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Abstract The recent years have witnessed a surge of
interests in graph-based semi-supervised learning (GB-
SSL). In this paper, we will introduce a series of works
done by our group on this topic including: 1) a method
called linear neighborhood propagation (LNP) which can
automatically construct the optimal graph; 2) a novel
multilevel scheme to make our algorithm scalable for
large data sets; 3) a generalized point charge scheme
for GBSSL; 4) a multilabel GBSSL method by solving a
Sylvester equation; 5) an information fusion framework
for GBSSL; and 6) an application of GBSSL on fMRI
image segmentation.

Keywords graph-based semi-supervised learning
(GBSSL), linear neighborhood propagation (LNP),
point charge model, fMRI image segmentation

1 Introduction

Semi-supervised learning (SSL), which aims at learning
from labeled and unlabeled data, has aroused consider-
able interests in data mining and machine learning fields
since it is usually hard to collect enough labeled data
points in practical applications. Various SSL methods
have been proposed in recent years, and they have been
applied to a wide range of areas including text catego-
rization, computer vision, and bioinformatics (see Refs.
[1,2] for recent reviews). Moreover, it has been shown re-
cently that the significance of SSL is not limited to util-
itarian considerations: humans perform semi-supervised
learning too [3–5]. Therefore, to understand and improve
SSL will not only help us to get a better solver for real-
world problems, but also help us to better understand
how natural learning comes about.
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One key point for understanding SSL approaches is
the cluster assumption [1], which states that [6]: 1)
nearby points are likely to have the same label (local con-
sistency); 2) points on the same structure (such as a clus-
ter or a submanifold) are likely to have the same label
(global consistency). It is straightforward to associate
cluster assumption with the manifold analysis methods
developed in recent years [7,8] (note that these meth-
ods are also in accordance with the ways that the hu-
mans perceive the world [9]). The manifold-based meth-
ods first assume that the data points (nearly) reside on
a low-dimensional manifold (which is called manifold as-
sumption in Ref. [1]), and then try to discover such man-
ifold by preserving some local structure of the dataset.
It is well known that graphs can be viewed as discretiza-
tions of manifolds [10]; consequently, numerous GBSSL
methods have been proposed in recent years, and GB-
SSL has been becoming one of the most active research
areas in SSL community [1].

In this paper, we will present a set of works done by
our group on GBSSL including the following.

1) We propose a novel method called linear neighbor-
hood propagation (LNP) [11,12]. LNP algorithm approx-
imates the whole graph by a series of overlapped lin-
ear neighborhood patches, and the edge weights in each
patch can be solved by a standard quadratic program-
ming procedure. After that, all the edge weights will be
aggregated together to form the weight matrix of the
whole graph. Then the Laplacian matrix on this pasted
graph is used as a smooth matrix as in standard GBSSL
algorithms.

2) We present a fast multilevel graph learning algo-
rithm. In our method, the data graph is first coarsened
level by level based on the similarity between pairwise
data points (which has a similar spirit with grouping,
such that for each group, we only select one represen-
tative node), then the learning procedure can be per-
formed on a graph with a much small size. Finally, the
solution on the coarsened graph will be refined back level
by level to get the solution of the initial problem. More-
over, as the formulation of unsupervised learning can
be viewed as a special case of the formulation of SSL,
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we will show that our multilevel method can easily be
incorporated into the graph-based clustering methods.
Our experimental results show that this strategy can im-
prove the speed of GBSSL algorithms significantly, and
we also give a theoretical guarantee on the performance
of our algorithm.

3) We present a generalized point charge model
(GPCM) for GBSSL [13]. In our model, we treat the la-
beled data points as point charges; therefore, the remain-
ing unlabeled data points are placed in the electrostatic
fields generated by these charges. The labels of these
unlabeled data points can be regarded as the electric
potentials of the electrostatic field at their correspond-
ing places, which can be efficiently solved by making use
of the discrete Green’s function.

4) We present a novel GBSSL method for multi-label
learning by solving a Sylvester equation (SMSE) [14].
Two graphs are first constructed on instance level and
category level, respectively. For the instance level, a
graph is defined based on both labeled and unlabeled
instances, where each node represents one instance, and
each edge weight reflects the similarity between cor-
responding pairwise instances. Similarly, for the cate-
gory level, a graph is also built based on all the cat-
egories, where each node represents one category, and
each edge weight reflects the similarity between corre-
sponding pairwise categories. A regularization frame-
work combining two regularization terms for the two
graphs is suggested. The regularization term for the in-
stance graph measures the smoothness of the labels of
instances, and the regularization term for the category
graph measures the smoothness of the labels of cate-
gories. We show that the labels of unlabeled data finally
can be obtained by solving a Sylvester equation.

