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Abstract This paper introduces an idea of gener-
ating a kernel from an arbitrary function by embed-
ding the training samples into the function. Based on
this idea, we present two nonlinear feature extraction
methods: generating kernel principal component analy-
sis (GKPCA) and generating kernel Fisher discriminant
(GKFD). These two methods are shown to be equivalent
to the function-mapping-space PCA (FMS-PCA) and
the function-mapping-space linear discriminant analysis
(FMS-LDA) methods, respectively. This equivalence re-
veals that the generating kernel is actually determined
by the corresponding function map. From the gener-
ating kernel point of view, we can classify the cur-
rent kernel Fisher discriminant (KFD) algorithms into
two categories: KPCA + LDA based algorithms and
straightforward KFD (SKFD) algorithms. The KPCA
+ LDA based algorithms directly work on the given ker-
nel and are not suitable for non-kernel functions, while
the SKFD algorithms essentially work on the generating
kernel from a given symmetric function and are there-
fore suitable for non-kernels as well as kernels. Finally,
we outline the tensor-based feature extraction methods
and discuss ways of extending tensor-based methods to
their generating kernel versions.

Keywords kernel methods, feature extraction, princi-
pal component analysis (PCA), Fisher linear discrimi-
nant analysis (FLD or LDA), tensor-based methods

1 Introduction

Over the past ten years, kernel-based learning machines,
represented by support vector machines (SVMs) [1], ker-
nel principal component analysis (KPCA), and kernel
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Fisher discriminant analysis (KFD), have aroused con-
siderable interest in the fields of pattern recognition and
machine learning [2]. KPCA was originally developed by
Schölkopf in 1998 [3], while KFD was first proposed by
Mika in 1999 [4,5]. Subsequent research saw the devel-
opment of a series of kernel-based methods [6–27]. Typ-
ically, Baudat [6] and Roth [7] presented a multiclass
KFD version based on the generalized discriminant anal-
ysis. Yang [16,17] suggested a two-phase KFD frame-
work, i.e., KPCA plus Fisher linear discriminant anal-
ysis (LDA). Bach and Jordan [22] developed a kernel
version of the independent component analysis (ICA).

In kernel-based methods, the “kernel” usually refers
to a positive semi-definite function (or Mercer kernel)
[11,12]. That is, the associated Gram matrix of the func-
tion is positive semi-definite for any finite subset of the
input space. Two most popular positive semi-definite
kernels are the polynomial kernel and the Gaussian ker-
nel. Some techniques have been given regarding how to
construct a new kernel function from the known kernels
[11,12], features [26], or wavelet functions [27]. In gen-
eral, we need to prove that the constructed function is
a kernel before applying it with an existing kernel-based
method.

In practice, however, some functions (not necessarily
kernels) have been used and demonstrated to be effective
in a number of cases. For example, the sigmoid “kernel”
does not actually define a positive semi-definite Gram
matrix, hence are not a real kernel by definition. Never-
theless, the sigmoid “kernel” has been used in support
vector machines [11] and successfully applied to hand-
written digit recognition [28]. A fuzzy sigmoid “kernel”
based support vector classifier was demonstrated effec-
tive on ten databases selected from the UCI machine
learning repository [29]. Recently, the fractional power
polynomial model, which is not necessarily a positive
semi-definite function, have been applied with a kernel
Fisher analysis method to face recognition and achieved
a very good performance on the face recognition grand
challenge (FRGC) Experiments 1 and 4 [20]. The Gaus-
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sian kernel function has been modified into a new func-
tion by replacing the Euclidean distance measure with
a Chi square distance measure [30] and applied with a
KFD algorithm in Ref. [19]. The modified Gaussian func-
tion is not necessarily a kernel, but it can take advantage
of the local binary pattern (LBP) [30] features and turns
out to be more powerful than the Gaussian kernel on the
FRGC Experiment 1. Why can these kinds of functions
(not necessarily kernels) be directly applied in some ex-
isting kernel methods, e.g. KFD? This paper will address
this problem in detail.

In this paper, we seek to build a bridge from functions
to kernels. We suggest a way of generating a kernel from
a given arbitrary function and a set of training samples.
The resulting kernel is thus called a (function) generat-
ing kernel. The generating kernel idea provides us more
flexibility to construct a kernel for recognition purposes.
For example, we can first design a function that can take
advantage of the prior knowledge of the problem domain
(just as that was done in Ref. [19]), and then based on
this function, we can generate a kernel more suitable
for solving the problem. In theory, the generating ker-
nel can be applied to any kernel-based methods. For a
given function, through the process of generating kernel
and existing kernel-based methods, we can easily derive
the function-based learning algorithms (i.e., generating-
kernel based methods), as illustrated in Fig. 1.

This paper focuses on two generating-kernel based
nonlinear feature extraction methods: generating ker-
nel principal component analysis (GKPCA) and gen-
erating kernel Fisher discriminant (GKFD). To gain
more insight into the two methods, we further reveal
their connections to the function-mapping-space prin-
cipal component analysis (FMS-PCA) method and the
function-mapping-space Fisher linear discriminant anal-
ysis (FMS-LDA) method. The basic idea of FMS-PCA
and FMS-LDA was presented in Refs. [24,25], where the
function map is called function replacement operator.
We show that GKPCA is equivalent to FMS-PCA and
GKFD is equivalent to FMS-LDA. This equivalence re-
veals that the generating kernel is actually determined
by the corresponding function map.

This paper also analyzes the current KFD algorithms
from the generating kernel point of view and divides
these algorithms into two categories: KPCA + LDA
based algorithms [6,16,17] and Straightforward KFD
(SKFD) algorithms [4,19]. SKFD is shown to be equiv-
alent to GKFD when the given function is symmetric.
This equivalence reveals that the SKFD algorithms are
essentially generating kernel based methods. This is the

underlying reason why the SKFD algorithms are suitable
for non-kernel functions.

