is
significantly raised.

On the basis of all the aforementioned results, we
present an extended SHESN model, called e-SHESN. It
modifies the reservoir using leaky integrator neurons and
inhibitory connections. By applying our new model to the
Mackey-Glass prediction problem, the experimental
results show that the e-SHESN, which state reservoir
preserves both small-world property and scale-free feature,
is capable of enhancing the approximating and predicting
capabilities of the network.

The rest of this paper is organized as follows. In Sect. 2,
we present an e-SHESN and explore the collective
behavior of this new biologically inspired model, including
small-world property and scale-free feature. We then apply
it to the Mackey-Glass prediction problem and compare
the results of e-SHESN to SHESN in the next section. In
Sect. 4, we discuss how to improve the stability of the
proposed model. Finally, we draw conclusions and provide
some open problems.

2 Material and method
2.1 Network structure

The evolving state reservoir of SHESN is generated
according to incremental growth rules. This procedure is
described as the following four steps [13].

1) Initialization of a grid plane of a state reservoir:
Suppose that the number of internal neurons in a new state
reservoir is n, where n = L x L. To achieve power law, the
internal neurons with a size of n are incrementally assigned
on a grid plane divided into L x L squares by using a
stochastic dynamic growth model proposed in Ref. [16].
Note that different internal neurons cannot be placed at the
same square and are not allowed beyond the grid plane. For
instance, a 1000-unit reservoir whose neurons are placed

on a 300 x 300 grid plane is used in the later experiment.

2) Generation of backbone neurons and synaptic
connections associated: We divide all the internal neurons
into backbone neurons and local neurons. Approximately
1% of the internal neurons in the state reservoir are
backbone ones in our experiment. Specifically, we
randomly generate the coordinates of each backbone
neuron on the L x L grid plane. Furthermore, we define a
domain as the set of internal neurons that comprises one
backbone neuron and a number of local neurons around
this backbone. The spatial distribution of the backbone
neurons, however, must satisfy two restrictions. One is that
different backbone neurons are not allowed to be placed at
the same square of the grid plane. The other is that the
minimum distance between any two backbone neurons
must be greater than a certain threshold such that the
resulting domains could be separated from each other. For
instance, we set this threshold to be 30 in later experiment.
After that, the backbone neurons are fully connected to
each other that are described later.

3) Incremental growth of new local neurons: For each
local neuron, we randomly select one of the backbone
neurons and put the local neuron into the domain
associated with the backbone neuron. The local neurons
are placed in the domain according to the bounded Pareto
heavy-tailed distribution [18]:

_ o
where y denotes the shape parameter, £ (Q) the minimum
(maximum) value, and p the distance between the back-
bone neuron and the local neuron in the same domain.
Here, we assign the same value to these parameters that are
mentioned in Ref. [5].

4) Generation of the synaptic connections for the new
local neuron by using local preferential attachment rules:
Based on the preferential attachment rules [15], any newly
added local neurons always prefer to connect to the
neurons that already have many synaptic connections.
More precisely, the probability that a new local neuron is
connected to an existing neuron is proportional to the
outdegree of the latter one. Typically, a new strategy called
a local preferential attachment is adopted to assign the
synaptic connection weight, which is described in detail in
Ref. [13].

By following the above steps, we can build the reservoir
of e-SHESN. For the time-series prediction problems such
as Mackey-Glass systems, no input units are attached to the
reservoir. Figure 1 shows the topological structure of our e-
SHESN model.

2.2 Extension of SHESN using leaky integrator neurons
and inhibitory connections

Neither SHESN nor ESN could have working memory in
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Fig. 1 e-SHESN network with no input units

the reservoir. Their output depends only on their previous
value. Thus, according to Jaeger, it is not suitable for the
standard sigmoid network to learn the output sequence of
slowly and continuously changing dynamical systems [7].
For SHESN, the prediction ability can be further enhanced
by maintaining working memory in the reservoir. Great
deals are known about the biophysical mechanisms
responsible for generating neuronal activity, and these
provide a basis for constructing neuron models [19]. Leaky
integrator neuron is a simple but nevertheless useful
neuron model. By added a “leaky” term, the neuron can get
time-independent working memory.

