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Abstract Kernel-based clustering is supposed to pro-
vide a better analysis tool for pattern classifica-
tion, which implicitly maps input samples to a high-
dimensional space for improving pattern separability.
For this implicit space map, the kernel trick is believed
to elegantly tackle the problem of “curse of dimension-
ality”, which has actually been more challenging for
kernel-based clustering in terms of computational com-
plexity and classification accuracy, which traditional ker-
nelized algorithms cannot effectively deal with. In this
paper, we propose a novel kernel clustering algorithm,
called KFCM-III, for this problem by replacing the tra-
ditional isotropic Gaussian kernel with the anisotropic
kernel formulated by Mahalanobis distance. Moreover, a
reduced-set represented kernelized center has been em-
ployed for reducing the computational complexity of
KFCM-I algorithm and circumventing the model defi-
ciency of KFCM-II algorithm. The proposed KFCM-
IIT has been evaluated for segmenting magnetic reso-
nance imaging (MRI) images. For this task, an image
intensity inhomogeneity correction is employed during
image segmentation process. With a scheme called pre-
classification, the proposed intensity correction scheme
could further speed up image segmentation. The exper-
imental results on public image data show the superior-
ities of KFCM-III.
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1 Introduction

Pattern analysis of magnetic resonance imaging (MRI)
is important for diagnosing brain illnesses, such as
Alzheimer’s disease and schizophrenia. Among the MRI
analyses, precise measurement of tissue distributions is
critical for further treatment. But the precise measure-
ment by means of MRI image segmentation is still chal-
lenging due to the task itself and a variety of noise
corruptions. Among them, spurious intensity inhomo-
geneities, known as bias field in MRI data, could even
reach 40% of local intensity altitude. Different to com-
mon additive noises, the dominated part of the spuri-
ous intensity inhomogeneities could be model as a low-
frequently varying multiplicative field. Although it is
not quite a problem to qualitative clinic diagnosis, the
multiplicative field could severely tamper with accu-
rate machine-based image processing and analysis. So
the quantitative MRI image analysis needs to seriously
reckon with bias field.

For correcting the aforementioned intensity inhomo-
geneities, historically, the correction approaches could
roughly be categorized as the prospective and retrospec-
tive methods. The prospective methods are basically to
alleviate the effect of bias fields before imaging process,
e.g., to use imaging phantom, multiple coils, special
imaging sequences for calibrating imaging equipments
and conditions. The prospective methods use image pro-
cessing techniques, such as filtering, surface interpola-
tion, segmentation, histogram, etc., for intensity inho-
mogeneity correction after imaging process.

In this paper, we discuss the retrospective correction
using segmentation results. Due to the helpfulness of in-
tensity correction to image segmentation accuracy, the
two parts could be regarded as the reciprocal ones in one
process.

For segmentation purposes, a rich variety of al-
gorithms could be used. Here we are interested in
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segmentation based on fuzzy kernel-clustering due to
the efficacy of fuzziness and kernel trick. Kernel trick
is supposed to provide a better tool for pattern anal-
ysis, which implicitly maps input samples to a high-
dimensional space for improving the pattern separability,
making it possible to transform the linear recognition in
original space to a nonlinear one in kernel space. Using
the kernel trick, which computes the inner product of
two mapped data points in original space, kernel-based
pattern analysis is believed to elegantly tackle the prob-
lem of “curse of dimensionality” and could therefore be
used for effectively segmenting MRI medical images.

In this paper, we introduce several kernel-clustering
based image segmentation approaches and discuss their
merits and drawbacks. Based on the discussion, we in-
troduce a novel kernel clustering algorithm via reduced-
set representation for image segmentation purpose. The
algorithm uses the reduced sets for representing kernel
cluster centers, making it circumvent the unnecessary
computational complexity of traditional kernel cluster-
ing. Moreover, the algorithm uses a membership-based
approach to estimate the well-tuned Gaussian kernel pa-
rameter. Based on clustering result, a residual-based bias
field correction method is discussed. The correction and
clustering processes benefit each other, making the seg-
mentation accuracy further improved.

2 Backgrounds of clustering-based image
segmentation

Traditionally, fuzzy C-means (FCM) clustering has been
widely used for image segmentation. For improving its
effectiveness, kernel trick and spatial constraints could
be adopted. For example, the directly kernelized version
of FCM, known as KFCM-I [1] could be used to im-
prove the segmentation accuracy by implicitly mapping
data to a higher dimensional kernel space and perform-
ing FCM clustering in kernel space, transforming the
linear method to a nonlinear one [2,3]. Moreover, using
a variety of schemes, KFCM-I could be improved. For
example, a kernel-induced distance and spatial penalty
term are introduced in the objective function of the al-
gorithm called KFCM-IT [1,4,5], which aims to retain
the efficacy of kernel tricks as well as to incorporat-
ing the spatial continuity in clustering process. Theo-
retically, both KFCM-I and KFCM-II could be used for
image segmentation. Before the discussion of their appli-
cations and their possible improvements, it is necessary
to briefly introduce some of important backgrounds.