In literature, an idea most relevant to ours was
presented in the generalized support vector machines
(GSVMs) paper [31]. In the paper, two SVM variants,
quadratic programming SVM and linear programming
SVM, were proposed based on general “kernels”. In the
formulation of the quadratic programming SVM, if the
matrix H in the convex quadratic function was set to
be an identity matrix, the optimization problem that
involves the quadratic programming SVM involves is al-
ways a solvable convex quadratic program for any “ker-
nel” (e.g., non-mercer kernel). This can be viewed as
an application of generating kernel idea to SVMs. The
GSVM paper addresses the problem of how to gener-
alize an SVM to suit for a general “kernel”, whereas
this paper goes one step further to address the problem
of how to build a Mercer kernel from a given function.
More importantly, we apply the generating kernel idea
to kernel-based feature extraction methods and reveal
something meaningful underlying these methods.

The remainder of the paper is organized as follows.
Section 2 addresses the basic idea of generating kernels
from functions. Section 3 presents GKPCA method and
reveals its equivalent relationship with FMS-PCA. In
Sect. 4, we re-examine the current KFD algorithms from
the generating kernel point of view and divide these algo-
rithms into two categories: original kernel-based meth-
ods and generating kernel-based methods. In Sect. 5, we
outline the tensor-based methods and discuss ways of ex-
tending tensor-based methods to their generating kernel
versions. Brief conclusions are finally offered in Sect. 6.

2 Generating kernels from functions

This section first overviews the basic concept of kernels
and then suggests a way to construct a kernel from a
given arbitrary function.

2.1 Basic concept of kernels

When the data are nonlinearly separable in the input
space, we may consider to nonlinearly map the data into
a feature space, where the data becomes linearly sepa-
rable. This makes it possible to directly use some linear
feature extraction or classification methods in the fea-
ture space. In practice, however, it is still difficult to do
so because the high (or even infinite) dimensionality of

Fig. 1 Process of constructing function-based learning algorithms
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feature map space makes the computation of inner prod-
ucts very time-consuming (or impossible). Fortunately,
kernel techniques can be introduced to tackle this prob-
lem. The inner products in the feature space can be com-
puted efficiently using a direct function of data in the in-
put space. The explicit mapping process is not required
at all. A function that performs this direct computation
is known as a kernel function, which is formally defined
as follows [11,12].

Definition 1 (kernel function) A kernel k is a function
that for all x, z ∈ Ξ satisfies

k(x, z) = Φ(x) · Φ(z), (1)

where Φ is a mapping from the input space Ξ to the
feature space Φ, i.e.,

Φ : x �→ Φ(x) ∈ Φ. (2)

Definition 2 (Gram matrix) Given a finite dataset
{x1, x2, . . . , xM} ⊂ Ξ and a function g : Ξ × Ξ �→ P ,
the M × M matrix G with elements Gij = g (xi, xj) is
called the Gram matrix of the function g with respect
to the dataset {x1, x2, . . . , xM}.

The Gram matrix of kernel function k with respect to
{x1, x2, . . . , xM} is often referred to as the kernel matrix
and denoted by K with elements Kij = k (xi, xj). It is
easy to prove that any Gram matrix of a kernel function
(kernel matrix) is positive semi-definite [11,12].

The Gram matrix is an important concept in kernel-
based methods. It provides an alternative tool to charac-
terize kernel. Since the definition of kernel is associated
with a mapping Φ, it is inconvenient to directly use this
definition to judge if a function is a kernel because the
mapping Φ is generally implicit. We want a method that
characterizes kernels without knowing the explicit map-
ping. Actually, the positive semi-definite property of the
Gram matrix forms a basis for this characterization.

Theorem 1 (Characterization of Kernels) [12] Let
Ξ be the input space. A function k : Ξ × Ξ �→ P (or
X) is kernel if and only if for any M ∈ N and any fi-
nite dataset {x1, x2, . . . , xM} ⊂ Ξ, the associated Gram
matrix is positive semi-definite.

Theorem 1 tells us that if a function satisfies posi-
tive semi-definite property (i.e., for any finite subset of
the input space, the associated Gram matrix is positive
semi-definite), it must be a kernel. That is, in this case,
there must exist a feature map Φ from the input space
Ξ to the feature space Φ (a Hilbert space) such that
k(x, z) = Φ(x) · Φ(z) for all x, z ∈ Ξ.

2.2 Generating kernels from functions

As we know, some demonstrated-to-be-effective func-

tions, such as the sigmoid “kernel” and fractional power
polynomial model:

k(x, z) = tanh(a(x · z) + b), a > 0, b < 0, (3)

k(x, z) = (x · z)r , where r is a fraction, (4)

are not necessarily kernels because their associated
Gram matrices are not positive semi-definite even for
a given set of training data. In the following, we will dis-
cuss how to build a kernel from a given arbitrary func-
tion. Note that the given function is not necessarily a
kernel. In other words, its associated Gram matrix might
not be positive semi-definite.

For a given set of training data {x1, x2, . . . , xM} ⊂ Ξ,
and a function g, we can construct the following function

k(x, z) =
M∑

l=1

g (xl, x)g (xl, z) , x, z ∈ Ξ. (5)

This function has a desirable property:

Proposition 1 The function defined in Eq. (5) is a
kernel.

