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Abstract This paper outlines a theory of estimation,
where optimality is defined for all sizes of data — not
only asymptotically. Also one principle is needed to
cover estimation of both real-valued parameters and
their number. To achieve this we have to abandon the
traditional assumption that the observed data have been
generated by a “true” distribution, and that the objec-
tive of estimation is to recover this from the data. In-
stead, the objective in this theory is to fit ‘models’ as
distributions to the data in order to find the regular sta-
tistical features. The performance of the fitted models
is measured by the probability they assign to the data:
a large probability means a good fit and a small proba-
bility a bad fit. Equivalently, the negative logarithm of
the probability should be minimized, which has the in-
terpretation of code length. There are three equivalent
characterizations of optimal estimators, the first defined
by estimation capacity, the second to satisfy necessary
conditions for optimality for all data, and the third by
the complete Minimum Description Length (MDL) prin-
ciple.

Keywords models, optimal estimation, estimation ca-
pacity, complete Minimum Description Length (MDL)
principle

1 Introduction

In traditional estimation the observed data sequence is
thought to have been generated by a “true” distribu-
tion, originally assumed to be specified by parameters,
which were unknown except for their number, and the
central problem is to estimate this distribution. Since
the “true” parameter value so-to-speak is hiding among
the set of all parameter values considered the problem
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amounts to estimation of distributions from their sam-
ples. An example is the two-parameter family of nor-
mal density functions. If we select a distance measure
between the estimated and the “true” parameters, its
minimization gives us an estimation algorithm. Again
an example is the least squares estimator for the mean
of a normal density function with a known variance.

A vast generalization of this technique, known already
to Gauss, is the familiar maximum likelihood (ML) es-
timator introduced by Fisher. It amounts to the follow-
ing: If we have a set {f(, 0):0¢ Qk} of density func-
tions, one for each parameter value in the range QF, and
evaluate them all at the fixed observed data sequence
™ = x1,...,%n, then the resulting map 0 — f(z™;0) is
called the likelihood function. The maximizing parame-
ter value 0(z™) then is taken as the estimate of the “true”
parameter. Although the justification of the maximum
likelihood estimator was to a large extent intuitive, it
was possible to show that under certain conditions the
estimates converge in probability to the “true” param-
eter # whatever it is, and moreover the limit of the co-
variance lim,, Fy (é(x”) - 0) (é(w") - 9)/ is the smallest
possible by the Cramér-Rao inequality.

Such a success led to the further more general assump-
tion that the observed data have been generated by a
“nonparametric” density function f(z™) of some type
like continuous, once differentiable, and so on. Guided
by the assumed general properties of the “true” data
generating density function one could again devise esti-
mation algorithms with good asymptotic properties. Al-
though such estimators are not regarded as “parametric”
they actually involve estimation of increasing numbers of
parameters, because to fit any density function to data
we need an algorithm to calculate its values, and a good
way to do it is in terms of lots of parameters.

Everything seemed to be under control except for
some disturbing consequences. First, since the recovery
of a distribution from its samples is not possible from
finite amounts of data the basic problem formulation
seems ill posed; by wanting the “truth” we are asking too
much. One unfortunate implication is that the obvious
optimal performance is asymptotic and hence of little
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relevance unless the data sequence is ‘sufficiently’ large,
leaving open the question of how large is ‘sufficiently’
large. Moreover, what perhaps is a bit embarrassing,
the asymptotically estimated smallest covariance implies
by the Central Limit Theorem that the “truth” cannot
be found even asymptotically unless it is normally dis-
tributed. Further, a most serious shortcoming is that the
estimation of the number of parameters cannot be done
by the same maximum likelihood technique. Their esti-
mation called for totally different criteria inspired by the
imagined assumptions about the “truth”, some good and
some less good, without any theory to explain why some
techniques were good and for which data they were good.
In fact, the word “estimation” is generally applied only
to the estimation of the real-valued parameters, while
the estimation of their number is called “model selec-
tion” with the illogical implication that only the sets
of density functions f(z™;6,k) with each fixed number
of parameters are “models” but the individual members
are not. Finally, although in the philosophical sense the
existence of the “true” data generating distribution is
neither here nor there, the assumption focuses atten-
tion exclusively to the estimation of just one model ir-
respective of others nearby; after all, the “truth” has
no neighbors we are interested in. This could explain
the surprising lack of progress in estimation in general
and especially in hypothesis testing, which is designed
with the crude and lopsided philosophy that ‘either this
hypothesis is true or something else far away is true’.