2.1 FCM

KFCM-I and KFCM-II are all based on FCM

algorithm. FCM aims to extract C' clusters from D-
dimensional data set containing N data points x 2
(z1,x2, ...,:cN)T € RY¥*P by minimizing the following
clustering objective function:

c N
Jrem = ZZM% |l — vil%, (1)

1=1 k=1

where v; is the ith cluster center, represented as a linear
sum of input data points. p;  (satisfying u; € [0,1] and
Ziczl ik, = 1) denotes the membership of «j, belonging
to the ith cluster. And m is the clustering constant and
usually set as 2 for some convenience.

The constrained minimization of Eq. (1) using the con-
dition satisfying 32, pix = 1 could be solved by the
well-known Lagrange multiplier technique. Namely, the
constrained minimization of Eq. (1) is equivalent to the
minimization of the following equation:

C N C
T =35 ow— vl + A <1 . zm,k) @
=1

i=1 k=1

The minimization of Eq. (2) could be obtained by taking
the first order partial derivative of Ji.g with respect to
f membership p; ;. and setting it zero. So the following
equation is obtained (m > 1):

aJLag
3Mi,k

=0. (3)
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The solution of 7}, is therefore obtained as follows:
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Solving for A, we have

c 1-m
/\:m <Z|:1}k ’l}i||2/(1_m)> .

i=1
Using the obtained A and solving y} ;. from Eq. (3), uj
could be explicitly written as follows (where Wi g 1s Te-
placed as p;  for presentation clarity):

—2/(m—1)
T — U
ik = | ” (4)
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The explicit formulation of v; could be obtained in sim-

ilar way. Setting dJpag/0vil, _,. = 0, we get

V=

> uil (@ — o)) =0. (5)
k=1
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v;=v]
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Solving for v}, we have
! (I)(:Bk il:k —2 Z Oéz kl (I)(iltkl)
N ki1=1
>t
v; = . (6) + Z Z Qi ey Vi ke P wlﬁ) (I)(wlw) (11)
N k1=1ko=1
D ik B
1 Due to the kernel trick satisfying K(x,y)

After the initialization, FCM alternately iterates Egs.
(4) and (6) until the termination condition is reached
and then uses the obtained [11; 1] € RE*Y to transform
the fuzzy clusters to hard ones.

2.2 KFCM-I

The direct kernelized version of FCM, known as KFCM-
I, is actually quite straightforward. In KFCM-I, ®(-) de-
notes the implicit Mercer map from original data space
to higher dimensional kernel space (where the mapped
data points are believed more separable), and Eq. (1)
could be rewritten as follows:

c N
Jrrom-1 = Z Z/L;nk @ (zx) — "’?HQ’ (7)

i=1 k=1

where v

is the ith cluster obtained in kernel space.
Formally the iterative formulas could be consequently

written as

Plx) — v® —2/(m-1)
oy = A2~ NG

~2/(m-1)
> (@) — 7|
j=1

N
Z#;’fké(mk)
_ k=1

v = (9)
Z ,Uzlk
k=1
Due to the implicitness of ®(-), Egs. (8) and (9)
could not be directly computed. This dilemma could be
avoided by substituting Eq. (9) to Eq. (8). More specif-
ically, if Eq. (9) is rewritten as

ZOQ P (),

v = a] d(x (10)
T Noom T m
,Qi,N) = (Zk:l :ui,k) (1

A
(Y, o ity)T and (z) = (B(x1), D(22), ..., P(2N)) ",
the squared norm in Eq. (8) could be expanded as fol-
lows:

@ (k) — q>||
= (® (@x) — o) (® (@) — o)
= (x ) O (zp) — 20 (24) " 02 + (v2) " OF

3

A
where o; = (@41, 2, -

el

®(x)T®(y) (Va,y) for the Gaussian kernel K (z,y)
exp(—|lz — y|*/(262)), Eq. (11) becomes

N
=1-2) ainK(

H(I) :I}k)*'l}(bH mkakl)
k1=1
N N
+ Z Z ai,klai,kQK(mkl 9 mk2) . (]‘2)
k1=1ko=1

Therefore, Eq. (12) could be iteratively computed, so
does Eq. (8).