Proof For an arbitrary finite dataset
{z1, z2, . . . , zq} ⊂ Ξ, the associated Gram matrix of
the function k is

K = [k (zi, zj)]q×q

=

[
M∑

l=1

g (xl, zi)g (xl, zj)

]

q×q

= GT
M×qGM×q, (6)

where GM×q = [g (xl, zi)]M×q. Since GT
M×qGM×q is al-

ways positive semi-definite, the Gram matrix of the func-
tion k, K, is positive semi-definite. The function defined
in Eq. (5) is therefore a kernel from Theorem 1.

Proposition 1 indicates that for a given set of training
samples, we can generate a kernel using Eq. (5) from
a given arbitrary function. This kernel is thus called
(function) generating kernel in this paper. Obviously, the
generating kernel is with respect to a given set of train-
ing samples. A function may generate different kernels
given different training sample sets. It is the embedding
of training samples (into a function) that turns a func-
tion into a kernel. The generating kernel, therefore, takes
advantage of the information of training samples.

Actually, we can understand the generating kernel
from the kernel-definition point of view. To this end,
let us construct the following map for a given function
g and a set of training samples x1, x2, . . . , xM :

Ψ : x �→ [g (x1, x) , g (x2, x) , . . . , g (xM , x)]T . (7)
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This map is called the function map1) with respect to
x1, x2, . . . , xM , which maps a sample point x in the in-
put space into its image in the M -dimensional function-
mapping space. This function map can determine the
following kernel

k(x, z) = Ψ(x) · Ψ(z) =
M∑

l=1

g (xl, x)g (xl, z) , (8)

which is exactly the generating kernel defined in Eq. (5).
This indicates that the generating kernel in Eq. (5) is ac-
tually determined by the function map in Eq. (7).

In theory, the (function) generating kernel can be ap-
plied to any kernel-based learning algorithms. In the
following sections, we will focus on the examination of
the two popular feature extraction methods, KPCA and
KFD, using the generating kernel idea.

3 GKPCA

In this section, we first outline KPCA method and then
present GKPCA method which is suitable for function
(not necessarily a kernel) based learning. To provide
more insight into GKPCA method, we further reveal
the equivalent relationship of GKPCA and FMS-PCA.

3.1 Outline of KPCA

Given a set of M training samples x1, x2, . . . , xM in R
n,

the covariance operator on the feature space Φ can be
constructed by

SΦ
t =

M∑

j=1

[
Φ (xj) − mΦ

0

] [
Φ (xj) − mΦ

0

]T
, (9)

where mΦ
0 =

1
M

M∑
j=1

Φ (xj), and Φ is a map into feature

space Φ which is determined by a kernel k. In a finite-
dimensional Hilbert space, the operator SΦ

t is generally
called the covariance matrix.

Let
X = [Φ (x1) , Φ (x2) , . . . , Φ (xM )]

and

Q =
[
Φ (x1) − mΦ

0 , Φ (x2) − mΦ
0 , . . . , Φ (xM ) − mΦ

0

]
.

It is easy to show that

Q = X − XD = X(I − D), (10)

where I is the identity matrix and D = (1/M)M×M .
The operator SΦ

t can thus be rewritten as

SΦ
t = QQT = X(I − D)[(I − D)X]T. (11)

The eigenvector β of SΦ
t can be linearly expanded by

[3]

β =
M∑

i=1

ai
[
Φ (xi) − mΦ

0

]
= Qα, (12)

where α = [a1, a2, . . . , aM ]T.
To obtain the expansion coefficients, let us construct

the M × M Gram matrix K = XTX with elements
Kij = k (xi, xj) and define a centralized Gram matrix
K as follows

K̃ = QTQ = (I − D)XTX(I − D)

= (I − D)K(I − D). (13)

It is easy to show that the following proposition holds.

Proposition 2 The centralized Gram matrix K̃ is semi-
positive definite if and only if the Gram matrix K is
semi-positive definite.

For a given kernel function k, its corresponding Gram
matrix K is semi-positive definite; thus, K̃ is semi-
positive definite from Proposition 2. Calculate the or-
thonormal eigenvectors v1, v2, . . . , vm of K̃ correspond-
ing to the m largest positive eigenvalues λ1 � λ2 �
· · · � λm. The orthonormal eigenvectors β1, β2, . . . , βm
of SΦ

t corresponding to the m largest positive eigenval-
ues λ1, λ2, . . . , λm are

βj =
1√
λj

Q vj , j = 1, 2, . . . , m, (14)

where the coefficients in the vector 1√
λj

vj correspond to

a set of expansion coefficients in Eq. (12).
After the projection of the mapped sample Φ(x) onto

the eigenvector system β1, β2, . . . , βm, we can obtain
KPCA-transformed feature vector y = (y1, y2, . . . , ym)T

by

y = (β1, β2, . . . , βm)T
[
Φ (x) − mΦ

0

]

= Λ−1
2 V TQT

[
Φ (x) − mΦ

0

]

= Λ−1
2 V T(I − D) (Kx − KD1) , (15)

where Λ = diag (λ1, λ2, . . . , λm), V = [v1, v2, . . . , vm],
Kx = [k (x1, x) , k (x2, x) , . . . , k (xM , x)]T, and D1 =
(1/M)M×1.

3.2 GKPCA

KPCA method has the limitation that it is only suitable
for kernel. If the function k is not a kernel, it may give
rise to a negative definite Gram matrix K and thus the

1) This kind of map is called function replacement operator in Refs. [24,25], or called empirical kernel map in Ref. [11] provided that
the given function is a kernel.
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centralized Gram matrix K̃ might have negative eigen-
values. These negative eigenvalues make it difficult to
determine what the principal components are and diffi-
cult to normalize the eigenvectors in the feature space
using Eq. (14). To overcome the limitation of KPCA, we
will develop a “function” PCA method using the (func-
tion) generating kernel idea discussed in Sect. 2.2. This
method is thus called GKPCA, which is theoretically
suitable for any function, no matter whether k is a ker-
nel or not.