‘We conclude this brief survey of traditional estimation
with a few words about the popular Bayesian techniques,
which lead to a different family of estimators. We credit
the Bayesians, as the appliers of these techniques are
called, for the important relaxation of the use of prob-
ability, namely, that it can be applied to events such as
parameters, even when repeated data of their occurrence
do not exist. However, the utility of the foundational as-
sumption that the model class defined by the likelihood
function also must include distributions for the param-
eters, called priors, is less clear. These were originally
meant to represent prior knowledge about the “true” pa-
rameter values, knowledge which must not and cannot
be extracted from the given data sequence. Since the
priors affect the estimation in an essential manner this
of course poses problems when little or no prior knowl-
edge about the probabilities of the events that various
parameter values are “true” exists, which is the case in
nearly all applications. The procedure then is to look
for so-called noninformative priors, which in effect elim-
inates the need for priors altogether and seems to suggest
that something in the foundations, as far as estimation
is concerned, is amiss. After all, why create a problem
for the overwhelming majority of the applications and
then work hard to remove it.

In this paper, instead of searching for the “truth” we

regard the objective of estimation to be to learn statis-
tical regular features in an observed data set. For this
we need a set of models as distributions to represent
the properties we want to learn. This set of models in-
cludes both parametric models with a fixed number of
real-valued parameters and models where the number
of parameters is also to be estimated. Since a data set
in general has many properties this view of estimation
amounts in effect to asking if the data have this particu-
lar property and to what extent. We then need a means
to assess the goodness of each estimated model that we
fit to the data.

We measure the goodness by the probability or den-
sity a distribution defined by the estimated parameters
assigns to the observed data: a large probability means
a good fit, and, conversely, a small probability a bad fit.
Equivalently this can be measured by the negative log-
arithm of the probability, which admits the additional
concrete interpretation as code length. because we can
encode both data with repeated occurrence and single
isolated data points like parameter values there is no
difficulty in the interpretation of probabilities: they are
equivalent with code lengths. The fact that encoding
data with the shortest code length cannot be done unless
we take advantage of the regular features in data sug-
gested the Minimum Description Length (MDL) princi-
ple to estimation [1], which in turn seemed to give the
impression that estimation and data compression are
equivalent. However, they are not because of a subtle
but important difference: we can take advantage of the
regular features for data compression implicitly without
specifying them, while for estimation we must spell them
out explicitly.

We view estimation as analogous to measuring a phys-
ical property of an object, like its temperature, length,
or weight, by a yardstick as the devise or instrument
appropriate to the property and capable of providing
accurate measurements. The property and the selection
of the instrument is guided by physics. The object in
our case is the data sequence, and the property we are
interested in is its regular statistical feature expressed by
the ‘theory’ provided by the set or models. Actually, the
object is a machinery that provides the data, which can
be complex consisting of many physical objects such as
an economic system. Since nearly all we can learn about
the behavior of the machinery is in the data we simply
identify the object with the data.

The fundamental concepts needed are then just three:
the data set, the set of models, and the set of estimators,
from which we construct an optimal estimator in terms
of the maximum probability or density assigned to the
data. We describe three different but equivalent ways
to define the optimal estimator, all of which admit intu-
itively appealing interpretations. In the resulting theory
of estimation nothing is lost by dropping the assumption
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of “truth”. By contrast, the theory covers virtually all
aspects of estimation, and optimality can be defined not
only asymptotically but for all amounts of data. As a
side result we get a formal justification of the ML estima-
tor on data sets of any size, which hitherto has escaped
any attempts.

