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Abstract
able attention over the last decade, in which exploring
the geometry and topology of the manifold is the central
problem. Tangent space is a fundamental tool in discov-

Manifold learning has attracted consider-

ering the geometry of the manifold. In this paper, we will
first review canonical manifold learning techniques and
then discuss two fundamental problems in tangent space
learning. One is how to estimate the tangent space from
random samples, and the other is how to generalize tan-
gent space to ambient space. Previous studies in tangent
space learning have mainly focused on how to fit tangent
space, and one has to solve a global equation for obtain-
ing the tangent spaces. Unlike these approaches, we in-
troduce a novel method, called persistent tangent space
learning (PTSL), which estimates the tangent space at
each local neighborhood while ensuring that the tangent
spaces vary smoothly on the manifold. Tangent space
can be viewed as a point on Grassmann manifold. In-
spired from the statistics on Grassmann manifold, we
use intrinsic sample total variance to measure the vari-
ation of estimated tangent spaces at a single point, and
thus, the generalization problem can be solved by esti-
mating the intrinsic sample mean on Grassmann mani-
fold. We validate our methods by various experimental
results both on synthetic and real data.

Keywords tangent space learning, machine learning,
manifold learning

1 Introduction

In many cases of interest in machine learning and data
analysis, the data is usually represented as points in a
very high-dimensional space. However, intuitively, the

Received July 14, 2010; accepted October 7, 2010

Xiaofei HE (<), Binbin LIN
State Key Lab of CAD & CG, College of Computer Science, Zhe-
jiang University, Hangzhou 310058, China

E-mail: xiaofeihe@cad.zju.edu.cn

data may be generated by structured systems with much
fewer degrees of freedom. Various researchers have con-
sidered the case when the data is sampled from a sub-
manifold of an ambient space. Consequently, it is crucial
to estimate the intrinsic properties of the manifold from
random points. These problems are typically referred to
as manifold learning.

1.1 Manifold learning and its applications

The central problem in manifold learning is to explore
the geometry and topology of the manifold from random
sampled data points. Figure 1 gives an overview of the
canonical manifold learning techniques. The early works
aim to find an optimal Euclidean embedding of the data
manifold. Principal component analysis (PCA) [1] con-
siders the case when the data manifold is flat and find the
maximum variance directions. In the last decade, there
is considerable interest to study the nonlinear structure
of the manifold. We summarize these works to three
groups: kernel variation of PCA, learning with opera-
tor and distance, and tangent space learning.

One natural nonlinear extension of PCA is kernel PCA
[2], which performs PCA in the feature space. Interest-
ingly, Ref. [3] shows Isomap [4], locally linear embed-
ding (LLE) [5], and Laplacian eigenmaps (LE) [6] can
be viewed as a kernel PCA with specific kernels. Isomap,
LLE, and LE are the most popular algorithms in mani-
fold learning. Isomap finds a lower dimensional embed-
ding such that the Euclidean distances in the reduced
space can well approximate the geodesic distances in
the original manifold. LLE finds an embedding such that
each data points can be reconstructed by linear combi-
nation of its neighbors using the same coefficients as in
the original manifold. LE constructs a nearest neighbor
graph and aims to find an embedding that preserves the
graph structure. There are many extensions of these al-
gorithms, e.g., C-Isomap [7] and modified locally linear
embedding (MLLE) [8]. Inspired by the work of Ref. [3],
maximum variance unfolding (MVU) [9] was developed
by choosing suitable kernel based on isometry criterion.
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Fig. 1 Overview of manifold learning algorithms

Learning with operator and distance is widely used
in machine learning. Traditional methods mainly con-
sider Euclidean distance of data points that ignore the
non-Euclidean structure of the manifold. Various non-
Euclidean distances are thus developed recently. The
representative work is diffusion distance and diffusion
map [10].

In manifold learning, two of the most important op-
erators are Laplace-Beltrami operator and Hessian op-
erator. LE discretizes Dirichlet functional, which actu-
ally minimize the norm of Laplacian. The discretization
of LE was attributable to spectral graph theory [11].
Various theoretical results are developed on LE. Out-of-
sample extensions have been proposed in Ref. [12]. The
convergence of LE has been proved recently [13].

Laplacian operator was widely used in many other
problems of machine learning besides dimensionality re-
duction, including semi-supervised learning and active

learning. In many real world problems, the dimension-
ality of ambient space can be prohibitively high; thus,
there is curse of dimensionality problem in many ma-
chine learning tasks, such as semi-supervised learning.
One of the natural solutions for this problem is to ap-
ply some sort of smoothness criteria. Previous studies
have shown that Laplace operator is an ideal operator
for measuring the smoothness of the functions on mani-
fold. Therefore, in many semi-supervised learning prob-
lems, Laplace operator is used as a regularization term,
e.g., Laplacian regularized least squares (LapRLS) [14].

Active learning from manifold perspective also ben-
efits from Laplacian operator [15,16]. In practice, the
labels are usually expensive, and the challenge is, thus,
how to determine which unlabeled samples would be the
most informative (i.e., improve the classifier the most)
if they were labeled and used as training samples. He et
al. consider the problem of active learning of a regression
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model in the context of experimental design [15,16]. Dif-
ferent from traditional approaches whose loss functions
are only defined on the labeled points, the proposed al-
gorithm is defined on both measured and unmeasured
points.