Although the clustering becomes feasible, the com-
putational complexity has been significantly increased.
Even without considering the calculation and storage of
kernel matrix [K (zk,, Tk, )] € RV*N | Eq. (12) expands
the original one multiplication to at least N? multiplica-
tions, so the complexity increases from O(1) to O(N?),
which is not favourable.

2.3 KFCM-II

Due to complexity concern, a modified algorithm, called
KFCM-II, is design to solve the problem It is assumed
that the kernel cluster center v (Vi) could be replaced
by ®(v;). In other words, v hab a pre-image v; existing
in the original space. Using this assumption, the follow-
ing equation holds:

(@) —vf | =201 = K(@p,0)). (13)
Using Eq. (13), Egs. (7)—(9) consequently become
c N
Jronen = » >l (1= K(mg, ), (14)
i=1 k=1
1 - K(xp, v —1/(m=1)
> (= K(ag,vy) Y
j=1
N
Z,LLZIkK(mk,’Ul)mk
_ k=1
v = T (16)
ZNZLI@K(:B]W”%')
k=1

So in KFCM-II, Egs. (15) and (16) could be both ex-
plicitly computed. Compared with KFCM-I, the com-
putational complexity has been significantly reduced.
KFCM-II is effective under following considerations: 1)
1 — K(x, v;) is proved a distance defined in the original
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space. 2) Compared with the cluster center in Eq. (6),
Eq. (16) is a kernel weighted one, but also obtained in
the original space. So KFCM-II is actually a degener-
ated one from KFCM-I in kernel space to input space.
Strictly speaking, this degeneration disqualifies KFCM-
IT as a kernelized clustering. In this sense, KFCM-II is
called “fuzzy clustering with kernel-induced distance”
[5].

Another important issue, which was not pointed out
in Refs. [1,4,5], is that the assumption of the existence
of pre-image does not actually hold. This conclusion can
be easily derived from the work of Scholkopf et al. that
was reported in 1999 [6]. More specifically, the linear
sum containing at least two mapped data points does
not have an exact pre-image in data space (more details
could be found in Schélkopf’s work). However, it should
be pointed out that Eq. (16) is still effective because it
is actually the approximate pre-image reported in Ref.
[6]. The approximate pre-image is defined as follows:

v; = argmin || ®(z) — ’U;I)H . (17)
xr

The solution of Eq. (17) could be obtained by minimiz-
ing f(x,v;) = ||®(x) — v¥||?. Taking the derivative with
respect to @ and setting it to zeros, the following equa-
tion holds for the Gaussian kernel:

5f 6 >
=5 (1 23 i K(z, )

ki=1
N N
Y0 ai,klai,sz(-’Bkuwkz))
k1=1ks=1

N
2
o2

i K (x, xy) (T — 1)

k=1

The solution of Eq. (18) is

N
Z OziykK(’U;ﬁ, mk)cck
* k=1

v, =

N
> ik K(v),xp)

k=1

Because 2 (Zgzl u:”k) 1/1%, we get Eq. (16).
Although it guarantees the clustering effectiveness, the
aforementioned approximate pre-image formulation in-
evitably brings the imperfection to KFCM-II, making it
less robust and of accuracy limitation.

3 KFCM-III: Kernel fuzzy clustering via
reduced-set representation

3.1 Reduced sets

In order to tackle the problems of KFCM-I and

KFCM-II, a reduced-set representation for kernel clus-
tering could be adopted. More specifically, it is be-
lieved unnecessary and less accurate to use all N data
points to represent the C' cluster centers. Alternatively,
we could use the data sets which contain some typi-
cal data points with higher memberships belonging to
specific cluster, to represent the corresponding cluster
centers. We call the collections of these data points re-
duced sets. More specifically, if denoting the ith reduced

set as S; é (8@1,3@2, ...,Si,Ni)T, {8@1,3@2, ...,Si,Nl.} C
{x1,x2,...,zN}, and the kernelized version as ®(s;) =
(®(8i,1), P(s42), ...,@(siﬁNi))T, the ith kernel cluster
center could be represented as follows:

N;
vf = al®(si) = > aix®(sin), (19)
k=1

where a; 2 (ai1,ai2,.. .,aiﬁNi)T is /! normalized (i.e.,
the sum of all elements is equal to 1) coefficient vector
with positive elements. The formulation of a; could be
determined by different strategies. One solution is to use
the following representation similar to the corresponding
one in FCM:

N; -1
— m m m
a; = <Z Mi,IND(si,k.)) (l‘i,IND(si,l)a i IND(s5,2)
k=1

m T
:ui,IND(sini)) 5 (20)

IND(s;.1)
{x1,22,...,xN}.
Using Eq. (20), Eq. (12) has been simplified as follows:

2
I

where denotes the index of s;; in

|®(xr) — v

N;
= 1 — 2 Z aiyle(mk; Siykl)
k}1:1
N»; Ni
+ Z Z ai,klai,lmK(si,kUSi,k2)’ Vk7l (21)

ki1=1ko=1

Thus, the complexity has been reduced from O(N?) to
O(N?) (N; < N).