To conclude this introduction we mention the most
important problem in estimation or ‘modeling’, the se-
lection of the model class itself. The selection of the
‘best’ model class with the probability assignment as
the criterion is non-computable even when the models
are restricted to the algorithmically defined ones. This
is where prior knowledge is needed rather than just as
a distribution on parameter values. For these reasons,
the theory of optimal estimation here will be restricted
to each somehow given class of models, the goodness of
which can be assessed in a comparative sense rather than
absolutely.

2 Modeling problem

The modeling problem we are concerned with begins
with a set of observed data Y = {y; : t =1,2,...,n}, or
Y observed jointly together with other so-called explana-
tory data Y, X = {(ys,x1,¢,%2,,-..)}. The objective is
to learn statistical properties in Y which are expressed
by a set of distributions as models

{f(Y]Xs:0,5)}.

Here s is a structure parameter and 6 = 6q,...,0)
denotes real-valued parameters, whose number depends
on the structure. The structure is simply a subset of
the models, typically used to indicate the variables in
X that affect most strongly the behavior of Y. Usu-
ally each model is defined either for a single datum
J(Wel@1,e, T2t - - Tr(s),e,5) and extended to sequences
by independence, or if x1:,%a4,...,Trs),: themselves
are defined by the k(s) values of y;1,...,¥s—x(s), the
extension is done by the product of the conditionals.

To simplify the notations we write both the data Y
and the data Y, X simply as x without indicating the
explanatory data at all. It is understood that the mod-
els are distributions on Y or conditional distributions on
Y given the explanatory data X if they too are observed,
and whether they are distributions or conditional distri-
butions is completely irrelevant to the theory. For the
same reason we also consider only structures which are
determined by the number of parameters, so that the
order is fixed 6% = 64,...,0y, also written as 6 if k is
understood and not estimated. We then have the two
model classes,

MkZ{f(x;H,k):ﬁerCRk}, k< n,

and

K
M= M, K <n,

k=0
depending on whether we are considering the number of
parameters fixed or if it, too, is to be estimated. We also
write N = {1,2,...,K}. The class of models M in-
cludes many of the so-called nonparametric models such
as histograms. In fact, if nonparametric models can be
fitted to data at all they must be defined by an algorithm
— itself defined by parameters.

There is a natural generalization of the parametric
model classes to catch trends in the data. We may want
to make the number of parameters to depend on the size
of the data thus k(a,n), where « consists of further pa-
rameters. An example is k¥ = a1n*?, as < 1. Such a
generalization causes no difficulties to our treatment of
the estimation problem.

Corresponding to the two model classes we have sets
Fi and F of estimator functions:

Fe=1{0():x—0(x) € Qk},

F= {9(),]@() cx - 0(x),k(x) € LJQ’C X NK}.

k

In order to exclude pathological estimators, which de-
fine no meaningful learnable statistical properties, we
assume, first, for discrete data that Fj excludes estima-
tors for which f (x;6(x), k) = 1 for some data sequence
x, and f (y;0(y),k) = 0 for y # x. For data ranging
over a continuum, we restrict both the model classes and
estimator functions so that they define probabilities for
quantized data. For this it is enough if the models in
M are continuous functions of the parameters for all
data, and the estimator functions in Fj, are continuous.
Clearly, these conditions can be weakened but we are not
interested in doing so. The only measurable sets we need
are finite and open sets together with their closures.

3 Estimators and yardsticks

We begin by defining a family of yardsticks, each de-
fined by an estimator, among which a special one will
be selected. First, each estimator of the real valued pa-
rameters for fixed k defines a partition of the data set
X™ by the equivalence classes x = y if §(x) = 0(y),
together with the model

o T(x0(x),k)
ook = GRS
= 7 (a0, k) < D
C1B(x _ f(x:0(x), k) _ f(x;0(x), k)
PO = 5000~ 3 060: 0000
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7 (0(x);0,k) = /  fyeRdy, (@)
0(y)=0(x)
Cy = /f(x; 0(x), k) dx
:/ 3(8,%) df < . (3)
Ok

There is a way to handle the case where the normalizing
integral is infinite, but we do not go into it here.

