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Abstract Nonnegativity has been shown to be a pow-
erful principle in linear matrix decompositions, leading
to sparse component matrices in feature analysis and
data compression. The classical method is Lee and
Seung’s Nonnegative Matrix Factorization. A standard
way to form learning rules is by multiplicative updates,
maintaining nonnegativity. Here, a generic principle is
presented for forming multiplicative update rules, which
integrate an orthonormality constraint into nonnegative
learning. The principle, called Orthogonal Nonnega-
tive Learning (ONL), is rigorously derived from the La-
grangian technique. As examples, the proposed method
is applied for transforming Nonnegative Matrix Fac-
torization (NMF) and its variant, Projective Nonneg-
ative Matrix Factorization (PNMF), into their orthog-
onal versions. In general, it is well-known that orthog-
onal nonnegative learning can give very useful approx-
imative solutions for problems involving non-vectorial
data, for example, binary solutions. Combinatorial op-
timization is replaced by continuous-space gradient op-
timization which is often computationally lighter. It is
shown how the multiplicative updates rules obtained by
using the proposed ONL principle can find a nonnega-
tive and highly orthogonal matrix for an approximated
graph partitioning problem. The empirical results on
various graphs indicate that our nonnegative learning
algorithms not only outperform those without the or-
thogonality condition, but also surpass other existing
partitioning approaches.
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1 Introduction

Enforcing nonnegativity in linear factorizations [1] has
proven to be a powerful principle for multivariate data
analysis, especially sparse feature analysis, as shown
by the well-known Nonnegative Matriz Factorization
(NMF) algorithm by Lee and Seung [2]. There now ex-
ists a large literature on NMF; see e.g., Cichocki et al.
[3].

Recently, orthogonality as an additional constraint
has been introduced in NMF [4]. This is motivated by
the observations that orthogonality can significantly re-
duce the degrees of freedom and lead to much sparser
factorizing matrices [4-6]. The primary reason for com-
bining orthogonality and nonnegativity is that two non-
negative vectors are orthogonal if and only if their non-
zero parts are non-overlapping. A typical example are
binary vectors whose ones appear in different places.
An orthogonal and nonnegative matrix is thus generally
sparse with lots of zero entries, which may be advan-
tageous in feature extraction. Also, it can sometimes
be considered as the approximative substitute for the
binary indicator matrix giving the solution of some dis-
crete or combinatorial optimization problem. A typical
example is clustering that has a close relation to NMF
[7]. For such problems, orthogonal nonnegative learning
can be advantageous compared to combinatorial opti-
mization, as it provides a good approximation to the
discrete solution while still operating in a continuous
space and utilizing gradient descent as a low-complexity
optimization tool.

The present authors have earlier introduced a version
of NMF called Projective NMF (PNMF) [8] that is able
to produce highly orthogonal and nonnegative basis ma-
trices. In this paper we review some of this work, fo-
cussing on a variety of multiplicative rules for nonnega-
tive learning which also accommodate the orthogonality
constraint. The principle is mathematically justified by
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using the Lagrangian approach. It is also related to the
orthogonal gradient ascent Principal Component Anal-
ysis (PCA) principle introduced earlier by one of the
authors [9].

We start in Sect. 2 by a brief review of PCA, clus-
tering, NMF, and PNMF. We also give an example on
sparse feature extraction. We then give the derivation
and description of the multiplicative orthogonalization
principle for nonnegative learning in Sect. 3 and show
how it applies to NMF and some extensions. Then,
in Sect. 4 we illustrate the benefits of orthogonal non-
negative learning as an approximate combinatorial op-
timization method through graph partitioning by trace
maximization. These experiments show that orthogonal
nonnegative learning algorithms can achieve much bet-
ter objectives and partitioning accuracies than methods
without the orthogonality constraint for a wide range of
graph datasets. Our algorithms also defeat two existing
partitioning approaches, Kernel K-means [10] and POD
[11], especially when the derived similarity matrix is far
from positive definiteness.

2 Linear generative models

Consider a data matrix X € IR™ " whose m columns
(or n rows) contain data vectors (signals, images, word
histograms, etc.). Let us introduce a generative model

(1)

with sources H € IR"*™ and weight matrix W € IR"™*".
Typically, r < m,n for compression and feature extrac-
tion, so an exact solution is not possible if X is full rank.
Therefore, some approximation criterion like least mean
squares has to be used. This model is graphically shown
in Fig. 1.

The task is now to discover the “optimal” matrices W
and H given only the observations X.

Of course, the solution depends strongly on the opti-
mality criterion. Even when that is given, we may note
at once that this is a severely underdetermined problem:

X~ WH

m
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if (W*, H*) is a solution, so is (W*M, M_lH*) for any
invertible M. Therefore, in addition to the optimality
criterion, suitable constraints have to be defined to make
the problem tractable.

In the following, let us consider some examples: prin-
cipal component analysis, K-means clustering, nonneg-
ative matrix factorization, and projective nonnegative
matrix factorization.

2.1 Principal component analysis (PCA)

In PCA, each (centered or zero-mean) column of X, say,
X;, is represented as

T
X~ ZW, (W?Xj) s
i=1

where w; are the eigenvectors of the data covariance
matrix.

PCA gives the best lower-rank approximation to the
data vectors: it minimizes [12,13]

T=2.
j=1

Denoting W = (w; wg - --
as

” 2

Xj — ZWZ (WiTXj)
=1

w,), this can be written

J =X - WwWTx||’ 2)

(with matrix Frobenius norm), and thus PCA becomes
a special case of the generic problem X ~ WH with
H=WTX.

If the data vectors are not zero-mean, this is still the
best approximation, when w; are the eigenvectors of the
data correlation matrix XX instead of the covariance
The eigenvectors can be solved by standard
methods. The eigenvector matrix is not the unique so-
lution, though; any orthogonal rotation in the subspace
of the r dominant eigenvectors gives the same minimal
error for (2).