Note for each clustering iteration, Zlk\f;:l Elk\;izl Qi ke
-y K (84 1y Siky ) 18 only computed once because this
term is actually a constant when s; has been determined.
Thus, the most complex term is computationally dis-
tributed over each k. Using this trick, the calculation of
Eq. (21) could be further accelerated after a relatively
slow iteration initialization. Equation (19) is called as
the reduced-set representation of kernel cluster center.
So the clustering iterates Eqgs. (20), (21) and (8) until
the termination condition is reached.

In Fig. 1, we give an illustration of three clusters and
their reduced sets. Due to their high memberships in
reduced sets, the data points are generally some with
the nearest distances to their cluster centers while the
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Fig. 1 An illustration of reduced sets

cluster centers are believed appropriately represented by
those data points.

3.2 Covariance-based anisotropic kernel
parameterization

As aforementioned, the parameterization of the Gaus-
sian kernel, defined as

K(z,y) 2 exp <M> — B(z) T B(y),

202

is isotropic, because there is only one parameter o glob-
ally controlling the separability of the mapped data
points. Either large or small ¢ could lead to classifica-
tion disaster. In other words, if ¢ is small enough, K (-, -)
is approximately equal to 0, meaning any two mapped
data points are approximately orthogonal and sharing no
similarity. On the other hand, if o is large enough, the
inter product of any two mapped data points is approx-
imately 1, meaning they are approximately overlapped.
Both situations make pattern classification unfeasible.
So for good classification (clustering) performance, the
kernel parameter(s) should be well-tuned.

The estimation of ¢ is still an open problems despite
of some works attempting to give some solutions [7-9].
Despite of the work trying to find optimal ¢ estima-
tion, it is reasonable to assume that even with well-
estimated o, the clustering performance could still be
limited. The reason could be somehow interpreted by
the concept of data manifold. Basically, manifold is a
geometry concept, which could be roughly described
as the hyper-surface spanned by data points in high-
dimensional space, which visually reflects the geometric
properties of data distributions. Suitable (explicit or im-
plicit) transform should be able to embed data manifold
or optimize manifold in the mapped space. From the
point of view of manifold embedding, we suggest to re-
place the traditional isotropic kernel with an anisotropic
one, whose parameterization could vary at different ge-
ometric locations. Due to the close connection of man-
ifold and generative model, a Gaussian mixture model
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(GMM) based parameterization could be adopted. More
specifically, in GMM, the probability density distribu-
tion of observed data x could be given as follows:

c
p(x) = Zﬁkf\f (@ [vi, %), (22)

where m; > 0 (Vi), 2., m = 1 and NV ( |v;, ;) is the
ith Gaussian component with the mean and covariance
matrix respectively denoted as v; and ;. Basically, the
ith Gaussian component could be used for modeling the
corresponding cluster. Using the expectation maximiza-
tion (EM) and maximum likelihood (ML) methods, v;
and X; could be formulated as follows:

N
vi =Y Bixxr, (23)
k=1

N
Y= Z Bik (x —v;) (z, — vi)T, (24)

k=1
T . .
where (8;1,3i2,-.-,0in) is an ¢! normalized coeffi-
cient vector with positive elements. In our kernel pa-

rameterization, we use Egs. (23), (24) and [, =

(ij:l Nz‘,k) ' i k- So the anisotropic kernel is defined
as follows:
1 T -1

K(.y[2) e |5 (@)% 0 - v)] . (25)
Note in Eq. (25), (x —y)" ¥ (x — y) is actually Ma-
halanobis distance. If 3; = 02T (I is a D x D identity
matrix), (z —y)" ;! (& — y) could be reduced to the
Euclidean distance =2 ||x — y||2, which is used in the
traditional Gaussian kernel.