Given a function g and a set of M training sam-
ples x1, x2, . . . , xM , we can generate a kernel k(x, z) =
M∑
l=1

g(xl, x)g(xl, z). Let the Gram matrix of the function

g with respect to x1, x2, . . . , xM be G. Then, the Gram
matrix of the generating kernel k is K = GTG and the
centralized Gram matrix is

K̃ = (I − D)GTG(I − D)

= [G(I − D)]T [G(I − D)] .
(16)

Note that, here, K̃ is always positive semi-definite, no

matter whether g is a kernel or not. Let v1, v2, . . . , vm
be the orthonormal eigenvectors of K̃ corresponding to
the m largest positive eigenvalues λ1 � λ2 � · · · �
λm. The orthonormal eigenvectors β1, β2, . . . , βm of
SΦ

t corresponding to the m largest positive eigenvalues
λ1, λ2, . . . , λm are thus

βj =
1√
λj

Q vj , j = 1, 2, . . .m, (17)

where Q =
[
Φ (x1) − mΦ

0 , Φ (x2) − mΦ
0 , . . . , Φ (xM ) −

mΦ
0

]
, and Φ is the map determined by the generating

kernel k.
For a given sample x, we can obtain its GKPCA-

transformed feature vector y by

y = (β1, β2, . . . , βm)T
[
Φ (x) − mΦ

0

]

= Λ− 1
2 V T(I − D) (Kx − KD1) , (18)

where Λ = diag (λ1, λ2, . . . , λm), V = [v1, v2, . . . , vm],
K = GTG, D1 = (1/M)M×1 and

Kx = [k (x1, x) , k (x2, x) , . . . , k (xM , x)]T

=

[
M∑

l=1

g (xl, x1) g (xl, x),
M∑

l=1

g (xl, x2) g (xl, x), . . . ,
M∑

l=1

g (xl, xM ) g (xl, x)

]T

= GT [g (x1, x) , g (x2, x) , . . . , g (xM , x)]T
. (19)

Equation (18) is therefore rewritten as

y = Λ− 1
2 V T(I − D)GT (Gx − GD1) , (20)

where Gx = [g (x1, x) , g (x2, x) , . . . , g (xM , x)]T.
GKPCA algorithm is summarized as follows:

Algorithm 1 (GKPCA algorithm)

Step 1 Based on the given function g and a set of
M training samples x1, x2, . . . , xM , construct the Gram
matrix G of the function g.

Step 2 Let K̃ = [G(I − D)]T [G(I − D)], where
D = (1/M)M×M . Calculate the orthonormal eigen-
vectors v1, v2, . . . , vm of K̃ corresponding to the m

largest positive eigenvalues λ1 � λ2 � · · · � λm. Let
Λ = diag (λ1, λ2, . . . , λm) and V = [v1, v2, . . . , vm].

Step 3 Calculate Gx = [g (x1, x) , g(x2, x), . . . ,
g(xM , x)]T for a given sample x. Perform the GKPCA

transformation of x by y = Λ−1
2 V T(I − D)

GT (Gx − GD1), where D1 = (1/M)M×1.

3.3 Further understanding of GKPCA: an equivalent
implementation

To gain more insight into the GKPCA algorithm, we will

introduce an FMS-PCA method and show that GKPCA
is equivalent to FMS-PCA. From this equivalence, we
know that FMS-PCA is actually a kernel-based feature
extraction method.

3.3.1 FMS-PCA

For a given function g and a set of training samples
x1, x2, . . . , xM , let us construct the following function
map [24,25]

Ψ : x �→ [g (x1, x) , g (x2, x) , . . . , g (xM , x)]T . (21)

This map maps the training samples x1, x2, . . . , xM
into Ψ (x1) , Ψ (x2) , . . . , Ψ (xM ), which are actually the
column vectors of the Gram matrix G corresponding to
function g with respect to x1, x2, . . . , xM , i.e.,

G = [Ψ (x1) , Ψ (x2) , . . . , Ψ (xM )] . (22)

Let us perform PCA based on the mapped train-
ing samples Ψ (x1) , Ψ (x2) , . . . , Ψ (xM ). The covariance
matrix is constructed as follows

SΨ
t =

M∑

j=1

(
Ψ (xj) − mΨ

0

) (
Ψ (xj) − mΨ

0

)T

= [G(I − D)] [G(I − D)]T , (23)
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where mΨ
0 =

1
M

M∑
j=1

Ψ (xj) = GD1. It is obvious that

SΨ
t is an M × M positive semi-definite matrix.
Let u1, u2, . . . , um be the orthonormal eigenvectors of

SΨ
t corresponding to the m largest positive eigenvalues

λ1 � λ2 � · · · � λm. For a given sample x, we can
obtain its FMS-PCA transformed feature vector y by

y = (u1, u2, . . . , um)T
[
Ψ (x) − mΨ

0

]

= UT (Ψ(x) − GD1) , (24)

where U = [u1, u2, . . . , um] and Ψ(x) = [g (x1, x) ,

g (x2, x) , . . . , g (xM , x)]T.