Locality preserving projection (LPP) [17] is driven
from the same criterion of LE, which stands a class of
linear manifold learning algorithms. Different from tra-
ditional statistical methods like PCA, LPP uses much
more local geometrical properties of manifold. The local-
ity preserving property is due to the use of nearest neigh-
bor graph and the graph Laplacian constructed over it.
It would be important to note that different graph struc-
tures lead to different algorithms, please see Ref. [18] for
details. Tensor subspace analysis [19] is the tensor ex-
tension of LPP. It considers the case when the data is
not in vector space but tensor space.

Besides Laplacian operator, Hessian operator is an-
other very important differential operator. Hessian-
based manifold learning methods were proposed re-
cently, including Hessian eigenmaps (HLLE) [20] and
Elles energy-based methods [21,22]. HLLE tries to find a
faithful embedding by minimizing Hessian energy which
is based on isometry criterion. References [21,22] extends
the Hessian energy to Elles energy which appears to be
suitable for regression and semi-supervised learning.

Tangent space learning is another important direc-
tion of manifold learning. Local tangent space alignment
(LTSA) [23] tries to construct the global coordinate via
local tangent space alignment. Manifold charting [24]
has a similar strategy that tries to expand the manifold
by splicing local charts. Riemannian manifold learning
(RML) [25] uses normal coordinate to expand the mani-
fold, which preserves the metric of the manifold. The em-
bedding quality of these methods mostly depends on the
estimation of tangent spaces. Locally smooth manifold
learning (LSML) [26,27] tries to learn smooth tangent
spaces by adding a regularization term.

1.2 Geometry and topology

Manifold learning can be restated in the following
more general framework. Given data points X =
{z1,29,...,2,} C M C R™, where dimM = d and
d < m. We are trying to learn a function between two
manifolds, f : M — N. There are many criteria for
defining the optimal mapping, and each one can be for-
mulated as a functional minimization problem:

winB(f) = [ L),

M

where L is a certain operator. In discrete case, we mini-
mize

minz L(f)a,-
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Traditional manifold learning considers the case that
the target manifold is a Euclidean space, i.e., N' = R%.
This is the most convenient case since we can compute
geodesic distance very easily in Euclidean space. How-
ever, such convenience may incur trouble when M is not
isometric to Euclidean space. Even worse, if the topol-
ogy of M is not trivial, which means it has holes, there
is no one-to-one mapping. Thus, there will be loss of in-
formation, and even loss of meaningful structure of the
manifold. Consider the case when M is sphere and N
is a plane, there is no one-to-one mapping, let alone iso-
metric mapping.

Thus, the first problem we should study is the topol-
ogy of M, and then, it is possible for us to judge whether
there is a good f. Computing the topology of M via
random sample points is rather difficult. Data points
are discrete, while the topology is a continuum con-
cept. Therefore, we should first construct a continuum
object to approximate the manifold. There are two fa-
mous work on this topic. One is persistent homology [28],
and the other is computing the homology with high con-
fidence [29]. Both of them first construct simplicial com-
plex via data points. The construction is determined by
the radius of ball centered at each data point. If the
radius is too small, the balls will be disconnected, lead-
ing to incorrect simplicial complex. If it is too large, it
will cover the intrinsic hole. For the second work, there
is strong requirement for sampling. Persistent homology
uses another idea to judge whether the constructed sim-
plicial complex is good. Specifically, it allows the radius
to gradually change and finds a persistent period such
that the homology is stable.

From the geometrical perspective, the design of E(f)
reflects the geometrical properties one tries to preserve.
We first consider the isometry criterion. Let df be the
differential of f. For each z, df, is a linear mapping
from the tangent space T, M to tangent space TN
If df is orthogonal, then f is an isometry. Let A; be the
eigenvalue of df, then

sn=[ o= Y- o

is a functional that measures the rigid property of the
mapping. As we know, isometry is difficult to achieve,
and in many cases it is even impossible. An alternative
way is to relax this criterion to finding a harmonic map-
ping [30], since isometric is also harmonic. For harmonic
mappings, the functional E(f) reads E(f) = [, e(f),
where e(f) is the energy density of f,

1
e(f)x = Ederc”%{-Sa (2)

where || - ||z-s denotes the Hilbert-Schmidt norm of df;.
E(f) is called total energy of f. The Hilbert-Schmidt



30 Front. Electr. Electron. Eng. China 2011, 6(1): 27-42

norm ||df;||u-s of its differential at z is defined by

ldfz]* = Zh(dfx(ei),dfm(ei)), (3)

where {e;} is an orthonormal basis for T, M, and h is
the Riemannian metric of . The solution of the above
problem is a harmonic map. Similar to LE, the total en-
ergy is also a good choice for measuring the smoothness
of functions on manifolds. The Elles energy [21] and Hes-
sian energy [22] are recently proposed for regression be-
tween manifolds. They consider the following functional:

B(f) = /M|V’df|2.

The reason is that if f satisfies V'df = 0, then f has to-
tal geodesic property, which means that it maps geodesic
on M to geodesic on N.

From the discretization point of view, both simpli-
cial complex and tangent spaces describe the high-
dimensional properties of the manifold. However, the re-
quirement for constructing simplicial complex is crucial,
and it is not so intuitive for estimating the geometry of
the manifold. While for tangent spaces, almost all dif-
ferential operators are defined on it. Thus it is a natural
choice for analyzing the geometry of the manifold.

1.3 Tangent space learning

Tangent space is a fundamental tool to study the geome-
try of the manifold. Most of the differential operators on
manifold are defined on tangent spaces. Besides, tangent
space also shows the relationship between the manifold
and ambient space.