Before using Eq. (25), some concerns should be clar-
ified. The with-cluster covariance matrix in Eq. (24)
could still be problematic: 1) Because the classification
information is not available in unsupervised learning,
Eq. (24) could not be computed a priori. One strategy is
to use a well-tuned estimation (e.g., obtained by FCM)
as the classification information for the initialization of
sample covariance matrix and iterates it during the clus-
tering procedure. 2) If the number of data points in one
cluster is small enough compared to the input dimension-
ality D, the sample covariance matrix could be singular
and lead to some clustering instabilities. So the regular-
ization of Eq. (24) is needed. One possible solution is
to have matrix diagonalized, i.e., only the diagonal ma-
trix elements are retained and non-diagonal elements are
just nullified. The diagonalization of Eq. (24) could be
written as follows:

N -1 N
¥; = diag KZ Mz‘,k)
k=1

> ik (@ — vi) (ke —vi) "
= (26)
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The diagonalization of Eq. (26) means the features of
input data are zero correlated. Basically, data decorrela-
tion is the concern of feature extraction. If the features
are not zero correlated, the observed data should be reg-
ularized.

If we rewrite Eq. (26) as 3; = diag (071,075, ..., 07 p),
the Mahalanobis distance used in Eq. (25) could be
rewritten as follows:

D
(f'f*y)Tz Z T — Yk) /Uzkv (27)
k=1

where zp and yj are the kth elements of * and y, re-
spectively.

Despite of the aforementioned formulations, the dis-
cussed kernel anisotropy also exhibits that kernel calcu-
lation is cluster dependent. Thus, the anisotropic version
of Eq. (21) could be written as follows:

1 wk)*v‘bH

=1-2 Z ai iy K (

k=1

N; N;
F YD ik ik K (Sikys Siks [20)

k1=1ko=1

Vk, i

Tk, Siky | 2i)

(28)

3.3 Determination of reduced sets

As aforementioned, the reduced sets contain typical
data points with highest memberships belonging to cor-
responding clusters. Using this principle, the reduced
sets could be determined. Here we give a reduced-set
formulation using on the exponential function f(x) =

exp ( Zk 155 ), whose inflexion points is valued as

(01,09,...,0p). As for Eq. (27), the data points of the
ith reduced set are selected from the data points with
the highest membership to the ¢th cluster and subject

to the following condition: Va,y € {s;1,Siz2,..., SiN, }
A A
and & = (‘Tlaan "'awD)Ta y= (ylay2a "'7yD)Ta then
|CCk7yk| 20’1 ks Vk = 1,2,...,D. (29)
3.4 Connection between KFCM-I, KFCM-II and

KFCM-III (via reduced-set representation)

Generally speaking, KFCM-III (via reduced-set repre-
sentation) could be regarded as a generalized version
of KFCM-I and KFCM-II. KFCM-I and KFCM-II re-
spectively corresponds to KFCM-III with the largest and
smallest reduced sets.

Apparently, if all reduced sets are chosen as the whole
input set {x1,x2, ..., £y}, and the diagonal elements in

%, = diag (07,,07,,..,07p) are identical, ie., ; 2
diag (02,02, ...,0%) (Vi), KFCM-III therefore becomes
KFCM-I. On the other hand, ¥; £ diag (62,02, ..., 02),
but setting all reduced sets respectively have only one el-
ement, KFCM-III is therefore reduced to KFCM-II. So
the idea of KFCM-III is to tune the sizes of each re-
duced set to well balance the accuracy and efficiency of
clustering.

4 Spurious intensity inhomogeneity
correction

Bias field is usually modeled as a low-frequently varying
multiplicative field. To be more specific, let Y; denote
the kth observed pixel intensity, X the bias-field-free
intensity, By the bias field, then pixel-wise observed data
could be represented as follows:

Yy = BpXg, Vk=1,2,...,N. (30)
With the pixel intensity extracted as input data (N de-
noting the pixel number), according to Ref. [10], a math-
ematically graceful method to correct pixel intensities
could be used. The correction method was first reported
for spatially constrained FCM clustering. In our study,
spatially constrained methods are not our concerns. So
with a small amount of mathematical manipulations, the
correction method could be recapitulated as follows.

The logarithm on Eq. (30) transforms the multiplica-

tive field to the addictive one. To be more specific, the
transformed additive one could be rewritten as follows:

yr =by +xp, Vk=1,2,... N. (31)
For FCM algorithm considering bias field estimation, the
modified objective function could be given as follows:

c N
=D (e — b — )

i=1 k=1

(32)

Bias field could be estimated by taking the derivative of
Jm with respect to by and setting the derivative to zero.
Thus, we have the following equation:

C P N
> . > ul (g = b — i)’

=1 k k=1

=0.
br=br

(33)

With a small amount of mathematical manipulations,
the left side of Eq. (33) could be expanded and we have

e} c e}
Yk Z it — bk Z Hi — Z 145 Vi
i=1 i=1 i=1

The solution of b} gives the bias field estimator as

=0.
bi=bi

(34)
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follows:

c
m
Zﬂi,kvi
* _i=1

k=Y~ ¢ -

Z ,U?k

i=1

(35)

The above equation also implies that the corrected in-
tensity could be represented as a linear sum of cluster
centers. The residual, represented as the subtraction of
observed intensity and the linear sum of cluster centers
could be used for modelling bias field.

