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Abstract An information geometrical method is de-
veloped for characterizing or classifying neurons in cor-
tical areas whose spike rates fluctuate in time. The in-
terspike intervals (ISIs) of a spike sequence of a neuron is
modeled as a gamma process with a time-variant spike
rate, a fixed shape parameter and a fixed absolute re-
fractory period. We formulate the problem of estimating
the fixed parameters as semiparametric estimation and
apply an information geometrical method to derive the
optimal estimators from a statistical viewpoint.

Keywords information geometry, neural spikes, semi-
parametric estimation, interspike intervals (ISIs)

1 Introduction

The characteristics of neurons in cortical areas have been
the subject of recent discussion in the literature. In par-
ticular, there has been discussion on the statistical prop-
erties of the interspike intervals (ISIs) of spike sequences
such as the coefficient of variation, CV , the skewness
coefficient, SK , the correlation coefficient of consecutive
intervals, COR, and the local variation, LV [1–5]. In
particular, Shinomoto et al. [6] have shown that the lo-
cal variation with a refractory period, LV R, can almost
classify the functions of neurons without any other in-
formation.

From the viewpoint of statistical modeling, ISIs can
be modeled as a gamma process with a variable rate but
a fixed shape parameter [5,7]. Since gamma distribu-
tions form a two-dimensional e-flat manifold S from the
information-geometrical viewpoint [8–10], the problem
of estimating the shape parameter results in a semipara-
metric estimation [11,12]. These theoretical methods
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also apply to estimate the refractory period in LV R,
which has heuristically been determined to date.

The rest of this paper is organized as follows: Some
statistical measures of spike sequences and their prop-
erties are introduced in Sect. 2. Sect. 3 formulates the
problem of ISIs as a semiparametric estimation and Sect.
4 briefly introduces the information geometry for semi-
parametric models. The solution of the problem is given
in Sect. 5 and Sect. 6 confirms the results by computer
simulations. Sect. 7 concludes with some discussion.

2 Statistical measures for ISIs

When a spike sequence is given and its N ISIs are writ-
ten as T1, T2, . . . , TN , the CV and SK measures are de-
fined as the standard deviation of the ISIs divided by the
mean of the ISIs and the skewness of the ISI distribution,
respectively. That is,

CV =
1
T̄

√
√
√
√ 1
N − 1
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(
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)2
, (1)

SK =

1
N − 1

∑N
n=1

(

Tn − T̄
)3

(
1

N − 1
∑N

n=1(Tn − T̄ )2
)3/2

, (2)

where

T̄ =
1
N

N∑

n=1

Tn. (3)

The CV measure expresses the regularity: It takes a low
value for a regular spike sequence, one for a sequence
of infinite length generated by a fixed Poisson process,
and a large value when the process is time-dependent.
The SK measure shows the asymmetry of a sequence: It
can be either positive or negative, but it takes two for
a sequence of infinite length generated by a stationary
Poisson process. However, since they are based on the
mean T̄ of the ISIs, CV or SK will become large when the
spike rate is globally modulated, even though the spike
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sequence is locally quasi-regular [1,13]. As a result, they
are not suitable for classifying particular neurons such
as those found in cortical areas that change their spike
rates drastically in a waiting-period task, for example.

To overcome this problem, Shinomoto et al. [5] pro-
posed the LV measure, defined as

LV =
1

N − 1

N−1∑

n=1

3(Tn − Tn+1)2

(Tn + Tn+1)2
, (4)

where the factor 3 is taken so that the expectation of LV

becomes 1 when the sequence obeys a stationary Pois-
son process. Since the LV measure reflects the stepwise
variability of ISIs and does not compare ISIs with differ-
ent spike rates, LV can assume a small value, even for a
sequence with a time-variant spike rate. They confirmed
that CV undergoes a large change but LV does not for a
sequence generated by a time-dependent Poisson process
[13].

Recently, Shinomoto et al. [6] proposed a variant of
LV called LV R, which explicitly includes an absolute re-
fractory period R for each neuron, where the value is
common to all neurons. That is,

LV R =
1

N − 1

N−1∑

n=1

3(Tn − Tn+1)2

(Tn + Tn+1 − 2R)2
, (5)

where the refractory period R is determined heuristi-
cally from the given data. LV R is shown to classify the
functions of neurons in other words, the value of LV R.