Any changes made to the PCA problem such as non-
linearities or extra constraints imply that the eigenvector

matrix.

m

w| x ;{[ H

Fig. 1 Matrix factorization X &~ WH with low-rank component matrices
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solution is no longer valid. Therefore, gradient learning
rules may be needed. One of the present authors sug-
gested such a PCA learning rule [14], that has a neural
network flavour (Hebbian learning):

W =W+ (XX"W - WW'XX"W) (3)

with v the positive learning rate. This converges to an
orthogonal basis matrix of the dominant eigenvector sub-
space [9].

It may be instructive to derive this rule from the cost
function, because this is the starting-point for the mul-
tiplicative orthogonal learning rules to be presented in
Sect. 3. The cost function (2) is a fourth order polyno-
mial in the elements of W and its gradient with respect
to matrix W can be shown to be the following third
order polynomial [15]:

V= AXX™W + 2WWTXXTW + 2XXTWWTW.
(1)
If we add here the constraint that the columns of W
must be orthonormal, that is, WT'W = I, which holds
for the eigenvectors at the minimal point, then formally
we get the gradient descent rule (3). A more rigorous
derivation is to use the gradient on the Stiefel manifold
of orthogonal matrices W

Vs=V-WVTWwW. (5)

Using this in the gradient rule and substituting WTW =
I again yields the PCA rule (3).

2.2 K-means clustering

The relation of the classical K-means clustering to the
generic approximation problem (1) and PCA has been
recently emphasized by Ding et al. [7] in the context of
NMEF. Let us recall the clustering problem: we have n
vectors that have to be partitioned into r clusters. An in-
dicator matrizis an nxr binary matrix U whose element
U;,; = 1 iff the ith vector belongs to the jth cluster, oth-
erwise U; ; = 0. The indicator matrix thus completely
characterizes the clustering result. The question is then,
how to find a good clustering, i.e., an optimal indicator
matrix.

One of the most classical clustering methods is K-
means clustering [16]. Each cluster C; is defined by its
centroid c; and the algorithm is very simple:

0) centroids are initialized (often arbitrarily);

1) each vector is placed into the cluster with the near-
est centroid;

2) centroids are recomputed;

3) if centroids changed, goto 1), otherwise end.

The K-means cost function with r clusters is

T=3"3 Ixi— ol

J=1x;€C}j
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and the Lloyd algorithm finds a local minimum of this.
Following Ref. [7], the cost function can be written as

S DI TRED DI et
7 k

xi,X; EC}
where ny is the number of vectors in cluster Cj. This
can be further written as

J =Tr (X"X) - Tr (UTXTXU), (6)

where U is now the scaled indicator matrix: each kth col-
umn of the binary indicator matrix is divided by /ng.
Note that with this scaling the columns of U are or-
thonormal and it holds UTU = I. But then (6) is ex-
actly equivalent to

J = ||XT —uuTx"|’. (7)

Matrix X should thus be approximated in the least-
mean-square sense by a matrix XUUT. Again, this cor-
responds to the general problem (1) with W = XU and
H = U". Now the constraint is such that U is an or-
thogonal, binary matrix (except for the scaling of the
columns to unit norm). Therefore, the optimal solution
to (7) can only be found by combinatorial optimization,
which scales very badly with the dimensions of the data
Due to the binary nature of U, no gradient
methods are possible.

matrix.

2.3 Nonnegative matrix factorization (NMF)

In some applications, it is appropriate to assume that
data is nonnegative, or x;; > 0; denote X > 0. We
search for an expansion X ~ WH such that also W >
0, H > 0. Typical criteria are least square error and
divergence between X and its approximation. This was
called Nonnegative Matriz Factorization (NMF) by Lee
and Seung [2], and earlier considered by Paatero and
Tapper [1].

There is now a large literature on NMF; see e.g.,
Cichocki et al. [3]. Incorporating nonnegativity in linear
factorizations has demonstrated great success for mul-
tivariate data. The NMF algorithm [2,17], as well as
its variants, has been applied to various problems such
as feature extraction and clustering for faces [2,18], text
[4,19], music [20], environment [1], financial data [21],
Scotch whiskies [22], gene expressions [23], etc.
factorization

2.4 Projective matrix

(PNMF)

nonnegative

As a motivation for Projective Nonnegative Matrix Fac-
torization, let us again look at the PCA criterion

7 =[x - wwrx]?
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with W an orthogonal matrix. As mentioned above, the
solution is given by a set of eigenvectors, or can be solved
with gradient descent. The solution method scales well
with the dimensions of the data matrix.

Let us compare this with the Clustering criterion

7= X" - vt

with U an orthogonal, (essentially) binary matrix. The
optimal solution can be found by combinatorial opti-
mization, which scales badly with the dimensions of the
data matrix.

A compromise might be that W is an orthogonal, non-
negative matrix. Then gradient descent related to the
NMEF algorithms could be used.

The present authors have recently suggested a vari-
ant of NMF called Projective NMF (PNMF) [8,15]. The
difference to NMF is that

H=WT'X,
in other words,
X ~WWTX with W > 0.

Recently, this was also suggested by Ding et al. [24]
as special case of their Convex NMF.
The PNMF cost function is the same as the PCA cost:

J(W) = [X - WwwWTx||?

(matrix Frobenius norm), however, with the additional
constraint that W > 0. Interestingly, this produces an
almost orthogonal nonnegative matrix W.

Before presenting the PNMF' learning algorithms, let
us briefly review some consequences of the combination
of orthogonality and nonnegativity. First, consider two
up)t and v = (vy vy - )T
that are nonnegative: u; > 0, v; > 0, and orthogonal:
ulv = Znuzvl = 0. It follows that all w;v; = 0, or
either wu; = 0 or v; = 0 for all 7. Consider then an
n X r matrix W that is nonnegative: W > 0, and or-
thogonal: WTW = I (columns are orthonormal). It is
sparse in the sense that most of its elements must be

vectors u = (uy ug - --

zero: each row has at most one non-zero element. As
no zero columns are allowed, each column has at least
one non-zero element. The total number of non-zero el-
ements is thus between r and n.