The idea could be extended in kernel fuzzy clus-
tering for intensity correction. Namely, the logarithm-
transformed intensity x; has been corrected as follows:

c -1 ¢
—_ m m
T = E Mk E M 1 Vis
i=1 i=1

where v; is the ith logarithm-transformed cluster cen-
ter. Due to the implicitness of kernerlized cluster cen-
ter of KFCM-III, v; could be represented as the log-
transformed approximate pre-image of kernerlized clus-
ter center, which is determined by Eq. (16).

Using this idea, the aforementioned formulation could
also be extended for the multivariate input data by
respectively applying the estimator to each dimension
of input vectors and therefore be applicable to kernel-
clustering based image segmentation.

(36)

5 Feature extraction and pre-classification
scheme

5.1 Feature extraction, spatial constraints and random
feature

Feature extraction that used for data representation
plays an important role for pattern analysis. Of a va-
riety of possible features, pixel intensity is apparently
the most distinctive feature for clustering-based image
segmentation.

Besides the intensity of target pixel, spatial con-
straints of target pixel are usually expected to be in-
corporated as part of input features. Traditionally for
clustering-based image segmentation, spatial constraints
are usually incorporated in the clustering objective func-
tion as a penalty term weighted by a coefficient, which
is usually determined empirically.

Apparently, how to tune the coefficient balancing be-
tween the penalty term and the other part of objective
function is another difficult problem to reckon with.

Therefore, in this study, we wuse a simple
neighbourhood-based data feature, stacking the pixel

MRI image segmentation based on fast kernel clustering analysis 369

intensities in a neighbourhood (say 5x5 neighbourhood)
as the input vector of target pixel.

Basically, the neighbourhood size could influence on
clustering performance. Large neighbourhood means
higher dimensionality of input vector, which will in-
evitably bring higher computational complexity. On the
other hand, small neighbourhood might reduce the pat-
tern separability. Due to the piece-wise smoothness of
image, the features from smaller neighbourhood have
a higher probability to overlap and are therefore less
separable. In other words, smaller neighbourhood corre-
sponds to fewer unique (not identical) input vectors. For
the extreme case, the smallest neighbourhood only con-
tains the target pixel, the input vector degenerates to a
scalar (i.e., the target pixel intensity). For grayscale im-
age with the intensity represented in 1 byte, the unique
number of input data is not larger than 255. So the parsi-
mony of effective data (unique data) could lead to recog-
nition limitation.

To reckon with this dilemma between computational
complexity and effectiveness of data representation,
the recently-emerged compressive sampling (CS) theory
could be used. Briefly speaking, in compressive sampling,
a higher dimensional vector could be projected on un-
derdetermined random matrix which satisfies some con-
dition of CS theory and usually could be obtained by
Gaussian distribution. Thus, a lower dimensional vec-
tor could be obtained. The lower dimensional vector is
therefore called compressed measurements.

Let y € RP*1 denote the original vector, € R4*!
the compressed data and ¥ € R¥*P (d < D) the un-
derdetermined i.i.d. Gaussian matrix, the undersampling
scheme could be written as @ = Wy. Intriguingly, it has
been mathematically proved that the sampling rate of
CS could be much lower than the required one of clas-
sical Nyquist-Shannon sampling theory without losing
any information of original data.

Therefore, the compressed measurements could be
used for exact data reconstruction [11-13]. Besides ex-
act data reconstruction, it has also been proved that the
data manifold could be stably embedded in compressed
domain, in which the pattern classification (known as
compressive recognition) is equivalently practicable.

Thus, using compressive sampling technique and with-
out losing the recognition effectiveness, features ex-
tracted from large neighbourhood could be dimension re-
duced. For example, we could first use a 5x5 neighbour-
hood for feature extraction, getting a 25-dimensional
vector, and then use an random sampling matrix with
i.i.d. Gaussian distribution to compress feature vectors
to 9-dimensional for the following clustering-based im-
age segmentation. We call the compressed measurements
the random features.
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5.2 Pre-classification scheme

Besides the dimension reduction brought by compressive
sampling, the image piecewise-smoothness could be ex-
ploited for clustering acceleration because some of the
input features, from the whole image domain perspec-
tive, are actually identical.