3.3.2 Equivalence of GKPCA and FMS-PCA

To prove the Equivalence of GKPCA and FMS-PCA,
let us first introduce a corollary that is directly derived
from the singular value decomposition (SVD) theorem
[32] as follows:

Corollary 1 For an arbitrary matrix A, ATA, and
AAT have the same positive eigenvalues λ1, λ2, . . . , λm,
and the eigenvectors v1, v2, . . . , vm of ATA corre-
sponding to positive eigenvalues and the eigenvectors
u1, u2, . . . , um of AAT satisfy

uj =
1√
λj

Avj . (25)

Let A = G(I − D). From Corollary 1, we know
that SΨ

t = [G(I − D)] [G(I − D)]T in Eq. (23) and
K̃ = [G(I − D)]T [G(I − D)] in Eq. (16) have the same
positive eigenvalues λ1, λ2, . . . , λm, and their eigenvec-
tors satisfy

uj =
1√
λj

G(I − D)vj , j = 1, 2, . . . , m. (26)

Equation (26) can be rewritten in the following matrix

U = G(I − D)V Λ− 1
2 . (27)

Therefore, FMS-PCA transformation in Eq. (24) can be
expressed by

y = UT (Ψ(x) − GD1)

= Λ− 1
2 V T(I − D)GT (Ψ(x) − GD1) .

(28)

Since Ψ(x) = Gx= [g (x1, x) , g (x2, x) , . . . , g(xM , x)]T,
we can see that FMS-PCA transformation in Eq. (24) is
the same as GKPCA transformation in Eq. (20).

So far, we have proven that GKPCA is equivalent
to FMS-PCA by rigorous derivation. Actually, we can
understand this equivalence from the kernel definition
point of view. Since the generating kernel in Eq. (5) is

determined by the function map in Eq. (21), we can con-
clude that FMS-PCA is the method that directly works
in a function map reduced feature space, while GKPCA
is the corresponding method that works in the input
space by virtue of a kernel determined by the function
map. These two methods are essentially the same. Since
FMS-PCA seems more straightforward and simple, we
can implement GKPCA algorithm using the procedure
of FMS-PCA method.

4 Observing KFD from a generating kernel
point of view

This section first outlines the basic KFD model and sum-
marizes two categories of KFD algorithms: KPCA +
LDA based algorithms and SKFD algorithms. We then
present GKFD method and FMS-LDA method. Finally,
we reveal the equivalence relationships of the three meth-
ods SKFD, GKFD and FMS-LDA. From this equiva-
lence, we know that SKFD algorithms are essentially
generating kernel-based methods. Further, we divide the
kernel-related feature extraction methods into two cat-
egories: original kernel-based methods and generating
kernel-based methods.

4.1 An overview of KFD

4.1.1 KFD model

Suppose there are L known pattern classes. The
between-class scatter operator SΦ

b and the total scatter
operator SΦ

t in the feature space Φ are defined below:

SΦ
b =

L∑

i=1

Mi

(
mΦ
i − mΦ

0

) (
mΦ
i − mΦ

0

)T

= QBQT

= X (I − D)B (I − D)XT, (29)

SΦ
t =

M∑

j=1

(
Φ (xj) − mΦ

0

) (
Φ (xj) − mΦ

0

)T

= QQT

= X(I − D)(I − D)XT, (30)

where x1, x2, . . . , xM is a set of M training sam-
ples in the input space, Mi is the number of train-

ing samples of class i and satisfies
c∑
i=1

Mi = M , mΦ
i

is the mean vector of the mapped training samples
of class i, mΦ

0 is the mean vector across all mapped
training samples, X = [Φ (x1) , Φ (x2) , · · · , Φ (xM )],
Q =

[
Φ (x1) − mΦ

0 , Φ (x2) − mΦ
0 , . . . , Φ (xM ) − mΦ

0

]
=
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X(I − D), and the matrix B is defined as [6]

B = diag (B1, B2, . . . , BL) ,

Bi = (1/Mi)Mi×Mi
, i = 1, 2, . . . , L. (31)

KFD seeks a set of optimal discriminant vectors by
maximizing the following Fisher criterion in the feature
space:

JΦ(ϕ) =
ϕTSΦ

b ϕ

ϕTSΦ
t ϕ

, ϕ �= 0. (32)

The optimal discriminant vectors with respect to the
Fisher criterion are actually the eigenvectors of the gen-
eralized equation SΦ

b ϕ = λSΦ
t ϕ. Since each eigenvector

can be expressed by a linear combination of the obser-
vations in the feature space, we have

ϕ =
M∑

i=1

aiΦ (xi) = Xα, α = (a1, a2, . . . , aM )T .

(33)
Substituting Eq. (33) into Eq. (32), the Fisher crite-

rion becomes

J(α) =
αT [K(I − D)B(I − D)K] α
αT [K(I − D)(I − D)K] α

=
αTSK

b α

αTSK
t α

, (34)

where K is the Gram matrix of kernel function k with
respect to x1, x2, . . . , xM , SK

b = K(I−D)B(I−D)K,
and SK

t = K(I−D)(I−D)K. The remaining problem
is how to find a solution α to maximize the criterion in
Eq. (34).

4.1.2 KFD solutions

We always encounter the ill-posed problem when try-
ing to maximize J(α) in Eq. (34) because we use the
M training samples to evaluate an M × M matrix
SK

t = K(I − D)(I − D)K. This matrix is always sin-
gular since its rank is at most M–1. To deal with this
problem, two regularization techniques are widely used.
In the regularization technique I, a scalar matrix εI is
added to the original matrix SK

t such that SK
t + εI be-

comes nonsingular, and then εI is used to replace SK
t

in Eq. (34) for the maximum value computation. The
regularization technique II first employs the eigenvalue
decomposition technique to remove zero or small eigen-
values of SK

t and then maximizes the resulting criterion
in the principal eigenvector spanned space. This kind of
regularization technique is exploited in the famous Fish-
erfaces method [33–36]. For convenience, we will uni-
formly use the regularization technique II to address the
singularity problem in this paper.

