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Abstract The aims of this study are to develop the
color density concept and to propose the color density
based color difference formulas. The color density is de-
fined using the metric coeflicients that are based on the
discrimination ellipses and the locations of the colors
in the color space. The ellipse sets are the MacAdam
ellipses in the CIE 1931 zy-chromaticity diagram and
the chromaticity-discrimination ellipses in the CIELAB
space. The latter set was originally used to develop the
CIEDE2000 color difference formula. The color differ-
ence can be calculated from the color density for the
two colors under consideration. As a result, the color
density represents the perceived color difference more
accurately, and it could be used to characterize a color
by a quantity attribute matching better to the perceived
color difference from this color. Resulting from this, the
color density concept provides simply a correction term
for the estimation of the color differences. In the exper-
iments, the line element formula and the CIEDE2000
color difference formula performed better than the color
density based difference measures. The reason behind
this is in the current modeling of the color density con-
cept. The discrimination ellipses are typically described
with three-dimensional data consisting of two axes, the
major and the minor, and the inclination angle. The pro-
posed color density is only a one-dimensional corrector
for color differences; thus, it cannot capture all the de-
tails of the ellipse information. Still, the color density
gives clearly more correct estimations to perceived color
differences than Euclidean distances using directly the
coordinates of the color space.
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1 Introduction

A color difference describes the distance between two
colors in the color space. Although color difference for-
mulas provide precise ways for predicting the perceived
color differences, the performances of these formulas de-
pend on the perceptual data provided for testing. The
color differences calculated in these formulas consist of
three components: hue, lightness, and chroma differ-
ences; consequently, modeling of the color space with a
compatible color difference formula may become compli-
cated. Moreover, human perceived color differences can
be represented with chromaticity discrimination ellipses.
Therefore, a new concept will be developed. The con-
cept is named as the color density, and it could repre-
sent the human perceived color difference quantitatively.
Secondly, new color difference formulas derived from the
color density concept are proposed. In general, the color
density will give an intuitive comprehension of the color
differences in the color space.

The MacAdam ellipses show the human vision sen-
sitivity to small color differences in the CIE 1931 zy-
chromaticity diagram [1] (see Fig. 1). The chromaticity
discrimination ellipse set, which was used for deriving
the CIEDE2000 color difference formula, in this article
denoted as the CIEDE2000 ellipse set, consists of the
BFD-P, Witt, RIT-DuPont, and Leeds data sets [2] (see
Fig. 2). These four ellipse sets were fixed for different
visual color difference measurements.

Each ellipse represents equal perceived chromaticity
differences; in other worlds, the chromaticity differences
inside the ellipse cannot be perceived. For each ellipse,
the color matching can be expressed as

gll(d:Z?)2 + 2912d:cdy + g22(dy)2 = 1, (1)

where dx and dy are the differences of the coordinates
between the ellipse center and any point on the ellipse
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Fig. 1 MacAdam ellipses. Each ellipse is drawn 10 times larger
to its real size

120
A
100 A
80 f ©
)
60 | a V¥ O 4

b¥

=20 @ .co) fry

40} e ﬁs‘}j%\*
-E \\.%

60 |

-80

20 40 60 80 100 120
a*

Fig. 2 Ellipse set used for deriving the CIEDE2000 color differ-
ence formula
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boundary, and the metric coefficients g;; are constant
for each ellipse. The coordinates = and y are calculated
according to the CIE 1931 definitions [3].

The sizes, shapes, and orientations of the MacAdam
ellipses vary systematically over the CIE 1931 xy-
chromaticity diagram: the ellipses at the bottom left
corner, in the blue area, are the smallest ones, and the
angles of inclination are also the smallest ones. Both the
sizes and the inclination angles become larger from the
bottom to the top and reach the maximum at the top
left corner, in the green area [1].

Some clear trends can be seen also for the ellipses in
the CIELAB space shown in Fig. 2: the ellipses close to
the gray axis (around —10 < a* < 10, -15 < b* < 15)
are the smallest; then, ellipse sizes increase as the chro-
maticities increase. Nearly all ellipses point toward the
gray axis, except for those in the blue area, particularly
around a* = 10, b* = —40 [4]. a* and b* are defined as
the chromaticity coordinates in the CIELAB space [3].