5) We present an information fusion framework for
GBSSL problem [15]. We make use of the regularized
least-square framework as the basic classifier, which only
involves the similarity scores among different instances.
We present a similarity score that multiplies different
scores based on different distance measures. Particularly
the distance measures are not restricted to the Euclidean
distance. By adding a weight to each single distance-
based score, we propose an EM algorithm to adaptively
learn the fusion scores.

6) We present a discriminative GBSSL algorithm and
apply it to semi-automated segmentation of brain tu-
morous tissues [16]. The classifier uses interactive hints
to obtain models to classify normal and tumor tissues.
A non-parametric Bayesian Gaussian random field in
the semi-supervised mode is implemented. Our approach
uses both labeled data and a subset of unlabeled data
sampling from 2D/3D images for training the model.
Fast algorithm is also developed. Experiments show that
our approach produces satisfactory segmentation results
compared to the manually labeled results by experts.

2 LNP

In this section, we will present the detailed algorithm
of LNP. First let us introduce some notations. X =
{x1, x2, . . . , xl, xl+1, . . . , xn} represents a set of n data
objects in R

d, and L = {1,−1} is the label set (we
consider the two-class case for the moment). The first
l points XL = {xi}l

i=1 are labeled as ti ∈ L, and the
remaining points XU = {xu}n

u=l+1 are unlabeled.
We propose to use the neighborhood information of

each point to construct G. For computational conve-
nience, we assume that all these neighborhoods are lin-
ear, i.e., each data point can be optimally reconstructed
using a linear combination of its neighbors [8]. Hence,
our objective is to minimize

ε =
∑

i

∥∥∥∥xi −
∑

ij :xij
∈N (xi)

wiij xij

∥∥∥∥
2

, (1)

where N (xi) represents the neighborhood of xi, xij is
the jth neighbor of xi, and wiij is the contribution of xij

to xi. We further constrain
∑

ij∈N (xi)
wiij = 1, wiij � 0.

Obviously, the more similar xij to xi, the larger wiij will
be (as an extreme case, when xi = xik

∈ N (xi), then
wiik

= 1, wiij = 0, ij �= ik, xij ∈ N (xi) is the optimal
solution). Thus, wiij can be used to measure how simi-
lar xij to xi. One issue that should be mentioned here
is that usually wiij �= wij i. It can be easily inferred that

εi =
∑

ij ,ik:xij
,xik

∈N (xi)
wiij G

i
ij ik

wiik
, (2)

where Gi
ij ik

represents the (j, k)th entry of the local
Gram matrix Gi where K = |N (xi)| is the size of xi’s
neighborhood. Thus, the reconstruction weights of each
data object can be resolved by the following n standard
quadratic programming problems

minwiij

∑
ij ,ik:xij

,xik
∈N (xi)

wiij G
i
ijik

wiik
,

s. t.
∑

ij

wiij = 1, wiij � 0. (3)

After all the reconstruction weights are computed, we
will construct a sparse matrix W by W (i, j) = wij . In-
tuitively, this W can be treated as the weight matrix of
G. And the way we construct the whole graph is to first
shear the whole graph into a series of overlapped linear
patches, and then past them together.

After the graph has been constructed, we have to make
use of it to predict the labels of the unlabeled vertices.
Here we label propagation scheme, which can iteratively
propagate the labels of the labeled data to the remaining
unlabeled data XU on the constructed graph.

Let F denote the set of classifying functions defined
on X , ∀ f ∈ F can assign a real value fi to every point
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xi. The label of the unlabeled data point xu is deter-
mined by the sign of fu = f(xu) (let us only consider
the two-class case for the time being).

In each propagation step, we let each data object ab-
sorbs a fraction of label information from its neighbor-
hood, and retains some label information of its initial
state. This is similar to the strategy in Ref. [6]. There-
fore, the label of xi at time m + 1 becomes

fm+1
i = α

∑
j:xj∈N (xi)

wijf
m
j + (1 − α)ti, (4)

where 0 < α < 1 is the fraction of label information that
xi receives from its neighbors. Let t = (t1, t2, . . . , tn)T

with ti ∈ L (i � l), tu = 0 (l + 1 � u � n).
fm = (fm

1 , fm
2 , . . . , fm

n )T is the prediction label vector
at iteration t and f0 = t. Then we can rewrite our iter-
ation equation as

fm+1 = αWfm + (1 − α)t. (5)

We will use Eq. (5) to update the labels of each data
object until convergence; here “convergence” means the
predicted labels of the data will not change in several
successive iterations.