Previous work for tangent space learning mainly fo-
cuses on how to fit tangent space by neighborhood
points. Non-local manifold tangent learning [31] uses
the weighted projection distance to measure the fitness.
LSML uses similar strategy by introducing a regulariza-
tion term. However, both of them highly depend on the
choice of neighborhood size. Non-local method also uses
distant points; however, it may be biased according to
the curvature of the manifold. The advantage of such
methods is that the smoothness of tangent spaces can
be guaranteed. It would be important to note that both
of them need to solve a global optimization problem.
Therefore, the estimation of tangent space at a single
point would be computationally expensive.

In this paper, we propose a novel tangent space learn-
ing algorithm called persistent tangent space learning
(PTSL). Unlike non-local manifold tangent learning and
LSML which are global methods, our algorithm per-
forms at each local neighborhood. Intuitively, when es-
timating the tangent spaces at different points, the local
neighborhood sizes should also be different. Therefore,

the basic idea of our algorithm is to adaptively change
the neighborhood size until the obtained tangent space
reaches a persistent period. We represent the tangent
spaces as points in a Grassmann manifold. Using statis-
tics on Grassmann manifold, the persistence is thus mea-
sured by the variance of the tangent spaces with different
neighborhood size. We also discuss how to generalize the
tangent space learning to the ambient space.

2 (Geometrical perspective on machine learn-
ing

In this section, we provide a brief review of our work
on machine learning from geometrical perspective. To
be specific, we consider the special case where the data
points are sampled from an underlying submanifold em-
bedded in the ambient Euclidean space. Particularly, we
consider the following problems:

1) How to find a mapping f : M% C R® — R? such
that the geometrical properties can be best preserved?

2) How to find the most informative points on the data
manifold so that the learning performance (e.g., the re-
gression model) can be improved the most if these points
are used as training points?

The first problem is related to manifold embedding,
and the second problem is related to active learning. In
the following, we provide a brief description of our work
to solve these two problems.

2.1 Locality preserving projection and Laplacianfaces
2.1.1 LPP

LPP [17] is a linear dimensionality reduction algorithm.
To preserve locality, it minimizes the following integral
on manifold:

arg. min /HWIIQ, (4)
£z (=1 S M

which is equivalent to

g min /M LU, (5)

where the integral is taken with respect to the standard
measure on the Riemannian manifold. £ is the Laplace-
Beltrami operator on the manifold, i.e., Lf = —divV(f).
Thus, the optimal f has to be the eigenfunction of L.
In practice, the manifold is unknown. By spectral
graph theory [11], the manifold can be faithfully mod-
eled by a nearest neighbor graph G with weight ma-
trix S. We consider a linear function f(x) = aTx. Let
X = (x1,22,...,2Tm) be the data matrix. Thus, the in-
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tegral can be approximated as follows:
/ L(f)f ~a"XLX"a, (6)
M

D = diag(S1), and L = D — S is the so called graph
Laplacian [11]. 1 is a vector of all ones. Similarly, the
norm can be approximated as follows:

[ flz2m) = a* X DX a. (7)

Therefore, the optimal projection is given by solving the
following generalized eigenvector problem:

XLXYa =)XXDX"a. (8)

Our previous studies have shown that PCA, linear dis-
criminant analysis, and LPP arise from the same princi-
ple applied to the difference choices of the graph struc-
ture [18].

LPP is especially suitable for clustering [32]. In Ref.
[33], we provide a theoretical analysis on the objective
function when the manifold has multiple connected com-
ponents [33].

Theorem 1 Suppose the m-dimensional man-
ifold M contains k connected components, M =
{My, Ms, ..., M}}, and is embedded in RY. Denote
their affine hulls by aff (M), aff (M2),. .., aff(My), and
the corresponding linear spaces by lin(M;), lin(May),. ..,
lin(My,). Then, the following statements are equivalent:

1) [ IV fll2 =0,

2) fa(m,) = const,i=1,2,...,k,

3) Vf Llin(M;) @lin(Mz) & --- & lin(My).

The third statement of this theorem describes the con-
nection between the affine hull of the manifold and the
optimal function on the ambient space. In this case, the
gradient of the function on ambient space is orthogo-
nal to the affine hull of the connected components of the
manifold. In some sense, each connected component with
the overlapping affine hull will be collapsed by the opti-
mal projection. Usually, data points sampled from differ-
ent components correspond to different objects, and the
optimal projection will separate them very well. Thus,

from face images in YALE database
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this functional is very suitable for clustering when there
are multiple near parallel connected components.

2.1.2 Laplacianfaces

By using LPP, we have proposed a novel face recogni-
tion algorithm called Laplacianfaces [18]. Consider a sim-
ple example of image variability. Imagine that a set of
face images are generated while the human face rotates
slowly. Intuitively, the set of face images correspond to a
continuous curve in image space since there is only one
degree of freedom, that is, the angle of rotation. Thus,
we can say that the set of face images are intrinsically
one-dimensional. In face recognition, the face images are
mapped to a subspace in which recognition is performed.
The subspace is spanned by the eigenvectors of Eq. (8).
We can display the eigenvectors as images that are called
Laplacianfaces. Using the YALE face database as the
training set, we present the first 10 Laplacianfaces in Fig.
2, together with Eigenfaces [34] and Fisherfaces [35]. The
Laplacianfaces are the optimal linear approximations to
the eigenfunctions of the Laplace Beltrami operator on
the face manifold. In this way, the face manifold struc-
ture can be best preserved.