Therefore, a pre-classification scheme that is simi-
lar to the trick reported in Refs. [14,15] could be used
for this purpose. The scheme is actually quite straight-
forward: before clustering, all identical (overlapped)
vectors are classified as one unique pattern bestowed
with a weight equal to the number of identical data.
Due to the piecewise smoothness of image, the pre-
classification scheme could significantly reduce the effec-
tive data points to be clustered. For example, the input
vectors corresponding to IV pixels could be pre-classified
as M unique vectors. For example, for input vector x,
correspondingly there are other wy — 1 identical vectors
(k=1,2,..., M, Zk wy =N).

Let {mgu),ccéu), ...,mg\lj)
and {wy,wa, ..., wps } the corresponding weights. So the
clustering objective function could be rewritten as

} denote the M unique data

(37)

where 6; is the parameter(s) of the ith cluster and
D(x,0;) > 0 denotes the dissimilarity measurement of z
to the ¢th cluster. In our study, 8; represents the ith clus-
ter center (v;) and D(-,-) the squared ¢2 (or kernelized)
norm. Because M <« N, the computational complex-
ity has been significantly reduced. Thus, using the pre-
classification scheme for image segmentation, the dis-
cussed KFCM-I, KFCM-II, KFCM-IIT and even FCM
could be further accelerated.

6 Experimental verification

In this section, we present the experiments on Brain-
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Web MRI phantom data, a publicly available database
for studies of brain MRI image analysis. The dataset
is generated by a computerized simulator, with a pixel-
wise segmentation ground-truth, making the quantita-
tive comparison convenient [16-18]. We use the normal
brain MRI phantom for our experiments. The dataset
is given as a 217x181x181 3D volume, with 8-bit voxel
intensity and imaging resolution of 1 mm?3. The experi-
ment is to segment regions of interest (ROIs) of the 2D
slices to different tissues. More specifically, in the exper-
iment, we segment the interested regions to gray mat-
ter (GM), white matter (WM) and cerebrospinal fluid
(CSF). The uninterested regions have been removed by
other method in advance. The clustering constant m in
the objective function is set as 2.

6.1 Segmentation performance of kernel clustering
algorithms over o

In the experiments, we compare the performances of
different kernel clustering algorithms over isotropic
Gaussian kernel parameter ¢. This setting means for the
aforementioned KFCM-III with X; parameterization, it
satisfies X; = oI (where I is an identity matrix).
Using different o, this experiment gets a series of accu-
racy curves of FCM, KFCM-I, KFCM-II and KFCM-IIT
over o for segmenting a coronal slice respectively cor-
rupted by 0%, 1% and 3% noise. One note should be
given that the clustering accuracy of FCM does not de-
pend on o. Thus, its segmentation curve is represented
as a horizontal line. Figure 2 shows those segmentation
accuracy curves. The statistics are obtained in the exper-
iments using different algorithms over different values of
o, ranging from 10 to 150 with the step of 5. It is easy to
find that the segmentation accuracy of all kernel-based
clustering (KFCM-I, KFCM-II and KFCM-III) are all
dependent on ¢ and there exists relative stable range
that the tuned o is located in. Outside the range, the
accuracy dramatically deteriorates. The experimental
results show that generally, the discussed KFCM-III
outperforms its counterparts when using tuned o.

071 —- KFCM-mT 097 1 ~e- KFCM-TT 0941 —e KFCM-II
a— KFCM-TI o~ KFCM-1I j o~ KFCM-1I
0.96F —a— KFCM- I 096 —a— KFCM- 1 093} —a— KFCM- I
=== FCM === FCM
_ 0.95F 095 f - 092
g g g
= 0941 l S 004F [ (9 = 091}
51 3 3
* 093} hang ® 093 | lf\ ® 0.90
0.92} I 0.92 I any 0.89
"""" o, iy ety pikat e ettt N (1 1
0815 50 100 150 B9l 50 100 150
o a
(a) (b) (c)

Fig. 2 Typical segmentation accuracy curves of FCM, KFCM-I, KFCM-II and KFCM-III (via reduced-set representation)
over different values of o on a phantom slice respectively corrupted by different noise levels. (a) Results on image slice
corrupted by 0% noise; (b) results on image slice corrupted by 1% noise; (c) results on image slice corrupted by 3% noise
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6.2 Segmentation comparison

Next, in an experiment on a coronal slice, the visual seg-
mentation comparison of FCM, KFCM-I, KFCM-II and
KFCM-III is given in Fig. 3. The segmentation results
have been pseudo-coloured, with the red region corre-
sponding to GM, the green region corresponding to CSF
and blue region corresponding to WM.

In Fig. 3, the optimal segmentations obtained by dif-
ferent algorithms using tuned Gaussian kernel parameter
o are given. It is not difficult to find that the result ob-
tained by KFCM-III is the closest to the ground-truth.