3 A multilevel scheme

Below we will introduce a novel multilevel scheme [17]
for SSL on graphs. The scheme is composed of three
phases: 1) graph coarsening; 2) initial classification; 3)
solution refining.

3.1 Graph coarsening

In the following, we will describe the first coarsening
step. Starting from graph G0 = G (the superscript rep-
resents the level of graph scale), we first split V0 = V into
two sets, C0 and F0, subject to C0∪F0 = V0, C0∩F0 =
Φ. The set C0 will be used as the node set of the coarser
graph of the next level, i.e., V1 = C0. And the nodes in
C0 are called C-nodes, which is defined as:

Definition 1 (C-nodes and F-nodes) Given a
graph Gl = (V l, E l), we split V l into two sets, Cl and
F l, satisfying Cl ∪ F l = V l, Cl ∩ F l = Φ, Cl = V l+1.
And each node in Cl must satisfy one of the following
conditions:

1) It is labeled;
2) It strongly influences at least one node in F l on

level l.
We will call the nodes in Cl C-nodes, and the nodes in
F l F -nodes.

Here strongly influence means

Definition 2 (Strongly influence) A node xi

strongly influences xj on level l means that

wl
ij � δ

∑
k
wl

kj , (6)

where 0 < δ < 1 is a control parameter, and wl
ij is the

weight of the edge linking xi and xj on Gl.

In fact, zl
ij = wl

ij/
∑

k wl
kj measures how much xj de-

pends on xi. Since xj only connects to its neighborhood,
a larger zij implies a larger dependency of xj to xi. Intu-
itively, if xj depends too much on xi, then we only need
to retain xi. The normalization is to make zij a relative
measure which is independent of the data distributions.

Let f0 = f be a classification vector we want to solve,
and f1 be its corresponding classification vector on G1

(hence, the dimensionality of f1 should be equivalent to
n1, the cardinality of V1). The same as in other multi-
level methods [18], we assume that f0 can be approxi-
mately interpolated from f1, that is1)

f0 ≈ P [0,1]f1, (7)

where P [0,1] is the interpolation matrix of size n0 × n1

(n0 = n), subject to
∑

j P
[0,1]
ij = 1. Moreover, we have

the following theorem.

Theorem 1 The edge weights on graph Gl+1 can be
computed from the edge weights on Gl by

wl+1
uv =

1
2

∑
i,j

wl
ij

(
P

[l,l+1]
jv − P

[l,l+1]
iv

)
·

(
P

[l,l+1]
iu − P

[l,l+1]
ju

)
. (8)

An issue that should be addressed here is that for com-
putational efficiency, the above coarsening weight equa-
tion can be somewhat simplified to the following iterated
weighted aggregation strategy [18], which compute wl+1

uv

by

wl+1
uv =

1
2

∑
i,j

P
[l,l+1]
iu wl

ijP
[l,l+1]
jv . (9)

It can be shown that Eq. (9) can provide a good approx-
imation to Eq. (8) in many cases [20].

3.2 Initial classification

Assuming the data graph G has been coarsened recur-
sively to some level s, then the semi-supervised classifi-
cation problem defined on Gs is to minimize

J (fs) = fsTP [s,s−1] · · ·P [1,0]SP [0,1] · · ·P [s−1,s]fs

+ γ‖P [0,1] · · ·P [s−1,s]fs − y‖2,

1) Actually, as we defined in Definition 1, the nodes in V0/V1 are largely dependent on the nodes in V1. Therefore, what we define in

Eq. (7) is just to model such a dependence rule. The interpolation rule is simple and efficient, and it has also been widely used in the
multilevel or multigrid methods for solving partial differential equations [18,19]; that’s the reason why we apply it here
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where P [i,i−1] =
(
P [i−1,i]

)T, and S is the smoothness
matrix. Therefore, let ∂J (fs)/∂fs = 0, then

∂J (fs)
∂fs

= (Ls)fs − γP [s,s−1] · · ·P [1,0]y = 0

=⇒ fs = γ (Ls)−1
P [s,s−1] · · ·P [1,0]y.

Moreover, we have the following theorem.

Theorem 2 The matrix Ls = P [s,s−1] · · ·P [1,0](S +
γI)P [0,1] · · ·P [s−1,s] is invertible.

Based on the above theorem, we can compute the ini-
tial classification vector, in which we only need to com-
pute the inverse of an ns × ns matrix, and usually ns is
much smaller than n.