For example, if n = 2r, then the ratio of non-zero el-
ements to all elements (2r?) is between 1/r and 1/(2r).
For large dimensionalities, the matrix is quite sparse.

Note that such a nonnegative orthogonal matriz is a
very good substitute for a clustering indicator matriz.
Recall that an indicator matrix is a binary n x r matrix
U whose element U; ; = 1 iff the 7th vector belongs to
the jth cluster. Because every vector belongs to exactly
one cluster, each row of U has exactly one non-zero ele-
ment. Because there are no empty clusters, each column

has at least one non-zero element. These are exactly the
properties of an orthogonal nonnegative matrix.

In Sect. 3 we will show by several experiments how
the PNMF principle can be effectively used for combi-
natorial optimization problems.

Ideally, PNMF would perform “nonnegative PCA” by
producing an orthogonal rotation of the dominant eigen-
vector basis of matrix XX into nonnegative basis vec-
tors. Then the approximation error would be the small-
est possible, and yet nonnegativity would hold. This
is not possible in the general case, however. Instead,
numerical experimentation shows that the minimal so-
lution of the PNMF problem is a nonnegative basis with
high degree of orthogonality, spanning a subspace close
to the dominant eigenvector subspace. There are sev-
eral post-processing methods by which a truly orthogo-
nal nonnegative basis could be achieved. For example,
in the simplest case, one may put to zero all the elements
in any given row except one and then re-normalize the
columns to unit norm. Also, from the approximately
orthogonal nonnegative matrix W one may compute a
new matrix W/ = W (WTW)71/2 and truncate away
the nonnegative elements. Note, however, that any such
post-processing will increase the value of the cost func-
tion somewhat. Thus there is a trade-off of getting mini-
mal approximating error with a W matrix only approxi-
mately orthogonal, and getting a slightly larger approxi-
mation error with a fully orthogonal nonnegative matrix.

As an experimental proof of the performance of
PNMF, let us look at the first application of Lee and
Seung’s NMF, that was image feature extraction [2]. In
this application, the sparsity offered by a nonnegative
orthogonal matrix would be of great advantage. If we
could have

X ~ WWTX

with W orthogonal and nonnegative, then it follows

r
X ~ Zwi (W;Fx)
i=1

for any column of X (an individual data item, like an im-
age stacked row-by-row). The w; are the orthonormal
columns of W.

The PNMF method is now able to produce a highly
orthogonal nonnegative matrix W. We can look at the
difference in sparsity between NMF and PNMF in the
classical example with face images. We use the MIT-
CBCL database, having 2429 images of size 19x 19 = 361
pixels. The data matrix X thus has dimensions n x m =
361 x 2429. We do compression to rank r = 49. The re-
sults are given in Figs. 2 and 3. It can be seen in Fig. 2
how PNMF is able to construct a much sparser and more
orthogonal basis than NMF. The quality of the PNMF
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(b

Fig. 2 Basis images (columns of W) for (a) NMF and (b) PNMF. Number of basis vectors: 49, dimensionality: 361

reconstruction in Fig. 3 is visually not any worse than
that of NMF.

Fig. 3 Original face image (left) and its reconstructions by
NMF (top row) and PNMF (the second row). The dimensions
in columns 2, 3, and 4 are 25, 49, and 81, respectively

In the next section, we shall present learning algo-
rithms for PNMF in a slightly more general setting.

3 Orthogonality and multiplicative updates
3.1 Nonnegative multiplicative learning

In nonnegative learning algorithms, multiplicative up-
dates are widely used. Given the gradient of an objective
function, a multiplicative factor can easily be formed by
putting part of the gradient terms to the numerator and
the rest to the denominator. The updated parameter in
learning will remain nonnegative if all separated terms
in the multiplicative factor are nonnegative. Such learn-
ing algorithms require no user-specified learning rate and
many of them have been shown to be locally convergent
(e.g., Refs. [17,25,26]).

As a starting-point, consider the standard gradient
ascent algorithm for finding a matrix W maximizing an
objective function J(W):

W =W 47V, (8)

where V is the gradient of J(W). Suppose that ma-
trix W has nonnegative elements, and by some exter-
nal knowledge, there exists a separation of the gradient
matrix into two (elementwise) positive matrices V*, V~
such that V=Vt - V™.

Then, by choosing for each matrix element in (8) a

separate learning rate

Y Wi
ik = —
Vik
a nonnegative multiplicative update rule directly follows:
v
= Wi 9)
ik

Such multiplicative learning rules are widely used in
nonnegative learning, because the above update main-
tains the nonnegativity of Wj,. In addition, Wj; in-
creases when ij > V.., e, Vi > 0, and decreases
if Vi < 0. Thus the multiplicative change of W, indi-
cates how much the direction of that axis conforms to the
gradient direction. There exist two kinds of stationary
points in the iterative use of the multiplicative update
rule (9): one satisfies V;, = V. i.e., V = 0, which is the
same condition for local optima as in the conventional
gradient descent updates, and the other one is W;;, = 0.
The latter condition distinguishes nonnegative optimiza-
tion from conventional ones and often yields sparsity in
‘W, which is desired in many applications. Furthermore,
unlike steepest gradient or exponential gradient [27], the
multiplicative update rule (9) does not require any user-
specified learning rates, which facilitates its application.

As the starting point to derive the Orthogonal Non-
negative Learning (ONL) principle, consider the follow-
ing constrained optimization problem:

max J (W),
W0
subject to WTW =1.

(10)
(11)

Without the orthogonality constraint, but with the
nonnegativity constraint, rule (9) provides a viable so-
lution.