No matter what regularization technique is used, the
current KFD algorithms can be divided into two cat-
egories if the null space information [17] is not taken

into account. In the first category of KFD algorithms,
we need to perform QR decomposition of the Gram ma-
trix K in matrices SK

b and SK
t as K = PP T and then

based on this decomposition to develop the KFD algo-
rithm (GDA) [6]. It has been proven that GDA algorithm
can be equivalently implemented in two steps: KPCA +
LDA [16,17]. This category of KFD algorithms is thus
called KPCA + LDA framework in this paper. Obvi-
ously, the implementation of this kind of algorithms de-
pends on the positive semi-definiteness of the Gram ma-
trix K, since K cannot be decomposed as PP T if it
is not positive semi-definite, and KPCA also requires a
positive semi-definite Gram matrix. As a result, if the
given function is not kernel, the KPCA + LDA based
algorithms cannot be directly used.

In the second category of KFD algorithms, we would
rather solve the optimization problem directly based on
SK

b and SK
t than decompose the involved K in ad-

vance [4,19,20]. This category of algorithms is thus called
SKFD in this paper. It is easy to show that SK

b and SK
t

are always positive semi-definite, as long as K is a sym-
metric matrix (not necessarily positive semi-definite). It
seems that SKFD algorithms are independent of the pos-
itive semi-definiteness of the Gram matrix K. In this
section, we will provide theoretical justifications for why
SKFD algorithms can be applied to non-kernel functions.
To this end, let us present a typical implementation of
SKFD by virtue of the regularization technique II as
follows. For convenience of further discussion, we use a
general symmetric function, which can be a kernel or
not, in the following formulation.

4.1.3 Implementation of SKFD

Let g be a symmetric function and G be the associated
Gram matrix. This means that G = GT. To maximize
the criterion in Eq. (34) using the regularization tech-
nique II, we first calculate the orthonormal eigenvectors
u1, u2, . . . , um of SK

t = G(I − D)(I − D)GT corre-
sponding to the m largest eigenvalues λ1 � λ2 � · · · �
λm, where m is chosen as a proper value smaller than
the real rank of SK

t . Then, we try to find the optimal
solution α from the space spanned by u1, u2, . . . , um.
Thus, α can be expressed as

α = Uη, (35)

where U = [u1, u2, . . . , um], η ∈ R
m.

Plugging Eq. (35) into Eq. (34), we have

J(α) =
αTSK

b α

αTSK
t α

=
ηT

(
UTSK

b U
)
η

ηT
(
UTSK

t U
)
η

� J(η). (36)
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It is easy to show that UTSK
b U and UTSK

t U are
both m × m positive semi-definite matrices (note that
SK

b = G(I − D)B(I − D)GT is positive semi-definite
given a symmetric function g). Therefore, η1, η2, · · · , ηd
is a generalized Rayleigh quotient [32] in R

m. Its station-
ary points η1, η2, · · · , ηd are generalized eigenvectors of
UTSK

b U and UTSK
t U corresponding to d largest eigen-

values. As a result, we obtain a set of optimal solutions,
α1 = Uη1, α2 = Uη2, . . . , αd = Uηd , which maximize
the criterion in Eq. (34). The optimal discriminant vec-
tors with respect to the Fisher criterion in Eq. (32) are
thereby

ϕj = Xαj = XUηj , j = 1, 2, . . . , d. (37)

The SKFD transformation of a given sample x is

y = (ϕ1, ϕ2, . . . , ϕd)
T [

Φ(x) − mΦ
0

]

= (η1, η2, . . . , ηd)
T UT [Gx − GD1] , (38)

where Gx = [g (x1, x) , g (x2, x) , . . . , g (xM , x)]T.

4.2 GKFD

In this section, we will use the KPCA + LDA [16,17]
framework to develop GKFD.

As discussed before, for a given function g and a set
of M training samples x1, x2, . . . , xM , we can generate

a kernel k (x, z) =
M∑
l=1

g (xl, x)g (xl, z). Applying this

generating kernel to the KPCA + LDA framework, we
can build a two-step GKFD algorithm: GKPCA + LDA.
Specifically, for a given sample x, in the first step, we
perform the GKPCA transformation:

y = Λ− 1
2 V T(I − D)GT (Gx − GD1) , (39)

where Gx = [g (x1, x) , g (x2, x) , . . . , g (xM , x)]T.
In the second step, we perform LDA in the GKPCA-

transformed space. Let Sb and Sw be the between-
class and within-class scatter matrices in the GKPCA-
transformed space. Calculate the generalized eigenvec-
tors η1, η2, · · · , ηd of Sb and Sw corresponding to the d

largest eigenvalues. The LDA transformation is

z = (η1, η2, · · · , ηd)T y. (40)

Combining Eq. (39) and Eq. (40), we obtain GKFD
transformation

z = (η1, η2, · · · , ηd)T Λ− 1
2 V T(I −D)GT (Gx − GD1) .

(41)

4.3 FMS-LDA

Similar to the derivation of FMS-PCA, we can develop
FMS-LDA method. After the function mapping given

in Eq. (21), the training samples x1, x2, . . . , xM are
mapped into Ψ (x1) , Ψ (x2) , . . . , Ψ (xM ), which are ac-
tually the column vectors of the Gram matrix G corre-
sponding to function g with respect to x1, x2, . . . , xM .

Let us perform LDA based on the mapped training
samples Ψ (x1) , Ψ (x2) , . . . , Ψ (xM ). The between-class
scatter and total scatter matrices are constructed below

SΨ
b =

L∑

i=1

Mi

(
mΨ
i − mΨ

0

) (
mΨ
i − mΨ

0

)T

= G(I − D)B(I − D)GT, (42)

SΨ
t =

M∑

j=1

(
Ψ(xj) − mΨ

0

) (
Ψ(xj) − mΨ

0

)T

= G(I − D)(I − D)GT, (43)

where mΨ
i is the mean vector of the mapped training

samples of class i. It is obvious that SΨ
b and SΨ

t are
both M × M positive semi-definite matrices.