3.3 Solution refining

Having achieved the initial classification vector from Eq.
(10), we have to refine it level by level to get a classi-
fication vector on the initial graph G0 = G. As stated
in Sect. 3.1, we assume that the classification vector on
graph Gl can be linearly interpolated from Gl+1, i.e.,
f l = P [l,l+1]f l+1. Here, P [l,l+1] is an nl × nl+1 interpo-
lation matrix subject to

∑
j P

[l,l+1]
ij = 1.

Based on the simple geometric intuition that the label
of a point should be similar to the label of its neighbors
(which is also consistent with the cluster assumption we
introduced in Sect. 1), we propose to compute P

[l,l+1]
iI(j)

by

P
[l,l+1]
iI(j) =

⎧
⎪⎨

⎪⎩

wl
ij/

∑
k∈Cl wl

ik, i /∈ Cl,

1, i = j,

0, xi ∈ Cl, i �= j.

(10)

In the above equation, subscripts i, j, k are used to de-
note the index of the nodes in V l. We assume that node
j has been selected as a C-node, and I(j) is the index of
j in V l+1. It can be easily inferred that P [l,l+1] has full
rank.

4 A generalized point charge model for GB-
SSL

First let us see the analogy between SSL and point
charge models. In SSL, we are given some labeled and
unlabeled data points; the goal is to predict the label of
those unlabeled data points (transduction) and even the
unseen out-of-sample data points (induction). Viewing
the whole system as a electrostatic field model [21], we
can treat the labeled data points as source point charges,
which generate an electric field over the whole data
space. Associated with each place in the electric field,

there is an electric potential [21], which is a scalar, and
varies smoothly with respect to the electric field. Simi-
larly, in SSL, we also require that the data labels vary
smoothly with respect to the intrinsic data manifold;
then it is reasonable to regard the labels of the points as
the electric potentials at their corresponding places1) .
Therefore, we can predict the labels of the unlabeled
points by computing the superposed electric potentials
of their corresponding places.

An issue to be addressed here is that in electrostatic
fields, the electric potentials vary smoothly in the physi-
cal space, which is usually a three-dimensional Euclidean
space; however, in SSL, the intrinsic data manifold is
usually Riemannian. Therefore, we should describe the
data manifold and “transplant” the physical theorems
in electrostatic fields to the data manifold. More con-
cretely, let f be the label prediction function such that
f(xi) returns the “soft” label of xi, then the Gauss’s law
[21] tells us that f should satisfy the following Poisson’s
equation

ΔMf = cρ, (11)

where ρ is the distribution of the “label sources”, which
can be modelled using the Dirac delta function as ρ =∑l

i=1 tiδ(x − xi) (where x, xi represents the positions
of the data points on M), ΔM is the Laplace Beltrami
operator on the data manifold M [7], and c �= 0 is a con-
stant. Since the multiplication of f with any constant
will not affect the final decision of the data labels, we
will simply drop c in the following. Then f can be solved
using a properly defined Green’s function [21], which can
be realized with the help of the unlabeled data points.

Since in SSL scenario, the dataset can be viewed as
being sampled the data manifold, then the data man-
ifold M will degenerate to the data graph G, and the
Laplace-Beltrami operator ΔM on M will become the
Laplacian matrix, i.e., combinatorial Laplacian Lc [22]
or normalized Laplacian Ln [6], defined on G [7]. Fol-
lowing Ref. [23], we define the discrete Green’s function
defined on graphs as

G1 =
∑

i>0

(1/λi)viv
T
i , G2 =

∑

i>0

(1/τi)uiu
T
i , (12)

where i = 1, 2, . . . , n − 1, 0 = λ0 � λ1 � · · · � λn−1

are the eigenvalues of Lc, and {vi}n−1
i=0 are their corre-

sponding eigenvectors; 0 = τ0 � τ1 � · · · � τn−1 are the
eigenvalues of Ln, and {ui}n−1

i=0 are their corresponding
eigenvectors. We give the Green’s function on a synthetic
data set in Fig. 1, which clearly illustrates the cluster
structure contained in the data set. Intuitively, G(i, j)2)

represents the “label potential” at position j when there
is a unit label source at position i (here the positions of
the data points are defined on the data manifold). Then

1) Although data labels are discrete while electric potentials are continuous, we can relax the data labels to be continuous as in Ref.