Without the nonnegativity constraint, but with the
orthogonality constraint, it was shown by Ref. [9] that
the following constrained gradient can be used for max-
imixation of objective functions with certain symmetry
properties:

V,=V-WW'V.
This gradient is related to the canonical gradient on
the Stiefel manifold of orthogonal matrices (5), and it
combines maximization and orthonormalization into the
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same learning rule. The two gradients are equal if WV
is symmetric, as is the case for example with the PCA
gradient in (4).

Combining now these two approaches, the multiplica-
tive update rule of the constrained problem (10)—(11)
will be
(VT + WWTV*)HC
(V- +WWTy+), -
It was reported in Ref. [5] that the learning rule (12) is
able to generate favorable results in facial image analy-
sis. However, the interpretation in Ref. [5] was intuitive.

Here we employ the Lagrangian method to rigorously

!
ik = Wik

(12)

show that the update using (12) can jointly maximize
J (W) and force W to approach the nonnegative Stiefel
manifold.

Theorem 1  Suppose there is an auxiliary function
(see Appendix A) G(W’', W) that lower bounds J(W')
and the derivative of G(W’, W) with respect to W’ is

IG(W', W)
Wi

The multiplicative update rule (12) is an iterative La-
grangian solution of the orthogonal nonnegative opti-
mization problem (10)—(11).

Proof When the objective J(W) to be maxi-
mized is accompanied with the orthonormality con-
straint WTW = I, a generalized objective j(W,A)
can be formulated by introducing a set of Lagrangian
multipliers {Ag;}. The generalized objective using La-
grangian multipliers is

J(W,A) = J(W)+Tr (AT (W'W —1)).

I
— vt ik x7—
- vzk - vzk

W (13)

(14)

For nonnegative optimization of the Lagrangian, we
now construct an auxiliary function G(W’, W) for
J (W, A) by using suitable tight lower bounds.

It can be shown that

G(W', W)

2
_|_ Z WA)zk Wz/k

G( Wzk

W2+ W2
WT + I ik ik
+ Z v ( T

—Tr(A) (15)

is an auxiliary function of J(W’,A).  That is,
G(W', W) < J(W’,A) where the equality holds if and
only if W/ = W. Here the second and third terms
in the right-hand side of (15) are tight lower bounds
of Tr (ATWTW) and zero, respectively, which can be
proven [4,17] by writing W/, = w; Wiy, where u;y, € IR.
The third term, called moving-term technique [15], is in-
troduced to add the same term (WWTVT)_ to both
numerator and denominator of the resulting multiplica-
tive update rule and thus maintains the nonnegativity
of W.

Setting AG(W', W)/dW/, = 0, we obtain
(VF+2WA + WWTVH)

(V- +WWTVH)

e = Wik (16)
The Lagrangian multipliers A can next be determined
by using the Karush-Kuhn-Tucker (K.K.T.) conditions
and substituted into (16).

From 87 (W, A)/0W = 0, we get 2WA =V~ — V.

Using 8.7 (W, A)/OA = 0, i.e., WTW = I, one obtains

A= %WT (V- =vTH). (17)
Inserting (17) to (16), the multiplicative update rule be-
comes identical to (12). O

The update rule (12) is called an iterative Lagrangian
solution for the constrained optimization problem. The
definition of the auxiliary function guarantees that
J (W, A) is monotonically increasing if one repeatedly
applies (12). The iterations will converge to a local max-
imum if there is an upper bound of 7 (W, A). An iter-
ative Lagrangian solution jointly maximizes the original
objective and the orthogonality.

However, notice that the iterative Lagrangian solution
does not keep matrix W orthogonal in the optimization.
Instead, it jointly maximizes J(W) and forces W to
approach orthogonality. Actually W never exists in the
nonnegative Stiefel manifold because strict orthogonal-
ity would require many entries of a nonnegative matrix
to become exactly zero. If W is initialized in such a
manifold, the convergence will be very poor, because the
multiplicative updates cannot recover a zero entry to be
positive.

3.2 An alternative update rule

Recently, another type of multiplicative update rules of
the form

!
ik = Wik

(18)

have been proposed [24,25]. This is usually derived by
constructing an auxiliary function F(W', W) for 7 (W')
and with the derivative
OF (W', W)
oW,

/
= EVE - Ve (9)
’L
We can similarly derive the alternative multiplicative
rule

. W, \/ Ew +WWTV-) 20)

V- +WWTVH),

for the constrained optimization problem (10)—(11).
Theorem 2  The multiplicative update rule (20) is an
iterative Lagrangian solution of the orthogonal nonneg-
ative optimization problem (10)—(11).

Proof We employ the alternative auxiliary function
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F (WA) k Wi T+ Wh Wi+ Wi
F(W' W l WW- V™) | W; Wik log =% — 28— &% Tr(A
( ) ) Z + ; ( )Zk ik + ik 108 Wik; 2Wzk; + I‘( )
(21)
for J(W). Compared with (15), G(W’, W) is replaced  moving-term technique therefore becomes unnecessary

with F(W’, W) in the first term in the right-hand side
of (21), while the second and the fourth terms remain
the same. The third term is again for adding WWTV+
to both numerator and denominator. To see it is a tight
lower bound of zero, one can separate this term into

w2+ w2
Z (WWTV+)ik ( ik W) ) (22)

ik
w!
T + / ik
— Z WWwW'Vv (Wlk - W—zk> . (23)
(22) is exactly the third term in the right-hand side of
(15), which has been shown to a tight lower bound of
zero. (23) is also no greater than zero because

Wi — Wik log

w!
W/ — Wi, — Wi log —£ >0 (24)
Wik
due to the inequality z > 1 + log z for all z > 0, where

the equality holds if and only if z = 1. The multiplica-
tive update rule (20) can thus be obtained by setting

OF (W', W)/d = 0 and with A substituted using
(17). O
3.3 Remarks

Our derivation of the multiplicative rules for learning
nonnegative projections is based on the Lagrangian ap-
proach. That is, one should apply the K.K.T. condition
WTW =1 to simplify the resulting multiplicative up-
date rule after transforming (9) to its orthogonal coun-
terpart (12) or (20).