Similarly, if we also consider estimators for the num-
ber of parameters we define a further finite partition of
the equivalence classes: x = y if 0(x), k(x) = 0(y), k(y)
together with the model

o TOGE0) T (k) | P (h()
o = T = T X e W
P = [ Fmay, o)

4 Necessary conditions

There is a fundamental difficulty with the maximization
of the universal criterion we have selected, namely, the
probability or density an estimator assigns to the data
by the associated distributions (1) and (4), for the two
model classes, respectively. It is because no distribution
exists that assigns the maximum probability to all data:
we can ‘tailor’ a distribution to some data point to get
a large probability on the cost of sacrificing the perfor-
mance on other data by assigning small probability to
them. After all, there is just so much of the probability
mass available. We already did exclude extreme ‘tailor-
ing’ from the estimator class Fj but weaker forms of it
are still possible which we must deal with.

We describe three equivalent ways to select a spe-
cial estimator and the yardstick it determines, each of
which admits an interpretation illuminating different in-
tuitively attractive properties. We start by determining
a necessary condition for optimality of estimators 6(-)
at some fixed x for discrete data. It is as follows: For
6(-) € Fi. to maximize f(x; k) at a point x it is necessary
that R

0(x) = 0(x). (7)
This is equivalent to the statement that unless the equal-
ity holds a better estimator can be found, or as the con-
dition
O0(x) # 6(x) <= f(x;k) < f*(x;k), (8)
where 0(-) € Fi, f*(x;k) = f(x;é(x),k) /C5, and

Cr=Cr+ f(x:0(x),k) — f (x;0(x), k).

This is the justification of the ML estimator: if the nu-
merator of the ratio f(x; k) at x is not maximized neither
is the ratio itself, which is the probability criterion we
have selected as the universal criterion. It then follows
that 6(-) is the only estimator which satisfies the neces-
sary condition for all x, and this clearly is the strongest
achievable justification.

Similarly, the necessary condition for optimality of es-
timators (), k(-) at x is

0(x), k(x) = 0(x), k(x). (9)

The estimator 0(-), k(-) is the only estimator which sat-
isfies the necessary condition for all x. Clearly, this too
is the most we can ask for.

We write the optimal yardstick distribution as follows:

Co= [ do 0(y), k)d
k /Qk /é(y)_ef(Ya (Y)7 ) Yy

= / 9(0,k)dé, (10)
Qk
Fyk) = LHO00R) (11)
Ck
fly) = maxy f(Y;g(Y)a k)/C'k7 (12)

=X [ S ayC (9

where in the last equation the structure (number of pa-
rameters) that maximizes f(y; k) rather than the likeli-
hood f(y; O(y), k) is written as k(y). In fact, the num-
ber of the parameters that maximizes the likelihood for
all data is the maximum possible, K, allowed, and we
would not be able to estimate k at all. We see that if we
consider the negative logarithms of (1) and (4) as crite-
ria, they are minimized by the two estimators 6(x) and
k:(x), respectively. The model f(y; k) was introduced by
Shtarkov [2] as a universal model for data compression;
we discuss it further below. The second model f(y) was
introduced in my 2009 Shannon lecture [3]. We do not
consider these as universal models applicable in general.
Rather, we regard f(y;é(x),k) and f(y;é(x),l%(x)) for
the two model classes, respectively, as the models appli-
cable to all data generated by the same physical machin-
ery, whose statistical behavior we hope was captured by
these models.

If we take the requirement for optimality that an esti-
mator must satisfy the necessary conditions for all data,
then because of the uniqueness the estimator 6(-), k(-)
could be said to satisty also sufficient conditions for op-
timality. Consider a class of estimators ‘fair’, if it does
not ‘favor’ any data on cost of reducing the performance
on other data. This is difficult to pin down formally. All
the traditional estimators for the real-valued parameters,
such as the least squares, the method of the moments,
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and the traditional ML estimators are ‘fair’. The same
is true of the estimators of the number of parameters re-
sulting from optimization of the multitude of the exist-
ing criteria. Clearly, the estimator é(), ]Af() is supremely
‘fair’, because for all data its performance is the best and
cannot be beaten without changing the criterion.