[22] and regard the electric potentials as the relaxed “soft” labels
2) In the rest of this letter, we will use G as the unified notation for the Green’s functions, i.e., G1 or G2
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we can predict the labels of the unlabeled data points
by

f(x) =
∫

G(x, s)ρ(s)ds

=
∫

G(x, s)
l∑

i=1

tiδ(s − xi)ds

=
l∑

i=1

G(x, xi)ti, (13)

which can be rewritten in its matrix form as f =

Gρ, where ρi =

{
ti, xi is labeled as ti

0, xi is unlabeled
is the “la-

bel source” vector. Then the final data labels can be
determined by the sign of f . Till now, we have re-
stricted the classification problem to be a two-class prob-
lem since a point charge can only have two types of
charges, positive or negative (since the different types of
charges correspond to the different classes). For multi-
class problems, we can generalize the traditional point
charge model to C types of charges and apply an indica-
tor to represent each type of charge, e.g., the C × 1 vec-
tor (0, 0, 1, . . . , 0)T denotes a unit charge of type 3. Then
our algorithm can be easily extended to multi-class prob-
lems by F = GΨ, where Ψ is an n × C matrix with its

(i, j)th entry Ψij =

{
1, xi is labeled as class j

0, otherwise
and

the final label of xi can be determined by arg maxjFij

(1 � i � n, 1 � j � C).

Fig. 1 An illustration of the Green’s function. (a) shows the
original two-moon dataset; (b) and (c) show the Green’s function
for this dataset, such that the color for pixel (i, j) represents the
value of G1(i, j) (or G2(i, j)). The larger (smaller) that value, the
closer the corresponding pixel tends to red (blue). (a) Two-moon
dataset; (b) Green’s function G1; (c) Green’s function G2

5 Multi-label GBSSL by SMSE

Multi-label learning refers to the problem where each

data point is associated with multiple labels. Traditional
GBSSL methods only construct a graph on the instance
level, which is appropriate when there are no correlations
among categories. However, category correlations often
exist in a typical multi-label learning scenario. There-
fore, in order to make use of the correlation information,
we have another graph constructed on category level too
[14]. Let G′ = (V ′, E′) denote the category graph with k

nodes, where each node represents one category. We de-
fine a k×k symmetric weight matrix W ′ as the following
equation

W ′
ij = exp [−λ(1 − cos(ci, cj))] , (14)

where λ is a hyperparameter, ci is a binary vector whose
elements are set to be one when the corresponding train-
ing instances belong to the ith category and zero other-
wise and cos(ci, cj) computes the Cosine Similarity be-
tween ci and cj .

Define F = [f1, f2, . . . , fn]T = [g1, g2, . . . , gk], where
k is the number of categories. Then we can define an
energy on the category graph as

E′(g) =
1
2

k∑

i,j=1

W ′
ij‖gi − gj‖2. (15)

This can also be viewed as a regularization term that
measures the smoothness of the labels of categories.
Then our problem becomes

min
f

l∑

i=1

‖fi−ti‖2+βtr
(
F TLF

)
+γtr

(
FHF T

)
, (16)

where L is the regular graph Laplacian constructed on
the instances, and H is the graph Laplacian constructed
on the category graph. Taking the first order derivative
of the objective with respect to F , we can get the fol-
lowing Sylvester equation

(βL + J)F + γFH = JT , (17)

which is a standard Sylvester equation that can be solved
via existing techniques.

6 Semi-supervised information fusion for
classification

Most classification work can be divided into two stages:
feature extraction and classifier design. Classification
based on combination of different features is a good
way to improve the accuracy, since it can reduce the
disadvantage that the single feature cannot describe all
kinds of genres. Semi-supervised classification is a good
choice to reduce the amount of manual labeling work and
improve the classification accuracy rate. We propose a
method that can adaptively fuse different features for
the semi-supervised classification problem. We present
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a similarity score that multiplies different scores based
on different distance measures. Particularly the distance
measures are not restricted to the Euclidean distance.
By adding a weight to each single distance-based score,
we propose an EM algorithm to adaptively learn the fu-
sion scores.

Suppose we have l labeled data and u unlabeled data.
Given the training data set {x1, x2, . . . , xl, xl+1, . . .,
xl+u} and {y1, y2, . . . , yl}, where xi ∈ X is the fea-
ture and yi ∈ Y is the label, we not only want to
estimate the soft labels of the training data points
{f(x1), f(x2), . . . , f(xl+u)}, but also want to know what
the soft label f(x) of arbitrary new test point x in the
input space X is. To incorporate the additional informa-
tion of unlabeled data, we use the following regulariza-
tion framework [24]:

f∗(x) = argmin
f∈HK

∫

X×Y

V (y, f(x))dP (x, y)

+λ1||f ||2K + λ2||f ||2I , (18)

where
∫

X×Y
V (y, f(x))dP (x, y) is the expected risk, the

loss function is V (y, f(x)) and P (x, y) is the joint dis-
tribution. The solution f∗(x) is a function X → R
which lies in a bounded convex subset of reproducing
kernel Hilbert space (RKHS) HK is defined by a positive-
definite kernel function K : X×X → R. The kernel func-
tion satisfies the Mercer condition. ||f ||2K is the tradi-
tional Tikhonov regularization term in RHKS, and ||f ||2I
is the regularization term based on manifold analysis. λ1

and λ2 are the parameters which control the tradeoffs of
these two terms.