Figure 3 shows an example that the face images with
various pose and expression of a person are mapped into
two-dimensional (2D) subspace. The face image data
set used here is the same as that used in Ref. [5]. This
data set contains 1965 face images taken from sequential
frames of a small video. The size of each image is 20 x 28
pixels, with 256 gray-levels per pixel. Thus, each face
image is represented by a point in the 560-dimensional
ambient space. However, these images are believed to
come from a submanifold with few degrees of freedom.
We leave out 10 samples for testing, and the remaining
1955 samples are used to learn the Laplacianfaces. As
can be seen, the face images are mapped into a 2D space
with continuous change in pose and expression. The rep-
resentative face images are shown in the different parts
of the space. The face images are divided into two parts.
The left part includes the face images with open mouth,
and the right part includes the face images with closed

CLraW B
m;ﬁ -l

o e

), and Laplacianfaces (the third row) calculated
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Fig. 3 2D linear embedding of face images by Laplacianfaces. As can be seen, the face images are divided into two parts:
the faces with open mouth and the faces with closed mouth. Moreover, it can be clearly seen that the pose and expression of
human faces change continuously and smoothly, from top to bottom and from left to right. The bottom images correspond
to points along the right path (linked by solid line), illustrating one particular mode of variability in pose

mouth. This is because in trying to preserve local struc-
ture in the embedding, the Laplacianfaces implicitly em-
phasizes the natural clusters in the data. Specifically, it
makes the neighboring points in the image face nearer
in the face subspace, and faraway points in the image
face farther in the face space. The bottom images cor-
respond to points along the right path (linked by solid
line), illustrating one particular mode of variability in
pose. The 10 testing samples can be simply located in
the reduced representation space by the Laplacianfaces
(column vectors of the matrix W). Figure 4 shows the
result. As can be seen, these testing samples optimally
find their coordinates which reflect their intrinsic prop-
erties, i.e., pose and expression. This observation tells
us that the Laplacianfaces are capable of capturing the
intrinsic face manifold structure to some extent.

2.2 Manifold regularized active learning

In this subsection, we introduce our work on active learn-
ing from a geometrical perspective.

2.2.1 Laplacian regularized D-optimal design for active
learning

In many machine learning tasks, there is no shortage

of unlabeled data, but labels are expensive to obtain.
Thus, the problem of selecting the most informative data
to label and learning from both labeled and unlabeled
data emerge and attract considerable attention in re-
cent years. The former is usually called active learning,
while the latter is generally referred to as semi-supervised
learning.

In statistics, the problem of selecting the most infor-
mative samples to label is usually called experimental
design. The sample x is referred to as experiment, and
its label y as measurement. The study of optimal exper-
imental design (OED) [306] is concerned with the design
of experiments that are expected to minimize variances
of a parameterized model.

Specifically, consider a linear regression model

y=w'x +e, 9)

where y is the observation, x is the independent vari-
able, w is the weight vector, and € is an unknown er-
ror with zero mean and variance o2. We define f(z) =
wTx to be the learner’s output given input  and the
weight vector w. Suppose we have a set of m sam-
ples X = (x1,%2,...,%m), out of which [ samples,
Z = (z1,22,...,2) are labeled, and y; is the label of z;.
Recently, Belkin et al. proposed a novel regression model
called Laplacian regularized least squares (LapRLS) [14],



Xiaofei HE et al.

Tangent space learning and generalization 33

Fig. 4 Distribution of 10 testing samples in the reduced representation subspace. As can be seen, these testing samples
optimally find their coordinates which reflect their intrinsic properties, i.e., pose and expression

which makes use of both labeled and unlabeled points.
LapRLS minimizes the following objective function:

l m

A
J(UJ) = Z(’wTwl - yi)2 + 71 Z (wT:ci - wT:cj)2Si,
=1 i,j=1
+alw]]?, (10)

whose solution is given by

(11)

We define H = ZZT + M XLXT 4+ XoI and A =
MXLX"T + XoI. H is the hessian of J(w). It is easy
to show [15]:

W= (22" + MXLXT + 01) " Zy.

B(w —w)=—-H 'Aw, (12)

and

Cov(w) ~ o>H . (13)

In order to minimize the bias of the estimator, as
well as the size of the covariance matrix of the estima-
tor, one has to minimize the size of the matrix H 1.
There are many different ways to measure the size of
the covariance matrix, leading to different algorithms.
The typical ones are A-optimality, which minimizes the
trace of the covariance matrix; D-optimality, which min-
imizes the determinant of the covariance matrix; and
E-optimality, which minimizes the largest eigenvalue of
the covariance matrix [36]. In Refs. [15,16], we have in-
troduced a novel active learning algorithm by using D-

optimality, called Laplacian regularized D-optimal de-
sign (LapRDD). Noticing that det(H~!) = 1/det(H).
The objective function is given as follows:

det(ZZ" + M XLX"™ + \o1).

max

14
Z:(zl,ZQ,...,zl) ( )

Please see Refs. [15,16] for the detailed optimization pro-
cedure.

2.2.2 A unified active and semi-supervised learning
framework for image compression

We have applied our proposed active learning algorithm
to image compression. Recently, Cheng et al. propose to
treat image compression as a machine learning problem
[37]. Instead of performing a frequency transformation,
they store a grayscale version of the image and color
labels of a few representative pixels. Using the stored
information they apply LapRLS to learn a model that
predicts the color for the rest of the pixels. There are
two fundamental steps in machine-learning-based image
compression: selecting the most representative pixels as
encoding and colorization as decoding. The first step is
essentially an active learning problem, while the second
step is a semi-supervised learning problem.