The same term WWTV~ is added to both the nu-
merator and denominator in our derivation, which aims
to move the unsigned negative terms of WA to the nu-
merator. In some special cases, such negative terms may
cancel with V~ (or part of it) after applying WTW =1
and thus the denominator is already nonnegative. The

in such cases. Actually provided both update rules are
convergent, the updates without adding WWTV~ to
both the numerator and denominator would converge
faster because (a + ¢)/(b+ ¢) is closer to one than a/b
for a,b,c > 0.

We are now ready to collect the above observa-
tions into a generic principle for turning a nonnegative
multiplicative update rule into the corresponding ver-
sion, where also the orthogonality constraint is incorpo-
rated. We call this the Orthogonal Nonnegative Learning
(ONL) principle, and it is given in Fig. 4. Some examples
of applying the ONL principle are given in the following.

3.4 Example 1: NMF

Denote the squared Frobenius norm ||Al|% = Z AAfj
ij

Nonnegative Matriz Factorization (NMF) based on the
Frobenius norm seeks two nonnegative matrices W €

1
R7*" and H € RN that minimize £(W,H) = SlIX=

WH]||% for a nonnegative input matrix X € R}*".
Of course, the minimization problem can be equiva-
lently converted to a maximization one by introducing
JW,H)=—-L(W,H).

Let us consider the update rule of W for example. The
gradient VwJ(W,H) = VT — V~ where V* = XH"
and V- = WHHT suggests the NMF multiplicative up-
date rule [2,17]

vt (XHT).
L= Wi — = Wi etk 25
ik k V., k (WHHT)ik (25)

It has been shown that J (W, H) is not decreasing with
the update (25) [17]. If W is constrained to be orthonor-
mal, one can apply the ONL principle to obtain a learn-
ing algorithm as follows.

Given a multiplicative update rule for nonnegative learning without orthogonality constraint:

v
W = W% or W) =Wy
ik l}\

¥
vzk A

change this into the corresponding update rule with orthogonality constraint:

1) Rewrite the update rule as

(Vt+wwTy-)
(V- +WWTv+),

(VF+ WWTV ),

Vo= Wik A ik
Wa = W (V- + WWTYH),

or W), =W

2) Simplify the update rule by substituting WTW = 1.

3) Remove the duplicates that appear in both numerator and denominator.

Fig. 4 Orthogonal Nonnegative Learning (ONL) principle for reforming a multiplicative
update rule into its orthogonal version
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1) Rewrite the multiplicative update rule according to
(12):

(VE+WWTV)

(V- + WWTVH),
(XH" + WWTWHH")
(W

/
ik = k

=W, . (26
"(WHHT + WWTXHT),, (26)
2) Simplify the above rule by using WTW = I:
XHT + WHHT).
o= W u ()

(WWTXHT + WHHT),, '

3) Remove the duplicate WHHTY in both numerator
and denominator:

(XHT),,

!
o Wip e Jik
ik " (WWTXHT),

(28)
This is exactly the multiplicative update rule for Orthog-

onal Nonnegative Matrix Factorization presented in Ref.
[4].

(XX™W + WWT (WWTXXTW + XXTWWTW - XX"W))
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3.5 Example 2: PNMF based on Frobenius norm

A variant of NMF, called Projective Nonnegative Ma-
triz  Factorization (PNMF), was proposed in Refs.
[8,15,28]. As reviewed in Sect. 2, PNMF replaces the
matrix H with WTX. The resulting objective func-

tion Jpnmr(W) = —% HX — WWTXH2F has the gra-

dient parts V* = XXTW, V- = WWTXXTW +
XXTWWTW — XXTW. In Appendix B, we show an
auxiliary function for Jpnmr(W), which leads to the
multiplicative update rule

o
(XXTW),,
WWTXXTW 4 XXTWWTW - XXTW) -
ik
(29)

=Wik

The ONL principle transforms the above rule to its or-
thogonal version by the following steps.
1) Rewrite the update rule (29) according to (12):

=W 30
ik FTIWWTXXTW + XXTWWTW — XXTW + WWTXXTW) (30)
2) Simplified with WTW = I, the rule becomes suggests the multiplicative update rule
(XXTW). , (XZTW + ZXTW) "
= Wa (WWTXXT{;/) ’ (31) ik = Wi T /
i > (WTX), (Z Xii) (32, War)
which is identical to the one proposed as NLHN in (34)

Ref. [5] and as OPNMF in Ref. [15]. Note the anal-
ogy between this rule for PNMF and the classical
gradient descent learning rule for PCA given in (3).
The rule above is clearly the multiplicative equiv-
alent of the PCA learning rule, and it results in a
nonnegative basis matrix W.

3.6 Example 3: PNMF based on divergence

Alternatively, the difference between the input matrix
X and its approximate X = WWTX in PNMF can be
measured by the Kullback-Leibler (KL) divergence:

. X’L . A~
D (XHX) = Z Xijlog = — X5+ Xij | . (32)
i Xij
Denote Z;; = Xij/Xij and J(W) =
The derivative
9T (W)
OWik

~D (X|[WWTX).

=XZ'"W+ZX"W - Y (W'X), .
J

S ()

of PNMF based on KL-divergence [8,28]. If WITW =1
is enforced, we can apply the ONL principle and directly

obtain
B + (WWTC)

b = Wa Ci + (WWTB),,’ (35)
where B = ZX™W + XZ™W and C; =
Z (WTX (Z X”) (ZQWG"“) for notational
brev1ty Bebldes the ONL principle, a more dedicated

and detailed justification of the update rule (35) using
the Lagrangian technique can be found in Ref. [15].