Suppose there are several types of feature, the fusion
work is to use the information provided by these features
to gain more accurate rates. We denote Dk

(
x

(k)
i , x

(k)
j

)

as the kth distance measure of two music tracks: track
i and track j. Note that x

(k)
i and x

(k)
j are their corre-

sponding features, which are not restricted to vectors in
Euclidean space. To show the information provided by
the kth distance measure, we define a score that related
to Dk(·, ·):

Sk

(
x

(k)
i , x

(k)
j

)
= exp

⎧
⎨

⎩−
Dk

(
x

(k)
i , x

(k)
j

)

2σ2
k

⎫
⎬

⎭ . (19)

Sk(x(k)
i , x

(k)
j ) is the exponential negative distance score,

which means if the distance between two music tracks is
small, they have a large similarity score. σk is the width
of the Gaussian kernel, and its inverse βk = 1/(2σ2

k) can
be seen as the weight that controls the distance scaling.

Note that the kernel function K(·, ·) and the graph
weight W (·, ·) have the same form, which can be inter-
preted in the type of the similarity score. A mechanism
to fuse the multiple distance information can then be

naturally designed, which multiplies different similarity
scores:

S(xi, xj) =
∏

k
Sk(i, j)

= exp
{
−

∑
k

Dk

“
x

(k)
i ,x

(k)
j

”

2σ2
k

}

= exp
{
−

∑
k
βkDk

(
x

(k)
i , x

(k)
j

)}
. (20)

We can see that multiplying similarity scores is equiva-
lent to the sum of weighted distance measure, and the
weight βk controls the importance of distance measure
Dk(·, ·).

In empirical Bayesian language, the framework can be
seen as a maximum of a posterior (MAP) estimation of
the weight vector α:

P (α|Θ, y, X) ∝ P (y|α, X)P (α|Θ, X), (21)

where the likelihood P (y|α, X) corresponds to the expo-
nential negative loss function, and the prior P (α|Θ, X)
corresponds to the exponential negative regularization
term. This estimation is computed with the fixed fusion
parameters Θ = {σ1, σ2, . . . , σk} and fixed regularization
controlling parameters {λ1, λ2}.

We use the least-squares loss function, thus the noise
between soft label f and label y is regarded as Gaussian
P (y|f) = exp{− 1

2 (y − f)2/l}. The likelihood is then

P (y|α, X) ∝
l∏

i

exp

{
−1

2
(yi −

∑l+u
j=1 αjK(xj , xi))2

l

}
.

(22)
Since the prior of the weight vector α has the Gaus-

sian form:

P (α|Θ, X) ∝ exp
{
−1

2
αT(λ1K + λ2KLK)α

}
, (23)

the posterior of weight vector α is also Gaussian:

N((JK + λ1lI + λ2lLK)−1y,

(KJK + λ1lK + λ2lKJK)−1), (24)

where
y = [y1, y2, . . . , yl, 0l+1, . . . , 0l+u]T

is an Rl+u vector. J is a diagonal matrix, which is

J = diag(11, 12, . . . , 1l, 0l+1, . . . , 0l+u).

(K)(l+u)×(l+u) is the Gram matrix which satisfies Kij =
K(xi, xj). It is being centered at

α∗ = (JK + λ1lI + λ2lLK)−1y,

and the covariance is

(KJK + λ1lK + λ2lKJK)−1.

To learn the fusion parameters Θ, we use the following
maximum likelihood (ML) estimation:

P (y|Θ, X) =
∫

P (y|α, X)P (α|Θ, X)dα. (25)
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It is intractable to compute the above integral. We
address the problem as maximizing a lower bound using
Jensen’s inequality:

log P (y|Θ, X)

= log
∫

P (y|α, X)P (α|Θ, X)dα

�
∫

q(α) log
P (y|α, X)P (α|Θ, X)

q(α)
dα

=
∫

P (α|Θold, y, X) log
P (y|α, X)P (α|Θnew, X)

P (α|Θold, y, X)
dα

Δ=J
(
Θnew, Θold

)
, (26)

where q(α) = P (α|Θold, y, X). If q(α) is solved by fac-
torization or some approximation methods, it is the vari-
ational EM method. In our approach, q(α) can be com-
puted as an exact Gaussian form Eq. (24). Thus, our
algorithm is an EM algorithm.