3 Statistical model of ISIs

In the literature, ISIs are modeled as a gamma process
with a variable rate and a fixed shape parameter. Al-
though the rate can fluctuate continuously, it can be
simplified by assuming that the rate parameter is fixed
between two spikes. Then, an interspike interval T inde-
pendently obeys a gamma distribution with a rate ξ(l)

and shape parameter κ,

q
(

T ; ξ(l), κ
)

=

(

ξ(l)κ
)κ

Γ(κ)
T κ−1 exp

[

−ξ(l)κT
]

, (6)

where l runs from 1 to N .
As for LV R, the absolute refractory period R slightly

modifies Eq. (6) to

q
(

T ; ξ(l), κ, R
)

=

(

ξ(l)κ
)κ

Γ(κ)
(T −R)κ−1 exp

[

−ξ(l)κ(T −R)
]

. (7)

This is assumed in the existing models that R has a con-
stant value of zero. Therefore, we consider Eq. (7) in the
following.

From Eq. (7), the probability distribution of a spike
sequence is written as

p ({T };κ,R, k(ξ))

=
∫ N∏

l=1

q
(

Tl, ξ
(l), κ, R

)

k
(

ξ(l)
)

dξ(l). (8)

This is called a semiparametric model, where two kinds
of parameters appear: One is a finite number of param-
eters of interest, κ and R, and the other is a nuisance
parameter, k, which has an infinite degrees of freedom.
In other words, estimating the shape parameter κ and
the refractory period R is formulated as a semiparamet-
ric estimation [11].

4 Information geometry for semiparametric
models

We generalize Eq. (8) by assuming that m observations,
{T (l)} ≡ {T (l)

1 , T
(l)
2 , . . . , T

(l)
m }, are given for each ξ(l),

where ξ(l) is generated from an unknown probability
density k(ξ). That is, the distribution of the ISIs in
the lth set is described as

p
(

{T (l)}; ξ(l), κ, R
)

=
m∏

i=1

q
(

T
(l)
i ; ξ(l), κ, R

)

, (9)

and that of the sequence is

p({T };κ,R, k(ξ))

=
∫ N/m
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q
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)

k
(
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)
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A semiparametric estimation is known to be solvable
using the estimating function method [14,15], where the
estimator is the solution of the estimating equation,

N/m
∑

l=1

m∑

i=1

f
(

T
(l)
i , κ, R

)

= 0, (11)

where f(T ;κ,R) is an estimating function that satisfies

Eκ,R,k[f(T ;κ,R)] = 0, (12)

for any κ, R and k. Here Eκ,R,k denotes the expectation
with respect to the distribution

p(T ;κ,R, k) =
∫

p(T ; ξ, κ,R)k(ξ)dξ. (13)

How can we find good estimating functions? The in-
formation geometry [8,9], which sheds light on various
fields of information science, gives a basic theory for es-
timating functions. Amari and Kawanabe [16] show the
conditions under which estimating functions exist, how
large the set of estimating functions is, and what esti-
mating function is optimal.
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We give an intuitive explanation for the theory of es-
timating functions (see Sect. 3 of Miura et al. [12] and
its references for details). Note that in the present pa-
per, the same notation is employed and the superscripts
(l) have been omitted for ξ(l) and T

(l)
i in the following

analysis.
In short, an estimating function extracts the compo-

nent orthogonal to the nuisance parameters, that in-
cludes the elements of the parameters of interest and
has no other elements. See Fig. 1, for example, where Fi

shows the space in which the information on the param-
eters of interest is included, Fn shows the space of the
nuisance parameters, and Fa shows the orthogonal com-
plement to Fi ⊕ Fn. Since no assumptions are given for
the nuisance parameters, the elements of the estimate in
the direction of Fn are of no use. In other words, consid-
eration needs to be made of the space orthogonal to Fn.
Hence, we denote by Fe the space where the elements
of Fn are removed from Fi. The estimating functions
are included in Fe ⊕ Fa so that they are not affected by
nuisance parameters. Obviously, Fa has no information
on the parameters of interest. This means that Fe it-
self is the optimal space, where the optimal estimating
function is included.

Fig. 1 Illustration of estimating functions

Using the Amari and Kawanabe method, Miura et
al. [12] proved that there does not exist any estimating
function when m = 1 and derived the optimal estimat-
ing function when m > 1, which leads to the optimal
estimator of κ, irrespective of ξ(l). Their estimator has
the minimum variance for estimating κ as long as the
ISIs obey gamma distributions.