We have applied our proposed LapRDD active learn-
ing algorithm, together with LapRLS, to image compres-
sion. Figure 5 shows an example. Figures 5(a) and 5(b)
are the original image and the corresponding grayscale
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(a)

(c)

Fig. 5 Demonstration of image compression framework. (a) Original image; (b) grayscale image; (c) selected points; (d)

recovered image. During encoding, the grayscale image (b) and selected points (c) are stored as compressed representation
of the original image. During decoding, the image is reconstructed by using semi-supervised learning algorithm

image. Figure 5(c) shows the most informative pixels
selected by our proposed LapRDD active learning algo-
rithm. Figure 5(d) shows the uncompressed image by
using semi-supervised learning algorithm.

3 Persistent tangent space learning

In this section, we introduce a novel algorithm for tan-
gent space learning.

3.1 Problem

Estimating the tangent space locally is not new and dif-
ficult. Various local methods, for example local PCA,
are developed. The main problem of local methods is
that usually they are very sensitive to noise. Thus, how
to choose suitable neighborhood size is crucial. When
the neighborhood size is properly chosen, PCA can ac-
curately estimate the tangent space even when there is
some noise [38]. Consider that we perturb the entries of
a matrix by adding independent Gaussian noise. If the
variance of noise is not too big, then the optimal pro-
jections obtained by PCA are close to those of the orig-

inal matrix without any noise. Thus, if we can choose a
suitable neighborhood size, we can still find the tangent
spaces by PCA.

Given a neighborhood size at a point, a tangent space
can be computed. If the neighborhood size varies, we get
a sequence of tangent spaces indexed by neighborhood
size. Thus, here comes the problem on how to choose
the tangent space. The intuitive idea here is that we can
measure the change of the tangent space sequence. We
can choose the tangent space in a stable period of neigh-
borhood size that the tangent spaces vary little. Figure
6 shows an illustrative example. We apply local PCA
at the 28th point denoted by green circle. Figure 6(b)
shows the result of local PCA with different numbers of
nearest neighbors. As we can see, when the neighbor-
hood size is too small, estimated tangent space is biased
by noise. When the neighborhood size is too large, es-
timated tangent space is biased by the global structure
of the manifold. Figure 6(c) shows the change of tan-
gent space sequences of four different points denoted by
colored circle. When the neighborhood size is small, the
change of tangent space is very high. Then, it archives
relatively small change. When the neighborhood size be-
comes larger, there is a jump here. Although the change
of tangent space sequence is very low, it is highly biased
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Fig. 6 [Illustration of our approach. (a) Sin curve. 200 points are sampled unevenly from an one-dimensional sin curve

(d = 1) embedded in a 2D space (m = 2) with Gaussian noise (¢ = 0.05). In this example, we apply local PCA at the
28th point; (b) results of local PCA with different numbers of nearest neighbors. Then, we compute variance curve at each
data point; (c) variance curves of four different points denoted by colored circle. Although they have different curvature

and density, they have similar variance curve

by the global structure. Thus, intuitively, we should
choose the first low change period. We provide formal
description below.

Given z; € R™, i = 1,2,...,n, which are sampled
from a low-dimensional manifold M C R™. We aim to
find the tangent spaces at each point. If we choose a
suitable neighborhood size, PCA can be applied to es-
timate the proper tangent space. In this paper, we will
consider each tangent space as a point on a Grassmann
manifold; thus, we can deal with tangent space directly
on Grassmann manifold. For each z;, denote H;(x;) be
the result of PCA with j — 1 nearest points. Thus, our
problem can be formulated as follows: given a sequence
of tangent spaces Hyy1(x;i), Hivo(zi),. .., Hp(z;), find
the first stable period in this tangent spaces sequence.

3.2 Grassmann manifold and tangent space

We begin with an introduction of some concepts from
differential geometry and statistics on Riemannian ge-

ometry which we will work with.

Definition 1 The Grassmann manifold G(d, m) is
the set of d-dimensional linear subspaces of the R™.

The Grassmann manifold [39] G(d,m) is a d(m — d)-
dimensional compact Riemannian manifold. At each
point z in M, the tangent space to M can be con-
sidered as a subspace of R™, which is just a point in
G(d,m). This defines a map from M to Grassmann man-
ifold G(d,m). For tangent space learning, we are try-
ing to find such a map, H : M — G. The point in
Grassmann manifold can be represented by an m x d
orthonormal matrix Y such that Y'Y = I;, where I; is
the d x d identity matrix. However, such matrix rep-
resentation is not unique. If two matrices Y; and Yo
span the same subspace by their column vectors, i.e.,
span(Y1) = span(Y2), then they are considered as the
same point on Grassmann manifold. In other words,
span(Y;) = span(Ys3) if and ounly if Y1R; = YaRs for
some Ry, Ry € O(d), where O(d) denotes the set of d x d
orthonormal matrices. Therefore, we will use Y to de-
note its equivalence class span(Y’), and use Y1 = Y5 to
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denote span(Y7) = span(Y3), for the sake of simplicity.