The purpose in this study was to develop a con-
cept called the color density, which exists everywhere
in the color space. Then, the color density would give a
rough estimation of perceived color differences from each
color. The color density is derived from the metric coeffi-
cients g; defined using the chromaticity-discrimination
ellipses. In this study, two models for calculating the
metric coefficients g;; will be applied. The first model is
based on the CIE 1931 xy-chromaticity space and the
CIELAB color space. The second model is based on the
zyY color space. Here, Y corresponds to the luminous
efficiency function in the CIE 1931 modeling [3]. Further-
more, two color difference formulas are developed based
on the color density concept. The experimental results
of the new formulas are compared with the original line
element formula [3] and the CIEDE2000 color difference
formula [4]. In the last chapter, the conclusions are given.

2 Computing metric coefficients g;

For the MacAdam ellipses and the chromaticity ellipses
in the CIELAB color space, the metric coefficients g;x
can be calculated from ellipse parameters as

cos?f  sin?6
gn = —3 + PR (2)
. 1 1
g12 = sin 6 cos (; - b_2> , (3)
.2 2
sin“d  cos® 0
922 = — 3 + 2 (4)

where a and b are the lengths of the major semi-axis and
the minor semi-axis of the ellipse, and 6 is the inclination
angle between the major semi-axis and the horizontal
axis, like the z-coordinate in the CIE zy-chromaticity
space [1].

The metric coefficients g;; of the chromaticity ellipses
in the xyY color space could be calculated also as fol-
lows [5]: in the CIELAB color space, the chromaticity
difference AC' (AY = 0) is defined as

AC = +/(Aa*)? + (Ab*)2, (5)

el (3)”
EE) o

where X = (x/y)Y, Z = (2/y)Y,and z = 1 —xz — y.
The reference white in this calculation is X,, = 94.811,
Y, = 100.00 and Z,, = 107.304. The partial derivatives
are then

* 1/3 —-2/3
Gy = 0a* _ o ( X 1(z 1, (8)
Ox X, 3 \y y

and

: (6)

b* =200
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(11)

The chromaticity difference from Eq. (5) becomes now

<
I
w

AC = [(a2 + b2)(dx)? + 2(azay + byb,)dzdy

+(ap + by)(dy)*]2, (12)
and then the metric coefficients are found as
gi1 = a/i + bia (13)
g12 = AgzQy + byby, (14)
go22 = (Iz + bi (15)

3 Defining color density

For developing the color density, two new values — gmax
and gmin, which are considered as coefficients along the
major semi-axes a and minor semi-axes b of the ellipse —
should be calculated first. The computations of gyax and
Jmin are analogous to the von Mises yield criteria mod-
eling [6] in material science where the goal is to find a
univariate descriptor for a multidimensional stress field.
Correspondingly, using the components g11, g12, and goo,
Jmax and gmin become now

2
g11 + g22 gi1 — 922
Jmax — — + - a5 + 9%25 (16)
2 2
and
gi11 + go2 gi1 — g22 2
i = [T e )

where the values of g1, g12, and g22 can be calculated
from Egs. (2)—(4) or from Egs. (13)—(15). Then, the com-
ponents gmax and gmin in the two main directions are
combined to a single value gcomp and this value becomes
the color density. The color density gcompb is now defined
as

Jcomb = \/912nax — YmaxY9min T gfmn, (18)

in accordance with the von Mises criterion modeling.
This derivation gives the one-dimensional color density
|
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concept, i.e., the density in a given location in the color
space is constant for all directions.

4 Defining color difference formulas based on
color density

The color density is now acting as a corrector term for a
difference of two colors originating from a chromaticity
or a color space. There are many ways to utilize the color
density; next, two approaches are given.

Chromaticity differences ds; and dss from color C1 to
color C2 are defined as

ds; = \/gmax,m(dxe)2 + gmin,m(dye)2’ (19)

and

dsg = \/gcomb,m(dw)2 + gcomb,m(dy)2a

where gmax,m and gmin,m are the mean values of gmax and
gmin Of the two colors, dz, and dy. are the distances
along the major semi-axes a and minor semi-axes b of
the ellipse with C1 as the ellipse center. In Eq. (19), the
color density g is mixed with the ellipse information to
the given chromaticities or colors. In Eq. (20), gcomb,m is
the mean value of the two gcomp values for the two colors;
dz and dy are the distances of the chromatic coordinates
for C1 and C2. In Eq. (20), the color density acts more
directly as a corrector term. The required information
on the color density everywhere in the space is received
through interpolation of the ellipse parameters (a, b, 6)
or the metric coefficients over the chromaticity or color
space.