To improve the ability of SHESN for learning those
slowly and continuously changing dynamical systems,
leaky integrator neurons are added into the state reservoir,
which is as similar as the model proposed by Jaeger [7].
For continuous task, the equation of the leaky integrator
neuron model is

FWSX + WY 4 V)—aX = r%, Q)
where 7 denotes a time constant, o the leaky decay rate, and
V a white noise vector added to the activation function of
the internal units in the e-SHESN. W™ represents the
reservoir weight matrix and W™ is the feedback connec-
tion weight one. X and Y stand for the state vector of the
internal units and the output vector, respectively. fis the
activation function (typically the sigmoid function). Note
that there is no input signal in this equation. For discrete
time task, the network of e-SHESN should be updated
approximately according to

X(k+1) = (1 —57“>X(k) + g-f(WreSX(k)

F WY () + V(k)), 3)

where X(k) denotes the activation vector of the internal
units at time step k in the updating process, and o the
stepsize.

Biological neural networks are generally constructed by
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excitatory and inhibitory neurons [20]. Recently, one of the
neurophysiology experiments shows that there are
approximately 80% excitatory neurons and 20% inhibitory
neurons in the biological neural network [21,22]. In the
reservoir of e-SHESN, four-fifth of the neurons are
designed to be excitatory neurons and the other neurons
are inhibitory ones. In addition, we also assign synaptic
connection weights for the two kinds of neurons. For
instance, an excitatory neuron connects to the other
neurons with positive connection weight value sampled
randomly from the uniform distribution over [0, 0.25],
while an inhibitory one over [—0.25, 0]. Figure 2 shows
the spatial distribution of 1000 internal neurons on
300x300 grid plane. The reservoir contains 80% excita-
tory neurons (circle) and 20% inhibitory neurons (cross).

300
250F
200+ 1
8
<
k=i oo
5 22,0
5 b
S R e
N o™ P
0 L L L L
0 50 100 150 200 250 300
X-coordinates
Fig. 2 1000 neurons are placed on a 300x300 grid plane

according to the naturally incremental growth rules. There are
80% excitatory neurons (circle) and 20% inhibitory neurons (cross)
in the reservoir

2.3 Complexities analysis of reservoir: Keeping
small-world property and scale-free feature

The significant contribution in SHESN is that the reservoir
has both the small-world property and the scale-free
feature. Below is the confirmation that this characteristic
still holds for our e-SHESN.

The average characteristic path length and the clustering
coefficient are often used to characterize the small-world
phenomenon of complex network topology [17]. For the e-
SHESN, we make calculation of the sparse connectivity of
the state reservoir to be 0.980%. The average characteristic
path length and the clustering coefficient of the e-SHESN
are computed to be 3.5121 and 0.4238, respectively, which
indicates that the e-SHESN maintains the small-world
property again.

Then, let us investigate the scale-free feature of the
e-SHESN. It is well known that the power laws are free of
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any characteristic scale. Networks that have power law
degree distributions are called scale-free networks [16].
Correlation coefficient is often used to characterize the
scale-free feature. The closer the correlation coefficient is
to 1, the closer the structure obeys the power law [16]. To
obtain the correlation coefficient of our e-SHESN, we
make a fitting linear plot on the log-log plot of neurons
rank versus neurons outdegree, both of which are defined
in Ref. [13]. As shown in Fig. 3, we make calculation of
the correlation coefficient to be 0.9912 with the p-value
equal to 0 and the absolute slope value of the fitting linear
plot to be 0.578. Thus, it indicates that the scale-free
feature for the e-SHESN holds.

log(outdegree)

3 4 5 6 7
log(rank)
Fig. 3 Log-log plot of outdegree of neurons versus rank. The
correlation coefficient is 0.9912 with a p-value of 0. The absolute
value of fitting linear plot slope is 0.578