Since we consider tangent space as a point in Grass-
mann manifold, we can use the Riemannian metric in
Grassmann manifold to measure the distance between
tangent spaces. A Riemannian metric is a function that
satisfies the following axioms:

Definition 2 A real-valued function d: X x X — R
is called a metric if

1) d(:zcl,:vg) = O,

2) d(z1,22) = 0 if and only if 21 = x4,

3) d(:vl, ,Tg) = d(l‘g,l‘l),

4) d(x1,x9) + d(x2,23) < d(x1,23) for all 21,29, 25 €
X.

A distance (or a metric) between tangent spaces
d(Y1,Y2) has to be invariant under different representa-
tions d(Y1,Y2) = d(Y1 Ry, YaRs), for any R1, Ry € O(m).
Formally, the Riemannian distance between two tangent
spaces is the length of the shortest geodesic connecting
the two points on the Grassmann manifold.

Definition 3 The projection distance is defined as

dproj(}/b}/Q) = 2_1||Y1}/1/ - }/2}/21”12-7

In this paper, we use the projection distance [39] to
measure the distance between two tangent spaces. The
reason we choose projection distance is due to the prop-
erty that it is invariant under different representations,
and it is easy to compute. More importantly, the statis-
tics on Grassmann manifold becomes tractable by using
projection distance.

3.3 Statistics on Grassmann manifold

Next, we introduce the statistics on Riemannian mani-
fold. A natural choice for computing the “center” in a
metric space M is the Fréchet mean. Let ) be a proba-
bility measure on M, let d be a metric on M, the Fréchet
mean minimizes F(p) = [d*(p,z)Q(dx), if there is a
unique minimizer. In general, the set of all minimizers is
called the Fréchet mean set.

When M is a complete d-dimensional Riemannian
manifold, we will refer to the Fréchet mean (set) as the
intrinsic mean (set). The intrinsic mean exists if there is
a unique minimizer.

Definition 4 (Intrinsic mean set [40]). Let @ be a
probability measure on M. The intrinsic mean set of @
is the Fréchet mean set of () w.r.t the distance d,. If
there is a unique minimizer, this is called the intrinsic
mean of @), denoted by p;(Q), or p;. If X is an M-valued
random variable having distribution @, then the above
is also referred to as the intrinsic mean (set) of X.

Definition 5 (Intrinsic total variance [40]). If Q is a
probability measure on M, the intrinsic total variance of
Q, tV;, is the value of the Fréchet function F at a point
¢ in the intrinsic mean set of @, provided F(p) < oo for

some p € M. In particular, if the intrinsic mean exists,
then tV; = F(p;).

As we only have finite samples, here, we introduce in-
trinsic sample mean and intrinsic total sample variance.

Definition 6 (Intrinsic sample mean [40]). Let
X1, Xo,..., X, be independent random variables with a
common distribution ) and consider their empirical dis-
tribution Q,, = Y_p_, dx, /n. The intrinsic sample mean
(set) is the intrinsic mean (set) of Q,, i.e., the (set of)
minimizer(s) of p — Y7, d(X;, p)/n.

Definition 7 (Intrinsic sample total variance [40]).
Let X7, Xs,..., X, be independent random variables
with a common distribution (). The intrinsic total sam-
ple variance tV; (Qn) is the intrinsic total variance of the
empirical Qn

In the case when the manifold is Grassmann manifold
with projection distance on it, we have the following the-
orem.

Theorem 2 Let M be a Grassmann manifold
G(d, m), let dpy0; be the projection distance on it; then,
the intrinsic sample mean (set) and intrinsic sample to-
tal variance exist.

Proof Consider the following minimization prob-
lem:

, — 1
min F(H) = Zl gdproj(H, H;)?.
By the definition of projection distance, we have

1 n
F(H)=- HH' — H;H!|?.
=3 I
By the definition of Frobenius norm, the above optimiza-
tion problem is equivalent to the following:

2
1 n
HHH’ — = HH]
n
i=1

F

Decompose ) . H;H{/n by singular value decomposi-
tion, we have Y, H;H//n = UXU’, where U is m x m
unitary matrix, and ¥ is a diagonal matrix ¥ =
diag(A1, Az, . .., Amm). Without loss of generality, let Ay >
Ao = -+ = A\p. Thus, the minimization problem be-
comes

min |[HH' — UXU'||3.

According to Eckart-Young theorem [41], we have
HH' = USU’, where S = diag(A1, A2,-..,Aq,0,...,0).
If all singular values are different, we have H = UV/S,
and this expression is unique. If there are multiple singu-
lar values in {A\1, g, ..., A\q}, the expression of H is not
unique but dependent on the choice of basis. However,
they still represent the same tangent space. If there are
multiple singular values {\gy1, Adt2, ..., Adts} that are
equal to \g, then H is not unique.
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In conclusion, the intrinsic sample mean (set) ex-
ists and intrinsic sample total variance equals F(H) =

F(UVS).
3.4 Algorithm

For each x;, we need to find an appropriate neighbor-
hood for estimating the tangent space. With different
size of local neighborhood, we can estimate different tan-
gent spaces. The best neighborhood size k is estimated
by using the intrinsic sample total variance to measure
the persistence. We call it PTSL and give the detailed
steps below.