4 Graph partitioning by orthogonal
nonnegative learning

The advantages of using the orthogonality constraint
have been demonstrated for feature extraction and for
clustering of multi-dimensional vectorial data [4-6,15].
In this section we further confirm the benefits in a non-
vectorial application — graph partitioning. Given a pos-
itive integer r, graph partitioning divides the vertices of
a graph into r disjoint sets such that a certain objective
is optimized. Graph partitioning has a wide range of
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applications such as data clustering and finding commu-
nities in a social network. In this paper we only consider
undirected graphs.

4.1 Graph partitioning by trace maximization

Consider a graph G with N vertices and n edges to be
partitioned. The connections in the graph are repre-
sented by a real-valued N x N affinity matrix A, whose
element A;; gives the weight of the edge connecting ver-
tices 4, j. The optimization of many graph partitioning
objectives, for example, minimizing the number of re-
moved edges in partitioning, is NP-complete due to the
complexity of algorithms in a discrete space. It is there-
fore advantageous to employ a continuous approxima-
tion of the objectives, which enables the development
of efficient optimization algorithms by using differential
calculus.

A promising approximation is to reformulate the
graph partitioning problem to

_ T
max J(W)=Tr (W'SW), (36)
subject to WITW =1, (37)

where S € RV*¥ is a symmetric matrix derived from
A. Here W =C (CTC)71/2 is the reweighted version
of the partition indicator matrix C € {0,1}¥*" where
Cir, = 1 if the ith vertex belongs to the kth partition
and C;; = 0 otherwise. The reweighting enforces or-
thonormality of W, which does not affect the partition
indication but facilitates the optimization.

Some popular choices of S include the negative Lapla-
cian matriz [29], the modularity matriz [30], the vertex
similarity matriz [31], and the discriminative K-means
matriz [32]. Here we employ the last one, which is given

by
S=1- I+lA -
— S ,

as it has been shown to have favorable discriminative
power for data clustering [32]. We empirically set the
regularization parameter A = 10 in our work.

(38)

Neglecting the nonnegativity constraint, the problem
(36)—(37) becomes the Principal Component Analysis
problem and can be solved by e.g., eigenvalue decom-
position of S. However, the resulting eigenvectors may
contain negative values which are difficult to interpret
in terms of indicating partitions. Therefore, the trace
maximization based on eigenvalue decomposition is only
suitable for two-way partitioning [30]. Repeated subdi-
vision of a network into two parts may easily fail to find

1) http://www-personal.umich.edu/ mejn/netdata/
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the optimal objective [30].
4.2  ONL update rules
Without the orthonormality constraint (37), the non-

negative learning problem (36) has the multiplicative
update rule

STW),
W :Wik(i”“ 39
F (S"W)ir (39)
or
S+W),
W, = Wi, (7““, (40)
¥ (S"W)ir

where S = (|S]st + Sst)/2 and S5 = (|S|st — Sst)/2
are the positive and unsigned negative elements of S. In
Appendix C, we show that the updates using the above
rules converge to a local maximum of Tr (WTSW).
Applying now the ONL principle, we obtain the cor-
responding multiplicative update rules for (36)—(37):

(STW + WWTS" W),

=W 41
ik "(STW + WWTSTW),, (41)
or
STW + WWTS-W),
=W, ( ik 42
ik k\/(SW + WWTSTW),, (42)

We note in passing that if the matrix S in (38) is
positive definite, the above update rules can alterna-
tively be derived by using the kernel technique of PNMF
[15,24]. Denote ® = [p(x1) B(x2) -+ B(x,)]", where
x; are the data vectors and they are implicitly mapped
into another vector space V by a function ¢. The ob-

jective of kernel PNMF thus is —% H‘I> — WWT@Hi =

1
§Tr (WTSW — WWTSWWT) —Tr(S) by writing S =

®PT. In Ref. [15], the Lagrangian technique was then
applied to decouple the auto-association of W to obtain
the same update rules (41) and (42). However, such ker-
nel derivation is theoretically problematic because the
kernel decomposition S = ®®7T is invalid if matrix S in
(38) is not positive definite. Instead, the proposed ONL
principle directly works on S and has no such restric-
tion of positive definiteness. Actually, we will show in
Sect. 4.3 that the orthogonal nonnegative update rules
(41) and (42) are particularly advantageous for those dis-
criminative K-means matrices that are far from positive
definiteness.

4.3 Experiments on graph partitioning

In our experiments, we have used a wide range of undi-
rected graphs from Newman’s collection') and the Pajek
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database?. The graph size ranges from 24 to 937 ver-
tices and the number of partitions from 2 to 14. The
graph affinity matrix A can be either sparse or not. The
context descriptions of these datasets are as follows.

e Scotland. The dataset contains the corporate inter-
locks in Scotland in the beginning of the twentieth
century. The involved 108 companies are classified
to eight industry types: oil and mining, railway,
engineering and steel, electricity and chemicals, do-
mestic products, banks, insurance, and investment.

o (lities. This dataset consists of the service values
(indicating the importance of a city in the office
network of a firm) of 46 global advanced producer
service firms over 55 world cities. The firms are
grouped into four categories: accountancy, adver-
tising, banking/finance, and law.

o WorldCities. A more comprehensive version of
Clities where 100 global service firms across 315
cities worldwide are included. Two additional firm
categories, insurance and management consultancy,
are added.

e Journals. The dataset contains 124 magazines and
journals of 14 classes in Slovenia. Each pair of mag-
azines/journals is associated with the number of
common readers.

e DutchFElite. A 2-mode network of 3810 persons in
937 administrative bodies which are classified ac-
cording to their main task. We have used only the
three largest classes (advice, administration, and
inspection) and merged the other classes into a mis-
cellaneous one.

e Strike and Sawmill. Communication networks of
employees who were on strike in a wood-processing
facility. The classification is according to age and
ethnic group: Spanish-speaking employees, young
(30 or younger) English-speaking employees, and
old (over 30) English-speaking employees.

e Korea. A communication network of 39 women in
Korea about family planning. The women are clas-
sified by their membership in a Mothers’ Club.

e Football. A network of American football games
between Division IA colleges during regular season
Fall 2000. The 115 teams are divided into 11 groups
as well as an additional miscellaneous group.

e A99m. The data corresponds to a graph of the char-
acters and their relations in the long-running Ger-
man soap opera called ‘Lindenstrasse’. The charac-
ters are classified into three groups: inactive, active,
and others.