3 Applying e-SHESN to Mackey-Glass
prediction problem

In this section, we examine the performance of the e-
SHESN with Mackey-Glass time-series approximation and
prediction task. The network used here was prepared by
following the procedure that has been introduced in the
previous section. The 1000-unit network with single output
unit was adopted. The internal neurons were placed on the
300%300 grid plane according to the naturally incremental
growth rules described above. The network states were
updated according to Eq. (3) with parameters 6 = 0.1,
7 = 2.5, and a = 0.85. The spectral radius of the reservoir
weight matrix was set to 2.1, which is the same as the value
in Ref. [13]. The feedback connection matrix W™ was
sampled randomly from the uniform distribution over
[-0.5, 0.5]. To compare the result with that of SHESN, a
noise signal V(k) randomly generated from the uniform
distribution over [—0.0008, 0.0008] was fed into the
reservoir.
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3.1 Data set preparations and test criteria

The differential equation of Mackey-Glass system is given
below:

dx 0.2x(t—1) 0.1x(s), @)

dt 1 +x(t-1)"
where x represents a state, and 7 a time delay. For
comparison to SHESN, data sets 1 and 2 that were
described in Ref. [13] were employed here. Each data set
had 4000 points. Table 1 lists the number of points and
different activation functions used in each data set.
According to the output range of sigmoid function used
by the output unit, the absolute value of the network output
cannot be greater than 1. Thus, the sequences are then
shifted and squashed into [—1, 1] by a transformation
y+— f(y) in order to calculate the output weight matrix.

Table 1 Data sets for Mackey-Glass sequence approximation and

prediction

name T points transformation
data set 1 17 4000 tanh(x— 1)
data set 2 30 4000 0.3tanh(x— 1)+ 0.2

For convenience, we used the first 3000 points of each
data set to train the network, respectively. The other 1000
points of each data set were used for testing. During the
training phase, the first 1000 steps were discarded for
initial transient and the output matrix was calculated with
the remaining 2000 steps.

In the test phase, the criterion used here is to evaluate the
accuracy of the network for all points in the data sets.
Actually, the average mean-square-error (MSE) for all the
points were computed after accomplishing each 100
independent trails for SHESN and e-SHESN, respectively.

3.2 Training e-SHESN by supervised learning

As described in Ref. [7], the output weight matrix is
adjusted just by a simple linear regression during the
training phase. For the update of the output weight, we
used the generalized inverse matrix approach, which is the
same to Ref. [13].

Since there are no input units attached to the reservoir,
the feedback signal must be “teacher-forced” during the
learning phase. Otherwise, the network must “guess” the
sequence using its own actual output, which may result in
the occurrence of an unstable state reservoir. Thus, during
the training phase, Eq. (3) can be rewritten as follows:

X(k+1) = (15—a)X(k)

T

+§ : f(WresX(k) + WPY(k) + V<k)), ®)
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where Y4(k) is the vector of teacher signals at time
step k.

Comparedto 1.13x 107 and 1.31x 1072, we achieved the
average training MSEs of 1.20x107 for data set 1 and
1.17x 107 for data set 2, respectively, after completing 100
independent trails.

3.3 Approximation of Mackey-Glass sequence

We applied the e-SHESN to the Mackey-Glass sequence
approximation task. Note that the network state is still
updated according to Eq. (5), which means that the
feedback is still “teacher-forced”. After 100 independent
trials, the average MSEs for data sets 1 and 2 were
1.21x10% and 1.14x 103, respectively, which compare to
2.1x107 and 1.4x10™* obtained by SHESN. We can
observe that the performance of the e-SHESN is better than
SHESN. Figure 4 shows the 500-step subsequences of the
network output sequences and the teacher sequences from
2000 to 2500 after completing one of the 100 independent
trials. Data sets 1 and 2 were used in Figs. 4(a) and 4(b),
respectively. From Fig. 4, we can see that the sequences are
matched quite well in shapes, except some points, which
indicates that e-SHESN has also the remarkable ability of
approximating dynamics similar to SHESN.