5 Estimating functions for ISIs

Using the theory in the previous section, we derive the
optimal estimating function for κ and R in a purely
mathematical manner, where the refractory period R is
common and constant but unknown, following the anal-
ysis in Miura et al. [12].

Substituting Eq. (7), Eq. (9) is written as

m∏

i=1

q(Ti; ξ, κ,R)

= exp [ξ · s({T }, κ)+r({T }, κ, R)−ψ(κ,R, ξ)] , (14)

where

s({T }, κ) = −κ
m∑

i=1

Ti, (15)

r({T }, κ, R) = (κ− 1)
m∑

i=1

log(Ti −R), (16)

ψ(κ,R, ξ) = −mκ log(ξκ) +m log Γ(κ)

−mξκR. (17)

Amari and Kawanabe show that the optimal estimating
functions for κ and R are given by

uI
κ({T }, κ, R) = uκ − E[uκ|s] (18)

=
m∑

i=1

log(Ti −R)

−mE[log(T1 −R)|s], (19)

uI
R({T }, κ, R) = uR − E[uR|s] (20)
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1
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[

1
T1 −R

∣
∣s

]

, (21)

where uI
κ and uI

R are defined so that they are orthogo-
nal to any function of s, as seen in Eqs. (18) and (20).
The marginal distribution of s and the conditional ex-
pectation in the last term of Eq. (19) are given in the
Appendix of Miura et al. [12] as being
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∫
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·
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where δ is the Dirac delta function and φ(κ) is the
digamma function defined as

φ(κ) =
Γ′(κ)
Γ(κ)

. (26)

Similarly, we can derive the conditional expectation in
the last term of Eq. (21) as

E
[

1
T1 −R

∣
∣s

]

=
∫

1
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δ
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1
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(27)

=
1

− s
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−mR
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1 − mκ− κ

κ− 1

)

. (28)

In total, the optimal estimating functions are written as

uI
κ({T }, κ, R) =

m∑

i=1

log(Ti −R) −m log
m∑

i=1

(Ti −R)

+mφ(mκ) −mφ(κ), (29)

uI
R({T }, κ, R) = (1 − κ)

m∑

i=1

1
Ti −R

− m(1 − κ)
∑m

i=1(Ti −R)

(

1−mκ− κ

κ− 1

)

. (30)

Using the estimating functions above, the estimators
of κ and R are the solution of the estimating equations,

N∑

l=1

uI
κ({T (l)}, κ, R) = 0, (31)

N∑

l=1

uI
R({T (l)}, κ, R) = 0. (32)

6 Computer simulations

To confirm the validity of the theoretical analysis given
above, computer simulations were carried out. In each
experiment, κ, R, m and ξ are fixed at 0.5, 0.2, 3 and
11) , respectively.

Figure 2 shows the estimated κ and R determined by
the optimal estimating functions derived above as a func-
tion of the number N of observations, where the solid
and dashed lines denote the averages of estimated κ and
R over 1000 trials and each error bar shows the stan-
dard deviation. We can see that the values of κ and R

converge to the true values, 0.5 and 0.2, with decreasing
deviations, as N increases.

Next, we compared the estimate error of κ of our
method to those of the conventional method by Miura

et al. with R = 0.2 (the true value) and with R = 0
(the conventional model). Obviously, the former gives
the lower bound of the estimate error in this framework.
In Fig. 3 the solid, dashed and dotted lines describe the
root-mean-square errors of our method, the lower bound
and the conventional model, respectively. We can see
that the proposed method has a comparable error to the
lower bound and smaller than the conventional model
even when examples are few.

Fig. 2 κ and R of the proposed method versus N

Fig. 3 Comparison of estimated errors of κ

7 Conclusions

In this manuscript, we discuss the statistical models of
ISIs. When a spike sequence of a neuron obeys a gamma
process with a time-variant spike rate, the information
geometry gives the optimal estimating function from the
statistical viewpoint. The method is also applicable to
the modified model which has an absolute refractory pe-
riod, and successfully estimates not only the shape pa-
rameter but also the refractory period.

1) The estimator does not depend on ξ, and we can assume a constant value.
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As shown in Ref. [11], LV is an approximated estima-
tor of the regularity, and so must be LV R. Since LV R

is a strong tool for neuron classification [6], our method
will replace LV R in the field in the near future.
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