The Fisher criterion in the function-mapping-space is

JΨ(ϕ) =
ϕTSΨ

b ϕ

ϕTSΨ
t ϕ

ϕ �= 0. (44)

Since Sψ
t is always singular, we can apply the two-step

PCA + LDA strategy [33–36] to maximize the above cri-
terion. Based on the matrix SΨ

t , to perform PCA is actu-
ally FMS-PCA method presented in Sect. 3.3. Therefore,
the two-step FMS-LDA can be implemented as follows:

In the first step, perform FMS-PCA transformation
for a given sample x:

y = (u1, u2, . . . , um)T
[
Ψ(x) − mΨ

0

]

= UT (Ψ(x) − GD1) , (45)

where Ψ(x) = [g (x1, x) , g (x2, x) , . . . , g (xM , x)]T,
U = [u1, u2, . . . , um] and u1, u2, . . . , um are the or-
thonormal eigenvectors of SΨ

t corresponding to the m

largest positive eigenvalues.
In the second step, perform LDA in the FMS-PCA

transformed space. Let Sb and St be the between-class
and within-class scatter matrices in the FMS-PCA trans-
formed space. It is easy to show that

Sb = UTSΨ
b U and St = UTSΨ

t U . (46)

Calculate the generalized eigenvectors η1, η2, · · · , ηd
of Sb and St corresponding to the d largest eigenvalues.
The LDA transformation is

z = (η1, η2, · · · , ηd)T y. (47)

Combining Eq. (45) and Eq. (47), we obtain the FMS-
LDA transformation

z = (η1, η2, · · · , ηd)T UT (Ψ(x) − GD1) . (48)
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4.4 Equivalence relationships of the foregoing three
methods

Let us first consider the relationship between GKFD and
FMS-LDA methods. Since GKPCA and FMS-PCA are
equivalent (i.e., both methods produce the same fea-
tures for a given sample), the two-step GKFD algorithm
(GKPCA + LDA) is equivalent to the two-step FMS-
LDA method (FMS-PCA + LDA). We can view that
FMS-LDA is the method directly working in a function
map reduced feature space, while GKFD is the corre-
sponding method working in the input space by virtue
of a kernel determined by the function map.

Now, let us further examine the connections between
SKFD and FMS-LDA methods. Suppose that the given
function g is a symmetric function. In the SKFD method,
the two matrices in Eq. (34) are SK

b = G(I −D)B(I −
D)GT and SK

t = G(I − D)(I − D)GT, which are
the same as the between-class scatter and total scat-
ter matrices Sψ

b and Sψ
t in the FMS-LDA method. As

a result, the two matrices in Eq. (36), UTSK
b U and

UTSK
t U , in SKFD method are exactly the between-

class and within-class scatter matrices Sb and St in the
FMS-PCA transformed space in the FMS-LDA method.
The two methods therefore have the same transforma-
tion matrix U (η1, η2, . . . , ηd). By comparing the SKFD
transformation in Eq. (38) and the FMS-LDA transfor-
mation in Eq. (48), we can conclude that SKFD and
FMS-LDA are equivalent when the given function is
symmetric.

Since SKFD is equivalent to FMS-LDA as long as the
given function is symmetric and FMS-LDA is equiva-
lent to GKFD, we can derive that SKFD is equivalent
to GKFD when the given function is symmetric. These
equivalence relationships are illustrated in Fig. 2.

Fig. 2 Illustration of the equivalence relationships of the three
methods. Note that the equivalence between SKFD and GKFD,
and that between SKFD and FMS-LDA are under the condition
that the given function is a symmetric function

4.5 Further discussions: two kinds of kernel-related fea-
ture extraction methods

From the equivalence of SKFD and GKFD, we can

understand the SKFD algorithms from the generating
kernel point of view. The SKFD algorithms are essen-
tially generating kernel-based Fisher discriminant meth-
ods. Specifically, for a given symmetric function g, the
SKFD algorithms actually use the generating kernel

k (x, z) =
M∑
l=1

g (xl, x)g (xl, z) rather than the original

function g, no matter whether g is a kernel or not. This
is the underlying reason why SKFD algorithms are suit-
able for non-kernel functions.

In summary, the kernel-related methods can be di-
vided into two categories: original kernel-based meth-
ods and the generating kernel-based methods. The for-
mer category includes KPCA [3], GDA [6] and KPCA
+ LDA [16,17], which directly work on the given kernel
and are not suitable for non-kernel functions. The later
category includes GKPCA, SKFD [4,19,20] and GKFD,
which work on the generating kernel from a given func-
tion and thus are suitable for non-kernels as well as ker-
nels. These two categories of kernel methods are con-
cluded and listed in Table 1.

5 Tensor-based feature extraction methods
and their generating kernel extensions

The classical feature extraction methods, such as PCA
[37] and LDA [34], are all vector (1D array) based meth-
ods. As these kinds of methods are applied to image fea-
ture extraction, image matrices need to be transformed
into vectors in advance. The resulting image vectors
usually lead to a high-dimensional image vector space,
where it is difficult to evaluate the covariance matrix
accurately due to its large size and the relatively small
number of training samples. In addition, one generally
encounters the rank-deficiency problem of the within-
class scatter matrix that makes LDA intractable. To al-
leviate this difficulty, we can appeal to the matrix (2D
array) based representation instead of the vector-based
representation.