3.4 Prediction of Mackey-Glass sequence

The ability of chaotic prediction is one of the most
important characteristics of SHESN (and ESN). During
training phase, the network can “remember” the chaotic
attractor of dynamics due to rich states of the reservoir [7].
Here, we consider the Mackey-Glass sequence prediction
task. Before doing this task, Eq. (5) should be modified
because there is no feedback from the teacher sequences in
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the prediction task, which means that the network should
run on itself without teacher sequence. Thus, we fed the
network output signal back into the reservoir instead of the
teacher sequence. More precisely, the network state should
be updated according to Eq. (3) during the prediction
phase.

Figure 5 shows the 300-step subsequences of the
network output and the teacher subsequences from steps
3000 to 3300 after one of 100 independent trials were
done. Data sets 1 and 2 were used in Figs. 5(a) and 5(b),
respectively. The average MSE for data sets 1 and 2 were
9.43x1072 and 1.22x 107", respectively. It can be observed
from Fig. 5(a) that the sequences match quite well in
shapes. For data set 2, the profiles of both generally make
the same, and the error is acceptable.

It can be concluded that the reservoir can preserve such a
chaotic sequence in a network way; however, the ability
degrades when the complexity of chaotic system dynamics
increases. From another perspective, we can investigate the
attractors of the predicted sequence. We revealed the
dynamics of attractors by plotting the trajectory of the

point sets (Yd(k), Yd(k—i—S)). Figure 6 shows the

attractors that were obtained from the teacher sequence
and network output sequence when the time delay was 30.
It is obvious that the network could still recall the attractor
of the dynamics if the system is rather chaotic, which
demonstrates that the e-SHESN has remarkable capability
of predicting chaotic sequence.

4 Discussion

From the Mackey-Glass sequence task, we can see the
remarkable capability of approximating and predicting
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Fig. 4 500-step teacher subsequence (solid) and training network output subsequences (dashed). (a) e-SHESN runs with data set 1;

(b) e-SHESN runs with data set 2
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Fig. 5 300-step teacher subsequence (solid) and training network output subsequences (dashed). (a) e-SHESN runs with data set 1;

(b) e-SHESN runs with data set 2
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Fig. 6 Attractors of teacher and network output sequence. Network runs with data set 2. (a) Attractor of teacher sequence; (b) attractor of

network output sequence

complex dynamical systems using the e-SHESN. With no
formal representation, we can conclude that this excellent
ability is due to the leaky integrator neurons that are added
into the state reservoir. The reason is that the integrator
neurons can preserve time-independent working memory.
This memory gives the network ability to recall the
complex dynamics such as chaotic attractor of a dynamical
system.

When we apply the SHESN to the prediction task,
however, the network output sequence will become
unstable in some of the independent trials. Figure 7
shows one of these kinds of cases (the network runs on data

set 1), where the curves of the teacher (solid) and the
network output (dashed) are apart from each other from
time step 3400 on. It can be readily observed that the
absolute value of the network output is up to one.

To understand how this case happens, let us consider the
structure of the e-SHESN. As no input unit is attached to
the reservoir, some signals should be fed into the reservoir
in order to maintain the echo state property. More
precisely, the network states are mapped to the network
output through output weight matrix. As we mentioned
before, the network has echo state property if and only
if the network state is uniquely determined by any
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left-infinite input sequence [7]. Especially in the e-SHESN,
the network input is zero but the network state changes
from time to time. This seems to be in conflict with the
definition of echo state property. In fact, the feedback acts
as the network input in the e-SHESN. However, we cannot
feed the network output signals back into the reservoir
during training phase because we want the network to
“remember” the dynamical system attractor. Otherwise, the
network should “guess” the teacher sequence, which could
lead to an unstable state reservoir because there are only
excitatory connections in the reservoir of SHESN. During
the prediction phase, we must feed the network output back
into the reservoir because the network must run on itself.
As a result, the network may fall into the unstable loop in
some cases.