(20)

5 Experiments

The experiments were performed in two steps using the
CIE 1931 zy-chromaticity diagram, the CIELAB color
space, and the xzyY color space. First, the gcomb values
were calculated and interpolated over the space. Sec-
ond, the color difference formulas were compared. Three
experimental measurements were performed and the ob-
tained results were compared to the line element formula
and the CIEDE2000 color difference formula.
The line element ds is defined as [3]

(ds)? = g11(dUL)? + 2g12dU1dU; + goo(dU,)?
+ 2g23dU2dUs + g33(dUs)? + 2g31dUsd Uy, (21)

where the coefficients g;; may be continuous functions
on the coordinates U;, Us, and Us.
A color difference AF in CIEDE2000 is defined as [4]

AL \? AC \ 2
AE‘\/(kLSL) +(kcsc) +(

AH 2+ p (AC AH
kuSH T\ kcSc ) \kgSg )’

(22)
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where the coefficients k£ and S account for lightness,
and hue components of the colors. They

also compensate the perceptual non-uniformity of the
CIELAB color space.

chroma,

5.1  gcomp for three color spaces

The definition of the color density is based on the ellipse
information, i.e., only for certain locations in the color
space. To extend the color density over the whole color
space, then interpolation is needed.

To get the color densities of all colors over the CIE
1931 zy-chromaticity diagram, two sets of values were
used for the interpolation of gcomp. The first set was cal-
culated from the 25 MacAdam ellipses, and the second
set was calculated from the estimated g;; values along
the color gamut [1]. Figures 3 and 4 show the interpo-
lated color densities over the CIE 1931 xy-chromaticity
diagram. The color density gcomp reaches the maxi-
mum in the blue area (the red colored part of the sur-
face/contours, x~0.2 and y~0.05, in Figs. 3 and 4),
and the minimum color density gcomb occurred in the
green area (the blue colored part of the surface/contours,
2~0.1 and y~0.8, in Figs. 3 and 4). The intermediate
color densities were in the area between blue and green,
and they became larger from the bottom area to the top
area, in the yellow-blue direction in the xy-chromaticity
space. This showed the same variation trend as the size
changes for the MacAdam ellipses. As such, we can con-
clude that, in the CIE 1931 zy-chromaticity diagram,
the larger the color differences perceived from a color,
the larger the color density is for that color.

The CIEDEZ2000 ellipse set was the only available in-
formation in the zyY and in the CIELAB color spaces.
For this reason, the interpolations were performed only
inside the areas that were enclosed by the CIEDE2000
ellipse set. The BFD-P, Rit-DuPont, and Witt data sets
that contained 116 ellipses in total were used for the
interpolation in this study.

The color densities in the zyY and the CIELAB color
spaces are four dimensional; thus, the visualization of
the values for the color density becomes more compli-
cated. Now, isosurfaces were used to visualize the color
density values. Figures 5 and 6 show the isosurfaces of
the color density in the zyY and in the CIELAB color
spaces, respectively. In Fig. 5, the isovalues increase from
the bottom to the top. This indicates that the color den-
sities increased while the illumination levels increased.
Therefore, for reaching the same color densities, the iso-
surfaces are curved upwards near the green colors. The
two isosurfaces with the lowest isovalues are flatter than
the others. In the CIELAB color space, the isovalues
become larger from the outside to the center (see Fig. 6).
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Fig. 3 Surface of color density (gcompb ) over CIE 1931 xy-diagram
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Fig. 4 Contours of color density (gcomp) over CIE 1931 axy-
diagram

In other words, neutral colors near the center have the
largest color density, and the larger the distances from
the neutral center, the smaller the color density becomes.
This trend agreed well with the ellipse size variations of
the CIEDE2000 ellipse set used in this study.

5.2 Comparison of color difference formulas

Three experiments were designed for evaluating the color
density based color difference formulas given in Eqgs. (19)
and (20). The first experiment, called Experiment 1, was
performed inside the ellipses. See Fig. 7 for the geometric
setting in this experiment. Since we were measuring dis-
tances from the ellipse center to the ellipse boundary, the
expected chromaticity or color differences should have
been now one constant for all ellipses.

The second experiment, called Experiment 2, was
performed inside circles. The centers of the ellipses were



Arto KAARNA et al.

80 (--m-rmeTTTTT

70 f----t
60 |-
50 |-

30 |

0.4

X

0.6

02 03

04 0:
y

Fig. 5

Isosurfaces of color density in zyY color space. The iso-

values are 0.25 (just visible with the lowest values on Y'), 0.5, 2.0,
5.0, and 8.0 for the surfaces from bottom to top
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Fig. 6 Isosurfaces of color density plotted in a*b* diagram. The

isovalues are 2.0, 1.2, and 0.5 for blue, green, and red surfaces

taken as the centers of the circles, and the radii of the
circles were the lengths of the corresponding major semi-
axis a; thus, the sizes of the circles varied in various lo-
cations in the chromaticity or color space. See Fig. 8 for
the setting of Experiment 2. Since the circle was larger
than the ellipse in the direction C0—C2, then the ex-
pected differences should have been also larger in the
direction C0—C2 than in the direction CO0—C1.