(f)

Fig. 3 Pseudo-coloured segmentation results of FCM, KFCM-I,
KFCM-II and KFCM-III on a phantom slice with red region cor-
responding to GM, green region corresponding to CSF and blue
region corresponding to WM. (a) Original image; (b) ground-truth
segmentation; (c) result of FCM; (d) optimal result of KFCM-
I with tuned parameter 0=40, segmentation accuracy is 96.28%;
(e) optimal result of KFCM-II with tuned parameter c=25, seg-
mentation accuracy is 96.28%; (f) optimal result of KFCM-III via
reduced-set representation, segmentation accuracy is 96.73%

6.3 Reduced sets and bias field estimation

For the segmentation experiment corresponding to the
results presented in Fig. 3, we give the pseudo-coloured
reduced-set representation of KFCM-III in Fig. 4.

(a) (b) (c)

Fig. 4 Pseudo-coloured reduced sets of KFCM-III on a phantom
slice with 0=25. (a) Reduced set for GM; (b) reduced set for CSF;
(c) reduced set for WM

Figure 4 shows the pseudo-coloured pixels of reduced
sets for the three clusters, with red region, green region
and blue region corresponding to GM, CSF and WM, re-
spectively. As aforementioned, the elements of reduced
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set are basically some pixels with the highest member-
ships belonging to specific cluster. It is also easy to find
from Fig. 4 that the reduced sets are apparently the sub-
sets of corresponding hard clusters.

We also present the bias field estimation and corrected
image in this experiment corresponding to the results
shown in Fig. 2 and Fig. 3.

Figure 5 shows the original target image, corrected
image and the bias field estimation. It is apparent that
the corrected image is more piece-wise smooth than un-
corrected one. The estimated bias field is shown in Fig.
5(c). Besides the low frequencies reflecting the true bias
field, the obtained bias field also contains some high fre-
quencies, spatially occurring on the borders of different
tissues. High frequencies could further be removed for
more accurate bias field estimation. There are a lot of
high-frequency filtering methods available. Due to the
clustering methods this study focuses, we leave the fil-
tering techniques without further discussion.

(c)

Fig. 5 Bias field estimation and image correction. (a) Uncor-
rected image; (b) corrected image; (c) bias field estimation

Note that the discussed image correction (or equiva-
lently bias field estimation) and the aforementioned pre-
classification scheme could benefit each other, making a
fast segmenting convergence. Using the discussed inten-
sity correction scheme, the number of effective (unique)
input data points M in Eq. (37) has been an approx-
imate exponentially decreasing function of clustering
iterations. Figure 6 gives the curve of M over the clus-

tering iterations, where the legend symbol pnXrfY (e.g.,
q

10%r —o—pnlrf00

— o —pn3rf20

—s— pn3rf20

. —a— pn7rf40
107 ¢ P

10%

M of each iteration

10!}

10

0

h

10 13
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Fig. 6 Curves of number of effective input data points over clus-
tering iterations with image intensity correction
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pnlrf40) means the experimental slice is corrupted by
X% noise and Y% bias field. For clarity purpose, only
four curves have been given in Fig. 6 although the exper-
iments with other image corruption combinations had
given the similar curves like the four ones shown in Fig.
6.

Due to the decrease of M in clustering iteration,
the computational complexity has also iteratively re-
duced. In this sense, the introduction of intensity correc-
tion does not bring additional computational complexity
while improving the segmentation accuracy if correction
process is well harnessed.

7 Conclusions

In this paper, we have analyzed the merits and defi-
ciencies of KFCM-I/KFCM-II, and pointed out the con-
nections of these two algorithms. In our study, we have
proven that KFCM-II could be regarded as the approx-
imate pre-image version of KFCM-I, while the latter, as
a direct kernelized version of classic FCM algorithm, suf-
fers the unnecessary computational complexity. Due to
their deficiencies, we have proposed a novel fast kernel
clustering algorithm, called KFCM-III, via reduced-set
representation. In this work, we have contended that the
parsimony for representing cluster centers could be ex-
ploited. Using this idea, we have proposed the use of
some data points with highest memberships, included
in a subset of input data called reduced set for specific
cluster, to represent the corresponding cluster center.

The proposed KFCM-III via reduced-set represen-
tation could be regarded as a generalized version of
KFCM-I and KFCM-II, and combines the strength of
both when using appropriate parameterization. The pro-
posed algorithm could be favourably used for dealing
with large scale clustering problems. The application on
MRI image segmentation with a bias field estimation
formulated by clustering residuals shows its effectiveness
and superiority to its kernelized counterparts.

Future work includes an improved kernel parameter-
ization, either anisotropic or isotropic, which is easily
tuned to optimal clustering accuracy and robust to clus-
tering initialization.
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