5 Estimation capacity and index of
separation

We next describe another way to arrive at the same two
optimal estimators, which illustrates another property of
theirs. Define the estimation capacities log C and log C,
all n, for the two model classes, respectively, where

(14)

Ck—maka—max/f X@
]

f(X 9( ) )dX/C’k

(15)

C= m

Notice that C' determines C’k and the estimators so that
the definition of the first capacity is in fact superfluous
for the definition of the optimal estimator. However, it
serves as the relevant measure of complexity of the es-
timation of the models in Mj. We'll see later that the
estimation of the number of the parameters is less com-
plex as measured by the capacity log C, which does not
exceed log K.

A normalized form of the capacity, the index of sep-
aration, gives a particularly attractive property of the
optimal estimators. It is defined as follows:

A C
H0K) = 57
for a fixed k, and R
. C
n(k) = 4=

when k is being estimated, where |Q2*| denotes the vol-
ume of the k-dimensional parameter space. We see that
it is maximized by the same estimator that achieves
the capacity. Hence, while the capacity measures the
difficulty of the estimation job the index of separation
measures how well the estimation can be done. This
is clear for a finite number of models, like u(l%), where
the set of models is {f(,k) sk = 1,2,...7K}. It is
also a quite natural measure even when there are a con-
tinuum of models and it seems that there is nothing
to separate. However, to each 6 there corresponds an
equivalence class of data points, namely {y : é(y) = é},
which have the density f(y;0;k)/g(f;k). This becomes
clearer if we obtain it from a finite set of models by a
simple limiting process: Partition the parameter space
into hypercubes A of equal side length. Denote by |A|

the volume, and there are |2*|/|A| hyper cubes includ-
ing some portions of cubes on the boundary, which does
not affect the limit. Let éi be the center of the ith hyper
cube in some enumeration, and we have

i Zud058) _ G

|al=o [QF[/|A] Q]

The index of separation is between zero and unity, the
unity corresponding to a perfect separation: the esti-
mator never makes a mistake. In our model classes it

n(0.k) =

cannot be reached except perhaps in the limit since all
the models have a common support. It is zero when all
the distinct models are equal and cannot be separated.

6 Complete MDL principle

The original MDL principle can be stated thus [1,4], (for
an earlier related but more primitive version see Ref. [5])

e “Find a model with which the observed data and the
model can be encoded with the shortest code length’:

1

0,k I
We left the selection of the code length for the parame-
ters L(6, k) vague: anything decodable was acceptable.
We know from coding theory that for decoding the so-
called prefix requirement, the generalized Kraft inequal-

ity, is needed:
Z/Q‘L(M)de <1
k

This version, which we might call the general MDL
principle, is very broad since almost anything can be en-
coded. It has, however, two shortcomings, the selection
of the code length L(6, k) and the fact that even when
the generalized Kraft inequality holds with equality the
resulting code,

F(x) = f(X;é(X), ]Af(x)) x 2~ L(009), k(X))

is incomplete and hence non-optimal. A complete code
is one defined by the negative logarithm of a distribu-
tion which integrates to unity. For discrete data it means
that all the leaves of the code tree are codewords of some
data and conversely.

Over the years two types of complete codes were con-
structed. The first is a Bayes type of mixture code:

:Z/f(x;e,k)w(a, k)de,
k

where w(0, k) is a prior.
mized over k, which gives a criterion for order estima-
tion. Although the result depends on the prior, the de-
pendence disappears asymptotically, because the inte-
grand peaks at f(x;0(x), k)w(A(x), k) and becomes in-
dependent of the prior as n — oo. There is a way to de-
fine an optimal prior even non-asymptotically although

The mixture could be maxi-



Jorma RISSANEN. Basics of estimation 279

the sense of optimality has little to do with estimation.
The way is by Shannon’s channel capacity and since it
actually suggested the estimation capacity we describe
it.