The third experiment, called Experiment 3, was also
performed with circles. The ellipse centers were taken as
the circle centers, and a constant radius for the circles
was applied everywhere; see Fig. 9 for the setting. The
constant radius was the mean value of all ellipse major
semi-axis a. This mean value was found equal to 0.0034
in the CIE 1931 zy-chromaticity diagram and 2.28 in
the CIELAB color space. With Experiment 3, we could
compare chromaticity differences in various locations of
the chromaticity space. The circle remained constant ev-
erywhere in the space, and as such, the expected chro-
maticity differences should have been larger in locations
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Fig. 7 Visualization of Experiment 1. The color differences are
calculated from CO (the ellipse center) to C1 (point on the ellipse
boundary along the major semi-axes a) and to C2 (point on the
ellipse boundary along the minor semi-axes b)
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Fig. 8 Visualization of Experiment 2 (the radius of circle is a).
The color differences are calculated from CO (the ellipse center) to
C1 (point on the circle boundary along the major semi-axes a) and
to C2 (point on the circle boundary along the minor semi-axes b)
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Fig. 9 Visualization of Experiment 3 (constant radius). The
color differences were calculated from CO (the ellipse center) to C1
(point on the circle boundary along the major semi-axes a) and
to C2 (point on the circle boundary along the minor semi-axes b).
This figure corresponds to a larger ellipse than the circle radius.
In other locations of the chromaticity space, the circle could also
become larger than the ellipse

where the ellipse sizes were smaller.

Five MacAdam ellipses (ellipses #1, #12, #16, #7,
and #4) with different sizes and locations and five CIE
ellipses [7] were selected for performing Experiments
1-3. Table 1 collects the experimental results for the
MacAdam ellipse set.

In Experiments 2 and 3, the experimental results for
the line element indicate that the color differences on the
major semi-axis were always smaller than on the minor
semi-axis. However, Eq. (19) (column ds;) showed op-
posite trends, and Eq. (20) (column ds3) gave constant
differences in two different directions. This shows the
typical behavior of the univariate density: it is not able
to adapt to various directions in the space but remains
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constant for all directions. The same is seen from Experi-
ment 1. In the direction C0—C1, the trend in differences
is more correct than for the Euclidean differences, but
the differences in the two directions C0—C1 and C0—C2
are very different. The line element is producing most
correct results in the xy-space. The proposed difference
calculation given in Eq. (20) (dsz) proved to act better
than difference according to Eq. (19) (ds1). The ampli-
fication of the differences in the direction C0—C2 is not
strong enough, but in the direction CO0—C1 the amplifi-
cation is stronger. This means that the color density is
emphasizing the major semi-axis more than the minor
semi-axis.

Table 2 collects the results of Experiments 1-3 in
the CIELAB color space. In Experiment 1, CIEDE2000
formula calculated nearly constant color differences in
the two directions, which were close to the definition of
the discrimination ellipses. In Experiments 2 and 3, the
CIEDE2000 formula showed that the color differences on
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the major semi-axis were smaller than the minor semi-
axis, which occurred both inside and outside ellipses.
Equations (19) and (20) showed similar results as per-
formed with the MacAdam ellipses.

In comparison with the line element equation and the
CIEDE2000 formula, although Eq. (20) relied more on
the Euclidean distance between two color centers, it is
consistent with the relation between color densities and
human perceived color differences. Now, the larger the
color density for a color was, the larger the color dif-
ferences were to be perceived. In general, in CIELAB
space, the differences ds; and ds, performed better than
in xy-chromaticity space. The trends were more similar
to AFgy. In Experiment 1, there was still a difference in
the two directions, but it was not as large as in xy-space.
There was also the correction phenomena present com-
pared to the Euclidean distance (ds). Experiments 2 and
3 still showed that the color density is not amplifying the
direction C0—C2 sufficiently.