The statistics of the selected datasets are summa-
rized in Table 1. If the discriminative K-means ma-
trix S is not positive definite, p is the largest integer
such that there is an upper triangular matrix R with

2) http://vlado.fmf.uni-1j.si/pub/networks/data/

R™R = S, 1.1.p-17). Therefore a smaller p/N value
usually indicates that S is farther from positive definite-
ness. The p/N value is neglected if the discriminative
K-means matrix S is positive definite, which is the case
for the datasets Cities, WorldCities, and Journals. In
our experiments, the number of clusters r is empirically
set to a double of the number of classes as we focus on
the multi-way graph partitioning.

Table 1 Statistics of selected graph datasets

datasets #£vertices sparse p/N #classes
Scotland 108 yes 0.17 8
Cities 46 no - 4
WorldCities 100 no - 6
Journals 124 no - 14
DutchElite 937 no 0.66

Strike 24 yes 0.04 3
Sawmill 36 yes 0.03 3
Korea 39 yes 0.03 2
Football 115 yes 0.01 12
A99m 234 yes 0.00 3

The datasets Cities, WorldCities, DutchElite, and
A99m are originally given in a rectangular matrix, with
each vertex given by a row. We construct the affinity
matrix A by simply computing the normalized dot prod-
ucts, i.e., the cosines, between the row vectors. The raw
vectorial data are then discarded after the graph is cre-
ated.

To demonstrate the benefit brought by the orthonor-
mality constraint, we have compared the nonnegative
learning algorithms NL (39) and v/NL (40) with their
orthogonal versions ONL (41) and vVONL (42). Fur-
thermore, we also compare two other algorithms for op-
timizing (36)—(37). One is the kernel K-means method
(KKmeans) that applies the classical K-means algo-
rithm with the Euclidean distance measure in the space
V between the ith vertex and the kth cluster mean [10]:

dist(i, k) = Si; — Nik > S+ NL DN Sa, (43)

2
teCy k SECk teCy

where Cy, and N are the indices and size of the kth par-
tition, respectively. The other is a two-stage approach
called POD [11]. It first obtains the eigenvectors associ-
ated with the largest eigenvalues. Denote W the matrix
composed of the eigenvectors as its columns. POD then
finds the reweighted partition indicating matrix W and
a rotation matrix V such that HW — VNVVHF is locally
minimized.

For each graph, we ran the KKmeans and POD 50
times and took the W* with the largest trace. Next, we
initialize W = W* 4 0.2 according to Ref. [4] for the four
nonnegative learning algorithms. The binary partition

3) The p value can be calculated with the MATLAB function for Cholesky factorization.
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indicating matrix C is obtained by taking the maximum
along each row of trained nonnegative matrix after 10000
iterations. The objective achieved by each nonnegative
learning algorithm is calculated with the reweighted ver-
sion of C.

The resulting objectives are shown in Table 2. ONL
or vVONL wins seven out of ten among the selected
datasets, while POD achieves the best for Scotland,
Journals, and DutchElite. We divide the ten datasets
into two groups: Scotland, Cities, WorldCities, Journals,
and DutchFElite whose S is positive definite or nearly
positive definite, and the other five with S far from
positive definiteness. It is worth to notice that the re-
sults achieved by POD, KKmeans, ONL or vVONL are
quite close for the first group, whereas ONL or v ONL
significantly outperform POD or KKmeans for the sec-
ond group of datasets. That is, orthogonal nonnegative
learning is more advantageous for the problem (36)-
(37) when the discriminative K-means matrix S is far
from positive definiteness, where by contrast POD and
KKmeans may even return a negative objective. NL
and v/NL, the two nonnegative learning algorithms with-
out the orthogonality constraint, work poorly for all
datasets. Although they return positive objectives for
both dataset groups, their converged objectives are far
from the best ones for all graphs.

Table 2 Discriminative K-means objectives using the six com-
pared methods. Boldface numbers are the best (largest) in their
rows

datasets group NL +/NL ONL +/ONL KKmeans POD
Scotland 1 0.18 0.18 2.64 2.65 2.06 2.66
Cities 1 070 0.70 1.50 1.50 1.46 1.49
WorldCities 1 0.81 0.81 2.24 2.24 2.10 2.19
Journals 1 097 097 27.05 27.11 27.01 27.17
DutchElite 1 016 0.16 4.89 4.90 3.16 4.97
Strike 2 0.23 0.23 0.98 0.98 0.33 0.17
Sawmill 2 023 0.23 1.01 1.01 —0.10 —0.46
Korea 2 024 024 075 0.80 0.15 —0.32
Football 2 052 052 4.60 4.60 —1.43 —-3.24
A99m 2 0.15 0.15 218 2.21 —0.65 —1.07

Besides the objectives, we also computed the purities
of the resulting partitions by using the ground truth class
information. The purities are given by

(44)

: 1 ¢
purity = N Z 1r2la<xq N}

k=1
with N,lC is the number of vertices in the partition k
that belong to original class [. The resulting purities
are shown in Table 3. It can be seen that ONL or
v/ ONL achieves the best for all selected datasets, where
three of ten are tied with POD. The purities confirm
that KKmeans, NL and v/NL are not satisfactory for

graph partitioning.
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Table 3 Graph partitioning purities using the six compared
methods. Boldface numbers are the best (largest) in their rows

datasets group NL +/NL ONL +/ONL KKmeans POD
Scotland 1 0.20 0.20 0.46 0.48 0.36 0.47
Cities 1 0.35 0.35 0.83 0.83 0.67 0.65
WorldCities 1 0.23 0.23 0.63 0.63 0.59 0.63
Journals 1 0.19 0.19 0.56 0.53 0.36 0.56
DutchElite 1 0.42 0.42 0.49 0.48 0.43 0.48
Strike 2 046 046 1.00 1.00 0.79 1.00
Sawmill 2 0.50 0.50 0.58 0.58 0.53 0.56
Korea 2 0.66 0.66 0.77 0.74 0.66 0.74
Football 2 011 0.11 0.95 0.95 0.57 0.59
A99m 2 049 049 0.53 0.53 0.52 0.52