For each x;, we compute tangent spaces via local PCA.
The feasible neighborhood size can be d+1,d+2,...,n
because with less points estimating a d-dimensional tan-
gent space is an ill-posed problem. For each neighbor-
hood size, we can compute the corresponding tangent
space, denoted by Hyi1(x;), Hit2(2;),. .., Hy(x;). The
variation of the tangent space sequences follows some
patterns: At first, the tangent spaces are rather unstable
because of noises. When the neighborhood size increase
to a sufficient number, the estimation of the tangent
space would approximate the true value. This approx-
imation will keep stable as the neighborhood size con-
tinues to increase until the global structure is involved.
After that, the estimated tangent space sequence might
vary drastically or keep relatively stable depending on
the overall shape of the underlying manifold. However,
in any case, a final stable period will be reached when
the estimated tangent space is dominated by the global
geometry of the manifold, which is actually the result of
global PCA.

Since our goal is to find an approximation of the
true tangent space, we need to find the first stable
neighborhood size. Specifically, for a neighborhood size
k, we compute the intrinsic sample total variance of
Hy, Hiyq, ..., Hypp—1 and use it (denoted by Vi) to
measure the stableness of k. Here, p is a fixed window
size. The smaller V}, is, the more stable the neighborhood
as well as the corresponding tangent space is.

Then, the problem of finding the first stable neighbor-
hood size k is transformed to finding the first small Vj.
Simply finding the minimum V}, does not work because
the remaining stable period corresponding to the global
geometry of manifold might give smaller V. Intuitively,
we need to find the first local minimum if we consider
(k, Vi) as a curve. The procedure of searching the first lo-
cal minimum is very simple: we start at the first point,
keep increasing, and break until V stops to decrease.
Then, the corresponding neighborhood size k is what
we desire. However, this simple procedure is sensitive to
random noises, which may create false local minimums.
Therefore, we use two threshold parameters to filter out
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noises. The final procedure is described below:
e Start with j = d+1 and set Viyin = V; and jmin = J.
e Loop
— Set j—j+1;
— If V; < ¥1Vmin, then update jmin < j and
Vmin — V};
— If V; > 72 Viin, break the loop.

® k = jnmin is the desired neighborhood size.

Figure 6 gives an illustrative example for this process.
Finally, the desired tangent space is given by the intrinsic
sample mean of Hy, Hy41, ..
simply set it to be Hy).

In the ideal case, both of the parameters v; and s
equal to 1. However, when there are noise and outliers
present, smaller v; and larger v should be better. In all
our experiments, we set 1 and 2 to 0.1 and 2, respec-
tively.

.y Hiyp—1 (or we can also

3.5 Generalization

Given a set of data points z; € R™ i = 1,2,...,n
and their tangent spaces H; € R™*4 i = 1,2,... n.
Our goal is to find the best estimated tangent space H
on a novel data point x. This problem can be formal-
ized as a supervised learning problem. Given training
set (x;, H;),i = 1,2,...,d, we are trying to find a map
f:R™ — G(d,m). This problem is different from tradi-
tional learning problem since the range of this mapping
is Grassmann manifold rather than Euclidean space.
This may incur problem since we even can not use lin-
ear combination of tangent spaces. Intuitively, we can let
flx) = >, Hi(zj)w(x,x;), >, w(zr,z;) = 1. However,
this function is meaningless since linear combination is
not defined on Grassmann manifold.

Consequently, we have to consider linear combination
in manifold setting. In this way, the above linear combi-
nation can be viewed as a minimization problem:

n

min F(H) = deroj (Ha Hi)2wi(‘r7xi)a
i=1

This is exactly the intrinsic mean on Grassmann mani-
fold, where w;(z,x;),i =1,2,...,n, are the correspond-
ing probabilities of H;. Thus, the tangent space at new
point can be viewed as mean of tangent spaces clos-

est to it. In this paper, we use heat kernel as weights
llz—=;® [

wi(z,z;) =e~ " t /¢, where c =) . e”" ¢  is the

normalization factor. According to Theorem 2, the in-

trinsic sample mean (set) exists, and we have

H = Udiag(v/A1, Vs, .-,

where Y w; M; = USU’.

(15)

)\d,O,...,O),
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Note that, some nonlinear interpolation methods can
also be applied here. Likewise, we have to find the non-
linear interpolation in manifold setting that should be
formulated as a nonlinear minimization problem on the
manifold. This can be quite challenging since there is no
standard way to solve a nonlinear optimization problem
on Grassmann manifold.

4 Experimental result

In this section, we give several experimental results on
both synthetic data and real data.

4.1 Synthetic examples

In this section, we compare the performance of differ-
ent algorithms by generating synthetic manifolds and

L5
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compare the calculated tangent space with the ground
truth. Two examples are presented in Fig. 7. In Figs. 7(a)
and 7(b), 200 points from a one-dimensional sin curve
(d = 1,m = 2) are sampled as test data. The data points
are sampled unevenly and added with Gaussian noise
(o = 0.05). The results of LSML and PTSL are shown
in Figs. 7(a) and 7(b), respectively, with blue points rep-
resenting samples and green arrows the learned tangent
spaces. From this example, we can see that our approach
performs much better than LSML.