Table 1 Color density based chromaticity differences from the MacAdam ellipses in zy-space

9comb Experiment 1

Experiment 2 Experiment 3

ellipse direction
/106 ds?  ds?  ds®  LEEY ds)) ds?  ds® LEEY ds) ds?  ds®  LEEY
#1 75668 C0—Cl 587 2.33 00008 100 242 233 00008 1.00 964 7.05 00034  4.00
Co—C2 017 096 00003 1.00 101 233 00008 243 411 6.99 00034  9.71
#12 03610 CO—Cl 11.8 3.36 00031 1.00 343 3.36 00031 100 376 280 00034 1.08
Co—C2 008 098 00009 1.00 099 3.36 00031 417  1.08 280 00034 3.75
#16 11860 CO—Cl 399 1.90 00026 1.00 200 190 00026 100 261 1.89 00034 1.30
Co—C2 025 095 00013 1.00 100 1.89 00026 250  1.32 1.88 00034  2.61
#7 02326 CO—Cl 628 242 00050 1.00 251 241 0.0050 100 251 1.25 00034 0.68
C0—C2 016 096 00020 1.00 099 241 00050 344 170 1.25 00034  1.70
#4 01839 CO—Cl 174 411 00096 1.00 419 411 0009 100 148 1.11 00034 0.5
Co—C2 005 099 00023 1.00 098 413 00096 200 035 1.11 00034 1.48

1) dsy was calculated using Eq. (19).

2) dsz was calculated using Eq. (20).

3) ds is calculated as the Euclidean distance ds =
between the two chromaticities.

(dz)? + (dy)?, where dz and dy are the distances in z- and y-directions

4) LEE values were calculated from the equation for a line element, Eq. (21) [3].

Table 2 Color density based chromaticity difference from CIE chromaticity ellipses in CIELAB color space

Experiment 1

Experiment 2 Experiment 3

ellipse Jeomb direction
ds ds? ds®  AE))  dst)  ds?  ds®  AEY) ds)  ds?  ds®  AEY
#1 38284 CO—Cl 1.86 175 095 092 186 1.75 095 092 411 387 228 215
C0—C2 053 087 048 072 105 1.65 095 142 242 387 228  3.30
#2 0.6657 CO—Cl 196 1.8 229 080 196 1.86 229 080 195 1.8 228  0.80
Co—C2 070 092 116 075 138 180 229 148 137 179 228 148
#3 04574  CO—Cl 201 191 28 08 201 191 283 08 162 154 228 071
C0—C2 050 095 140 094 095 198 283 1.8 076 159 228  1.52
#4 06201  CO—Cl 179 168 215 08 179 1.68 215 088 190 179 228 093
C0—C2 057 094 120 080 104 169 215 145 110 179 228 153
#5 1.0654  CO—Cl  4.21 408 347 092 421 408 347 092 286 279 228  0.59
Co—C2 029 101 095 087 120 353 347 309 075 075 228 205

1) ds; was calculated using Eq. (19).

2) dsz was calculated using Eq. (20).

3) ds is calculated as the Euclidean distance ds =
the two colors.

(da)? + (db)2, where da and db are the distances in a- and b-directions between

4) AEgo were calculated from the CIEDE2000 color difference formula given in Eq. (22) [4].
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6 Conclusions

The color density derived in this study revealed variation
trends for the MacAdam ellipses and the CIEDE2000 el-
lipse set. Furthermore, the dependence between the color
density and the illumination levels in the zyY color space
found in this work was consistent with the results from
Melgosa et al. [8] showing the influence of the luminance
on the size of discrimination ellipses.

In general, the color with a larger color density yields
larger perceived color differences. However, it is not ad-
equate in evaluating the color differences from a color
in various directions. Furthermore, none of the color
density based color difference formulas performed better
than the original line element formula or the CIEDE2000
color difference formula. According to this study, each
color could be characterized by the color density, which
estimates perceived color differences from this color only
at a very rough level. The color densities illustrated in
Figs. 3-6 give an intuitive vision how the color differ-
ences act in various parts of the color space. Through
the interpolation, the color density also becomes a con-
tinuous description corresponding to the perceived dif-
ferences.

The color density concept packs all the ellipse informa-
tion in one corrector term. The ellipses are defined using
three variables, namely the lengths of the two axes and
the inclination angle. The density is given with a univari-
ate term only. This means that some information is lost,
but at the same time the calculations become simpler.
Also, the density surface gives a rough understanding
of the correctness of the chromaticity of color difference
calculation using the chromaticity or color coordinates
directly. The color density is thus correcting those Eu-
clidean estimates from the coordinates.

Our future work includes the description of the color
spaces more precisely to further develop the color den-
sity concept. Also, the difference equations require
new enhancements depending on the density concept.
Especially, the main shortcoming, namely the one-
dimensional density, will be reconsidered to construct
a multidimensional density.
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