According to Jaeger, the main method to improve the
robustness and generalization of reservoir computing is
noise injection. This approach actually “simulates” what
would happen if a small “mistake” is happened and thus
forces the reservoir to be able to recover from its own
“mistakes”. This technology can lead an increase of
stability of the network; however, the precision of the
prediction decreases at the same time when more noises are
added into the network. Recently, a new method of
calculating output weight matrix is introduced by Wyffels,
Schrauwen, and Stroobandt [23]. In their paper, they use
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ridge regression to minimize the MSE of the network.
According to the canonical ridge regression, the matrix
solution of e-SHESN described above is

Wridge = (XTX + H)ilXTYd: (6)

where X denotes the reservoir states matrix, and Y4 the
desired output of the network. A is the regularization
parameter, which determines the allowed readout weights
norm. Thus, we should optimize this parameter for each
reservoir and cannot reuse or fix to some arbitrary value.

Meanwhile, we guess that the structure of the reservoir
can affect the stability of the e-SHESN. We can improve
this situation by adding inhibitory connections into the
reservoir. That is just what we have done in this paper.
Theoretically, inhibitory connections can produce a
degenerative effect throughout network state updating. In
addition, we guess that only the inhibitory neurons perform
a vital role in preventing the network from being unstable,
not the leaky integrator neurons.

As a result, we do an extra comparative test on the
SHESN and e-SHESN. Table 2 compares the average
unstable frequency and the onset of the unstable state of
SHESN, SHESN with leaky integrator neurons, and e-
SHESN without leaky integrator neurons. All of the three
models employ the classic linear regression method to
calculate output weight matrices. Apparently, it is the
inhibitory neurons that significantly improve the stability
or robustness of the network rather than the leaky
integrator neurons. Table 3 compares the average unstable
frequency and the onset of the unstable state of SHESN, e-
SHESN, and e-SHESN without leaky integrating neurons
when the ridge regression is used to train the network.
From Table 3, the decrease of the network’s instability is
more spectacular. Thus, we can conclude that an appro-
priate regression method can make better performance on
increasing the reservoir’s stability than a well-designed
structure with noise injected.

5 Conclusions

In this paper, we propose an e-SHESN model using leaky

Table 2 Comparison of the two networks on Mackey-Glass prediction (using linear regression method)

SHESN SHESN (with leaky integration neurons) e-SHESN (without leaky integration neurons)
average frequency 13/50 11/50 2/50
average onset of unstable state 343/1000 352/1000 551/1000

Table 3 Comparison of the two networks on Mackey-Glass prediction (using ridge regression method)

SHESN e-SHESN e-SHESN(without leaky integration neurons)
average frequency 0/50 0/50 0/50
average onset of unstable state 0/1000 0/1000 0/1000
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integrator neurons and inhibitory connections, inspired by
neurophysiology evidences. The addition of leaky inte-
grator neurons enhances abilities of the network to have
integration of information in the phase of network state
propagation. Meanwhile, both excitatory neurons and
inhibitory ones, which proportion is kept to be 4:1
according to neuroanatomical results, are introduced into
the reservoir of our e-SHESN. The investigation of
biological characteristics of the e-SHESN indicates that
both the small-world property and the scale-free feature
remain preserved. For the Mackey-Glass prediction
problem, the experimental results show that the e-
SHESN considerably outperforms the SHESN in capabil-
ities of approximating and predicting complex dynamical
systems like chaotic timeseries. In other words, the strange
attractors of the Mackey-Glass chaotic timeseries are
precisely kept in the network reservoir. Interestingly, we
also reveal the flaw in the network structure of the original
SHESN, which may lead to an unstable state in the
SHESN. It is by adding inhibitory neurons that our e-
SHESN is capable of improving the network stability
because it seems to result in a degenerative effect during
the network state propagation. Additionally, the stability of
e-SHESN could be significantly enhanced by using the
ridge regression instead of the linear regression. There still
remain open problems. For example, it is required to have
strict theoretic proof for the increased network memory
capacity by adding leaky integrator neurons into the state
reservoir. Moreover, it is unclear why it happens with the
unstable state in SHESN. What is the reason that the e-
SHESN can avoid the unstable states occurred. Finally,
research along this line and practical applications to other
complex dynamics problems are in progress.
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