Then we can update the fusion parameters. We re-
gard the weights α as the “hidden” variables in the EM
framework, and estimate the fusion parameters Θ in each
iteration. In the E-step, the posterior Gaussian distri-
bution of “hidden” variables P (α|Θ, y, X) is calculated
due to some fixed fusion parameters Θ, then the new
lower bound is calculated by using expectation on this
distribution; In the M-step, the lower bound is maxi-
mized with respect to the fusion parameters.

E-step Given the parameters, we estimate
the posterior probability of “hidden” variables
P (α|Θold, y, X).

M-step Given P (α|Θold, X, X) computed in the
E-step, we maximize the lower bound (Eq. (26)) with
respect to the parameters. The update is based on gra-
dient descent, which makes ∂J(Θnew, Θold)/∂Θnew = 0.

The E-step and M-step are alternated until conver-
gence.

7 Semi-supervised brain tumor image seg-
mentation

Magnetic resonance (MR) imaging has been proven to
be a useful noninvasive technique for assisting in clini-
cal diagnoses and in evaluating therapy results, due to
its high contrast resolution and ability to provide rich
information about human soft tissue. Segmentation of
MR brain images is the first step of quantitative analy-
sis. Computer-assisted brain tumor segmentation is one
of the most important and hardest issues in segmenting
abnormities. There are two main problems.

First, automatic measurement of the volume and vari-
ation of these tumorous tissues is not easy. The distri-
bution of normal tissue intensity is complex, and over-
lapping exists among different types of tissues. In addi-
tion, the cerebral tumorous tissues in MR brain images

may vary in size, shape and location. They are usually
accompanied by edema. Other tissues, such as hemor-
rhage, necrosis and cystic components, may also appear
in the tumorous region. Therefore, the boundaries of the
tumorous tissues can be rather blurry.

Second, there are a great many pixels (such as 256 ×
256 × 124) for 3D MR images. Consequently, segmen-
tation will have high computational complexity and re-
quire large memory storage. This problem can be solved
by applying the 2D methods sequently, and even experts
segment the images in this way. However, this will lose
some geometric information.

We propose a method based on graph regularization.
It is a semi-supervised inductive method, which uses la-
beled data in one image and a subset of unlabeled data
sampling from 2D/3D images to classify the remains. It
can directly segment 3D data by sampling the unlabeled
data from 3D images rather than by segmenting 2D im-
ages sequently.

We denote one input data point as a feature vector
xi, and XN

Δ= {xi}N
i=1 is the observed data set in-

cluding both labeled and unlabeled data. For the semi-
supervised problem, we attempt to extend the labels of
the labeled to the unlabeled, whose labels are set to zeros
initially. The label of xi is given by ti (i = 1, 2, . . . , N),
and xN = (t1, t2, . . . , tN )T. We also denote the training
data set as D = {xi, ti}N

i=1. For inductive problems, we
want to estimate the label tN+1 of a new point xN+1.
For MR images, each voxel xi =

(
x

(c)
i , x

(p)
i

)
in 3D space

is represented by a six-dimensional feature vector: three
spatial features and three intensity’s features of T1, T2
and PD weighted images. x(p) is the coordinate vector
(X, Y, Z) of the voxel, and x(c) is the vector of intensi-
ties (IT1, IT2, IPD) of T1, T2 and PD images. We label
some of the pixel/voxel as the labeled points, which are
the hints obtained by very simple human-computer in-
teraction. The unlabeled data are obtained by randomly
sampling from the 2D/3D image data. We use the train-
ing data, which include both labeled and unlabeled data,
to train a classification model. For all the image data,
the classification model can get a prediction whether a
pixel/voxel belongs to tumorous or normal tissues. The
segmentation is done by classifying all the image data.

By computing the mode of posterior P (yN |tN , Θ) as
the estimation of yN , which is the negative logarithm
of P (yN |tN , Θ) = P (yN , tN |Θ)/P (tN ), we define the
Gaussian density function of yN as

Ψ(yN ) ≈ − logP (tN |yN ) − log P (yN |Θ), (27)

where P (tN ) is omitted since it is a constant with re-
spect to yN . P (yN |Θ) is the prior of latent variables,
which is modeled based on graph regularization:

P (yN |Θ) =
1
Zr

exp
{
−S(yN )

μ

}
, (28)
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where Zr is the normalization constant, and the smooth-
ness function S(yN ) is

S(yN ) =
1
2
yT

N (I − S)yN , (29)

where S = S− 1
2 WD− 1

2 , D = diag(D11, D22, . . . , DNN)
and (W )ij = Wij . Dii =

∑
j Wij , and Wij is the weight

function associated with the edges on graph, which sat-
isfies: Wij � 0 and Wij = Wji.