To the best of our knowledge, the primary idea of
using matrix-based representation can be traced to K.
Liu’s work [38], where the matrix-based generalized
Fisher criterion function was introduced. In the light of
this idea, the two-dimensional PCA method (2DPCA)
[39] was proposed to extend the concept of PCA. In
contrast to PCA, the two-dimensional PCA method
(2DPCA) is a more efficient technique for dealing with
2D images (matrices), as 2DPCA works on matrices (2D
arrays) rather than on vectors (1D arrays). Therefore,

Table 1 Two categories of kernel-related methods

categories unsupervised supervised

original kernel-based methods KPCA [3] GDA [6], KPCA + LDA [16,17]

generating kernel-based methods GKPCA, FMS-PCA GKFD, SKFD [4,19,20], FMS-LDA
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2DPCA does not transform an image into a vector, but
rather, it constructs an image covariance matrix directly
from the original image matrices. In contrast to the co-
variance matrix of PCA, the size of the image covari-
ance matrix of 2DPCA is much smaller. For example, if
the image size is 100×100, the image covariance matrix
of 2DPCA is still 100×100, regardless of the training
sample size. As a result, 2DPCA has a remarkable com-
putational advantage over PCA. Recent research reveals
the popularity of the 2DPCA method in pattern recogni-
tion in general and face recognition in particular [40–44].
In addition, following the idea of 2DPCA, researchers
have extended the classical feature extraction methods
like LDA and canonical correlation analysis (CCA), and
the state-of-the-art methods like ICA [45] and local pre-
serving projection (LPP) [46], to their two-dimensional
(or matrix-based) versions, respectively [47–56]. Since a
matrix can be viewed as the second-order tensor, the
matrix-based representation methods have been further
generalized to high-order tensor based methods [57–61].

The tensor-based feature extraction methods have
been kernelized. For example, Kong et al. [43] devel-
oped a kernel version of 2DPCA based on the fact that
2DPCA can be equivalently implemented by perform-
ing PCA on rows of all training image matrices. Ker-
nel 2DPCA (K2DPCA) is done in the following way:
perform KPCA based on all rows of all training im-
age samples by taking each row as an individual sam-
ple. Of course, we can apply the generating kernel idea
to K2DPCA and obtain a generating kernel 2DPCA.
This idea can be further extended to high-order tensor
based feature extraction methods. However, the (gener-
ating) kernel versions of tensor methods are generally
very time-consuming, because the training sample size
becomes extremely large as each row of a sample matrix
is viewed as an individual sample. The large training
sample size leads to a large-scaled, intractable Gram ma-
trix. To alleviate this problem, Sun et al. [62] presented
a fast approximate algorithm for calculating the eigen-
vectors of the Gram matrix by dividing it into a block
matrix with smaller sized sub-matrices. Despite this,
the computational complexity of K2DPCA is still much
larger than that of the standard KPCA. We know that
2DPCA (or its variants [42–44,63]) is much faster than
the standard PCA. The existing kernelized version of
2DPCA loses its computational advantage as compared
to KPCA. The underlying reason is that we still apply
the classical vector-based kernels to kernelize the tensor
(matrix)-based methods. To develop the truly meaning-
ful kernelized tensor-based feature extraction methods,
we need to build the concept of the tensor-based kernels
instead of the vector-based kernels. This poses a new
topic for further exploration in the future.

6 Conclusions

This paper presents an idea of generating a kernel from a
given arbitrary function by embedding the training sam-
ples into the function. The generating kernel is therefore
with respect to a set of training samples and takes advan-
tage of the information of the training samples. Based
on the generating kernel idea, we develop two nonlinear
feature extraction methods: GKPCA and GKFD. To
gain more insight into these two methods, we give their
equivalent versions: FMS-PCA method and FMS-LDA
method, and show that FMS-PCA (FMS-LDA) is the
method that directly works in a function map reduced
feature space, while GKPCA (GKFD) is the correspond-
ing method that works in the input space by virtue of a
kernel determined by the function map.

This paper divides the current KFD algorithms into
two categories: KPCA + LDA based algorithms and
SKFD algorithms. SKFD is shown to be equivalent to
GKFD as long as the given function is symmetric. This
equivalence reveals that the SKFD algorithms are essen-
tially generating kernel-based methods. Specifically, for
a given symmetric function g, SKFD algorithms actu-
ally use the generating kernel in Eq. (5) rather than the
original function g, no matter whether g is a kernel or
not. This is the underlying reason why the SKFD algo-
rithms are suitable for non-kernel functions. From the
generating kernel point of view, we re-examine the two
categories of KFD algorithms and realize that KPCA +
LDA based algorithms directly work on the given kernel
and are not suitable for non-kernel functions, whereas
SKFD algorithms essentially work on the generating ker-
nel from a given function and are therefore suitable for
non-kernels as well as kernels.

This paper finally outlines the tensor-based feature
extraction methods which are generalizations of vector-
based methods. In contrast to vector-based methods
such as PCA and LDA, tensor-based methods use the
form of sample as it exists for representation rather
than converting it into vector. Therefore, tensor-based
methods are computationally more efficient than vector-
based methods. The current tensor-based methods have
been kernelized, and their generating kernel versions can
be further obtained. However, the existing kernelized
tensor-based methods lose the computational advan-
tages. The underlying reason is that the vector-based
kernels are applied to kernelize the tensor-based meth-
ods. We need to build the concept of the tensor-based
kernels based on which the truly meaningful kernelized
tensor-based feature extraction methods can be devel-
oped in the future.
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4. Mika S, Rätsch G, Weston J, Schölkopf B, Müller K R.

Fisher discriminant analysis with kernels. In: Proceedings

of IEEE International Workshop on Neural Networks for

Signal Processing IX. 1999, 41–48
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