5 Conclusions

We reviewed some classical linear expansions of data ma-
trices and emphasized how an orthogonal and nonneg-
ative basis of the data vectors would be highly useful.
When data vectors are given in this kind of basis, the
representation is “part-based” and, because of orthog-
onality, very sparse. Another advantage of orthogonal
nonnegative basis matrices is that they can stand for
the binary indicator matrices widely used to define com-
binatorial optimization problems like clustering or graph
partitioning.

We proposed a common principle to derive multi-
plicative update rules for orthogonal nonnegative learn-
ing tasks from the ones without the orthogonality con-
straint. The ONL principle was mathematically justi-
fied by using the Lagrangian multipliers, auxiliary func-
tions and Karush-Kuhn-Tucker conditions. By applying
the principle, one can for example obtain the orthogo-
nal versions of NMF and PNMF algorithms in a very
straightforward manner.

The principle can be used to develop algorithms for
either vectorial or non-vectorial data, with wide applica-
bility. One of the latter applications, graph partitioning
by using trace maximization, was demonstrated in this
work. The derivation using the ONL principle does not
require the symmetric matrix in analysis to be positive
definite, which is more favorable in practical use. The
derived algorithms using the proposed principle achieve
the best or close to the best graph partitioning objec-
tive and accuracy for a wide range of graph datasets,
which consolidates the advantages of using orthogonal
nonnegative learning.

Appendix A Auxiliary function

The auxiliary function method has widely been used
for convergence analysis of optimization algorithms
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such as the nonnegative multiplicative updates and  where the left inequality is the result of maximization
Expectation-Maximization (EM). Given an objection and the right one comes from the lower bound. Iter-
function J (W) to be maximized, G(W’', W) is called an  atively applying the update rule (A.2) thus results in
auxiliary function if it is a tight lower bound of J(W’),  a monotonically increasing sequence of 7. Besides the
ie., tight lower bound, it is often desired that the maximiza-
tion (A.2) has a closed-form solution. In particular, set-
ting 0G/OW’ = 0 should lead to the iterative update

for any W and W'. Define rule in analysis.

GW W) J(W'), GIW,W)=J(W) (A1)

W’ = argmax G (W,W) . (A.2)
w Appendix B Auxiliary function for PNMF

By construction,

" . 1
T(W) = G(W, W) < G(W', W) The PNMF objective function J(W’) = —§||X -
<G(W' W) = J(W'), (A.3) W/W’TXHi can be rewritten as
\
1 1
J(W') = JTr (WTXXTW') — Ir (WWTXXTWWT - WTXXTW’) (B.1)

and tightly lower bounded by

/ /
G(W' W) = % > (XX, WaeWo (1 + log %) — %Tr (WWTXXTWW™T - WIXX"W'). (B.2)
abk
[
Setting BG(W/, W)/@Wz/k = 0, we obtain the multi- 2. Lee D D, Seung H S. Learning the parts of objects by non-
plicative update rule (29). negative matrix factorization. Nature, 1999, 401(6755):
788-791
3. Cichocki A, Zdunek R, Phan A H, Amari S-I. Nonnegative
AppendiX C AllXiliaI‘y function for trace Matrix and Tensor Factorizations. Singapore: Wiley, 2009
maximization 4. Ding C, Li T, Peng W, Park H. Orthogonal nonnega-
tive matrix t-factorizations for clustering. In: Proceed-
The trace objective ings of the 12th ACM SIGKDD International Conference
on Knowledge Discovery and Data Mining. 2006, 126-135
j(Wl) =Tr (W/TSJ'_W/) — Tr (W/TS_W/) (Cl) 5. Yang Z, Laaksonen J. Multiplicative updates for non-
negative projections. Neurocomputing, 2007, 71(1-3): 363—
can be tightly lower bounded by 373
wwW! 6. Choi S. Algorithms for orthogonal nonnegative matrix fac-
G(W/,W) = ZS;]Wakak (1 + log M) (CQ) torization. In: Proceedings of IEEE International Joint
abk Wai Wk Conference on Neural Networks. 2008, 1828-1832
—Tr (W/TS*W/) (03) 7. Ding C, He X, Simon H D. On the equivalence of nonneg-
ative matrix factorization and spectral clustering. In: Pro-
or ceedings of STAM International Conference of Data Mining.
W W 2005, 606-610
F(W/, W) = Z S;)Wakak (1 + log M) (C4) 8. Yuan Z, Oja E. Projective nonnegative matrix factorization
abk WarWhk for image compression and feature extraction. In: Proceed-

(S_W)ik W/k 2 ings of the 14th Scandinavian Conference on Image Analysis
- Z . (C.5) (SCIA 2005). Joensuu, Finland, 2005, 333-342
ik ik 9. Oja E. Principal components, minor components, and lin-
ear neural networks. Neural Networks, 1992, 5(6): 927-935
10. Dhillon I, Guan Y, Kulis B. Kernel k-means, spectral clus-
tering and normalized cuts. In: Proceedings of the 10th
ACM SIGKDD International Conference on Knowledge
Discovery and Data Mining. Seattle, WA, USA, 2004, 551—
556
11. Yu S X, Shi J. Multiclass spectral clustering. In: Proceed-
ings of the 9th IEEE International Conference on Computer

Setting 0G(W', W)/0W/. = 0 leads to the multiplica-
tive update rule (39) and 0F (W', W)/0W},. = 0 to (40).
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