P (tN |yN ) is the new conditional probability extended
Bernoulli model:

P (ti|yi) =
1 − λ

1 + exp(−tiyi)
δ{ti �=0} + λδ{ti=0}, (30)

where δ is the indicator function. δ{ti=0} means: if
ti = 0, δ = 1, and if ti �= 0, δ = 0.

For training the model, which estimates the latent
variables from the posterior probability P (yN |tN , Θ), we
make use of the Laplace approximation [25] for the pos-
terior probability with fixed hyper-parameters. By dif-
ferentiating Eq. (27) with respect to yN , we have

∇Ψ = αN + gN , ∇∇Ψ = ΠN + K−1
N , (31)

where

gN = ∇yN (− log P (yN |Θ)) = K−1
N yN ,

K−1
N = ∇∇yN (− log P (yN |Θ)) = Δ = I − S, (32)

and

αN = ∇yN (− log P (tN |yN ))

=
(
− ti

1 + exp(tiyi)

)

i

,

ΠN = ∇∇yN (− log P (tN |yN ))

= diag

[
t2i exp(tiyi)

(1 + exp(tiyi))
2

]
. (33)

To find the expectation of the approximated Gaussian
density Ψ in Eq. (27), the Newton-Raphson iteration is
adopted:

yN
new = yN − (∇∇Ψ)−1∇Ψ. (34)

Since ∇∇Ψ is always positive definite1) , Eq. (27) is a
convex problem. When it converges to an optimal ŷN ,
∇Ψ will be a zero vector. The posterior probability
P (yN |tN , Θ) is approximated as Gaussian, being cen-
tered at the estimated ŷN . The inverse of the posterior
covariance is ∇∇Ψ.

Although we have a clear and compact formulation to
realize the semi-supervised induction, there still exists a
problem that the training computational complexity is
scaling to O(N3), where N is the number of the training

data. A simple way to reduce the O(N3) computational
requirement and O(N2) memory requirement is to ex-
press the solution as sampled examples from the training
set. A successful usage of sampling approach has been
proposed by Williams and Seeger [26], which is called
the Nyström method. It is also used to speed up the
normalized cut algorithm in a modified way [27].

Suppose we have N points in the training data set,
the goal of the Nyström method is to use the random
partition of M (M 
 N) and (N−M) points to approx-
imate the original N×N matrix. It has been proved that
the matrix D− 1

2 WD− 1
2 can be decomposed as UΛUT,

where Λ is an M ×M matrix [27]. In the training phase,
the computer solves the inverse of ∇∇Ψ when it com-
putes the Newton-Raphson iteration to find the mini-
mum of Ψ (Eq. (34)). We rewrite the Hessian matrix
as

∇∇Ψ = ΠN + K−1
N

= ΠN + I − D̂− 1
2 Ŵ D̂− 1

2

= ΠN + I − UΛUT.

Therefore, by applying the Woodbury formula [28], we
have

(∇∇Ψ)−1

= (ΠN + I)−1

+(ΠN + I)−1U
[
I − ΛUT(ΠN + I)−1U

]−1

ΛUT(ΠN + I)−1. (35)

Thus, the computational requirement of Newton-
Raphson iteration is O(M2N), because it only needs
to compute the singular value decomposition (SVD) of
an M × M sub-matrix. The memory usage is O(MN)
since it only stores: 1) the weight matrix of the sam-
pling points, 2) the weights between sampling and the
remaining points in the training set.

To find whether a voxel, which is not in the observed
training set, is tumorous or normal, is equivalent to es-
timating the label tN+1 of a new point xN+1. Given the
estimated hyper-parameters and labels, the prediction
function is to compute the integral over the latent vari-
able of a new point:

P (tN+1|D, Θ) =
∫

P (tN+1|yN+1)P (yN+1|D, Θ)dyN+1.

(36)
The second factor in Eq. (36) can be obtained by further
integration:

P (yN+1|D, Θ) =
∫

P (yN+1|yN , Θ)P (yN |tN , Θ)dyN .

(37)
The segmentation examples are shown in Fig. 2.

1) For the positive semi-definite case, we can add extra regularization as the jitter noise
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Fig. 2 3D segmentation results. The left columns of each sub-figure are the original T1 weighted images. The middle
columns are the hand-guided standard ground truth Handmid. The right columns are the results of SSGPI. (a) Patient 1;
(b) patient 2; (c) patient 3

8 Conclusions

GBSSL is an important problem that has been becoming
more and more popular in recent years. In this paper,
we summarized a series of works that developed in our
group in recent years, including both theoretical foun-
dation and applications.
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