Figures 7(c) and 7(d) show an example on a half-
sphere (d = 2,m = 3). Figure 7(c) shows the 100 sam-
ples generated from the 2D manifold in a similar manner
(o = 0.05 Gaussian noise and uneven sample). We com-
pare the calculated tangent space to the ground truth
with the projection distance and compute the average
error. Three algorithms are compared in Fig. 7(d). Note
that, the value of k in LSML is fixed to 20. As can be
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Fig. 7 Comparison between LSML and PTSL on tangent space learning. (a) Result of LSML on sin data; (b) result of
PTSL on sin data; (¢) 100 sampled points on a half-sphere; (d) error (measured by projection distance to the ground truth)
comparison for half-sphere data of the three algorithms. Synthetic manifold samples are used to evaluate the algorithms.
Data points are sampled unevenly and added with Gaussian noise (¢ = 0.05). In (a) and (b), 200 points from a one-
dimensional sin curve (d = 1,m = 2) are sampled as test data. The blue points represent samples and green arrows the
learned tangent spaces. In (c¢) and (d), we show the results of a half-sphere (d = 2, m = 3). Note that, the value of k in

LSML is fixed to 20
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seen, local PCA achieves its best when the neighborhood
size is around 30~40. With either smaller or larger neigh-
borhood size, its performance gets worse. While LSML
performs not very well in this case, PTSL has a lower er-
ror rate than even the best of local PCA, which verified
the necessity of choosing different neighborhood sizes at
different points.

4.2 Generalization result

This experiment examines the performance of general-
ization of PTSL. We sample training data points from
a circle without any noise. Once the tangent spaces on
the training data points are obtained, we can use the
method discussed above to estimate the tangent spaces
at novel points. In this example, we consider those points
inside the circle. Specifically, we apply the LSML and
PTSL algorithms to learn tangent spaces on 100 train-
ing data points sampled from unit circle. We then ran-
domly generate 20 data points inside this circle for test.
The tangent vectors obtained by LSML and PTSL are
shown in Figs. 8(a) and 8(b), respectively. The green
vectors denote the tangent vectors of the training points
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on the circle, and the red vectors denote the tangent
vectors of the test points inside the circle. Figure 8(a)
indicates that LSML fails to estimate the tangent vec-
tors on most of novel data points. The directions of these
tangent vectors are twisted greatly and do not form con-
centric circles, whereas PTSL gives much better results,
as shown in Fig. 8(b). Figures 8(c) and 8(d) shows the
normal vectors obtained by LSML and PTSL on a hemi-
sphere, respectively. In this example, 200 random points
are sampled from the hemisphere. The different colors
correspond to different distances from the center. As can
be seen, PTSL performs much better than LSML.

4.3 Tangent spaces for clustering

The tangent space information can be used to help
data clustering. To be specific, by requiring data points
within the same cluster having similar tangent spaces,
we can better explore the shape and local linearity of
the clusters. We consider this problem in the prod-
uct space R™ x G(d,m). Thus, each point x endowed
with a tangent space H, in this new space is repre-
sented by (z, H,;). Since the Euclidean space R™ and the
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Fig. 8 Generalization performance comparison on unit circle and hemisphere between LSML and PTSL. (a) Tangent
vectors obtained by LSML algorithm on unit circle (the green vectors denote the tangent vectors of the training points on
the circle, and the red vectors denote the tangent vectors of the test points inside the circle); (b) tangent vectors obtained
by PTSL algorithm on unit circle; (c) normal vectors obtained by LSML algorithm on hemisphere (the different colors
correspond to different distances from the center); (d) normal vectors obtained by PTSL algorithm on hemisphere. The
training set consists of 100 points sampled from 1D circle and 200 points from the hemisphere, which are embedded in a
2D space and 3D space, respectively. The test points are randomly generated inside unit circle and the hemisphere
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Fig. 9 Clustering results. (a) Result of standard Kmeans (Different colors represent different clusters); (b) result of PTS
Kmeans by using the tangent space information (A = 25). We sampled 200 points unevenly from a sin curve with Gaussian
noise (o = 0.05) and then cluster them into three segments

Grassmann manifold G(d, m) are independent, we define
the new distance by combining the standard Euclidean
distance with projection distance as follows:

duew(,9) =\l = 43 + Mywoj (Ha, H, )2, (16)

The parameter A measures the importance of tangent
space information. Thus, the traditional K-means algo-
rithm can be performed by using the new distance met-
ric. We call it PTS Kmeans. We sampled 200 points un-
evenly from a sin curve with Gaussian noise (o = 0.05)
and then cluster them into three segments by standard
Kmeans and PTS Kmeans, respectively. To avoid local
minimum of Kmeans, both algorithms are performed 20
times, and the best results (measured by the Kmeans
objective function) are chosen. The results are shown
in Fig. 9. Comparing with the standard Kmeans, our
algorithm successfully recovers the three nearly linear
segments of the sin curve, and the obtained clusters are
more natural with respect to the manifold structure.

5 Conclusion

In this paper, we consider two fundamental problems
in tangent space learning. One is how to estimate tan-
gent space on finite data samples. Different from pre-
vious work on tangent space learning, we consider the
space of tangent spaces as a Grassmann manifold, and
we use the statistics on Grassmann manifold to deal with
tangent spaces. We have also considered the generaliza-
tion problem of tangent space learning. It turns out to be
the problem of computing the mean on Grassmann man-
ifold. The results of our persistent tangent space learn-
ing are impressive. As our experiments demonstrate, the
learned tangent space can be used to calculate the dis-
tance between data points, and thus, better clustering
performance can be obtained by using the new distance
metric.

The algorithm presented in this paper is essentially a
local one in that the tangent space at each local neigh-
borhood is computed independently. The advantage is
that it is very computationally efficient since it avoids
solving a global optimization problem as most of previ-
ous methods do. However, in some situations, it might
be necessary to require the learned tangent spaces vary-
ing as smoothly as possible along the geodesics of the
manifold. It remains unclear how to explicitly ensure
the smoothness without the increase of computational
cost. This problem is left for our future work.
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