Start with the familiar minmax problem in universal
coding for My:

mqin méz}XD (fo.rlla),

where g ranges over all density functions, and

D(foxllq) = /fek feg;())dx

is the Kullback-Leibler (KL) distance between the den-
sity f(x;6,k), written as fy 5, and ¢. This turned out to
be very difficult to solve with no neat solution, and the
problem was changed to

max mqin / w(0)D(fo.x|q)d0

w

(16)

This is more tractable since by McMillan theorem, also
called the noise-free coding theorem, the minimizing ¢
for all w is the mixture model

- / F(x: 0, k)w(6)do.

f(x;0,k)

/ d9/fx9k o) — —dx

/ g (x) In mdx
+ / w(6)do / F0x,0, k) In £(x, 0, k)dx

where in the left-hand side of the equation we switched
the order of the two integrations. The second term in
the right-hand side of the equation does not depend on
q, and by the noise-free coding theorem the minimizing
q in the first term is gy, (x).

Although the maximizing prior w* is still difficult to
find the maxmin value, call it log Cy,+, is formally Shan-
non’s channel capacity. In communication there are no
parameters and the role of w is to alter the probabilities
of the input symbols to the communication channel in
order to increase speed and reduce errors. Asymptoti-
cally log C,~, which also can be shown to agree with the
minmax value, is called the ‘regret’, and the maximizing

To see this we have

prior converges to the famous Jeffrey’s prior in Bayesian
statistics. We see that even when log C',» asymptotically
behaves like the estimation capacity the maxmin prob-
lem solved is appropriate for data compression rather
than estimation, where there is no reason to ‘regret’ op-
timal behavior.

The second type of complete code, defined by the
estimation capacity logC’k, is the Normalized Maxi-
mum Likelihood (NML) code, originally suggested by

Shtarkov [2], for data compression. He defined it by ask-
ing for a universal code with code length closest to the
idealized code length log [1/f(x; 0(x), k)] as the solution

flx;k) = f(x; 0(x), k)/ék to the minmax problem
;0(x), k .
min max log M = log Cy..
@ x q(x)

The minmax procedure actually fails to provide a for-
malized justification for the ML estimator or the code
it defines, because the minmax argument applies even
to codes defined by estimators 6(-) # 6(-). Since their
minmax value log Cy is smaller than log C’k, why prefer
the NML code?

The real justification is (7) for a fixed k, and in the
general case (9), for we can interpret them in the spirit of
the complete MDL principle: First, since both are deter-
mined by the model class their description or code length
is common to all data and can be ignored. Further, both
codes f(x;é(x), k)/C’k and f(x;é(x), l%(x))/CA' are com-
plete, and finally the necessary conditions ensure that
the code length defined by the negative logarithms of
these, respectively, is the shortest for all data just as
required by the MDL principle.

To strengthen the optimality of the ML estimator é()
we can prove that it solves the minmax problem

min max D(fox|lfx)

17
0(-):Cp>1 ( )

for all # and k. Similarly the MDL estimator 6(-), k(-) is

the solution to

min maxD(fg k),
0(-),k(")

(18)

where we used the notations

for for for(y) = f(Y;Hlk)»
frx for fi(y) = 7f (y;g(y),k)7
k — —_
F(y:0(y), k(y)) /Cry)

f for f(Ya )= C

For computational purposes, for large amounts of data
we give an asymptotic formula for the capacity [6]:
vk 1/2
InCy = 21112 +1n [ |J(0)]/°d0 + o(1), (19)
m

where J(0) is the Fisher information matrix:

9% log[1/ f(x; 6, k)]
00:00; } '

J(0) =limn ' Ey {

Extensive studies of the general MDL principle with-
out separation of estimation from data compression
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appear in Refs. [4] and [7].

7 Consistency

The ML estimator has been shown to be consistent; i.e.,
for all “true” parameters 6,

0(x) — 0

in probability. Many other estimators exist that are con-
sistent in probability. However, the ML estimator is dis-
tinguished from all the other estimators in that the limit
of the covariance matrix, the inverse of the Fisher infor-
mation matrix J(6),

B ((x) — 0) (0(x) —0) — J~1(9),

is the smallest possible, which is a fine result [8], albeit
asymptotic. Consistency in probability of the estimators
for the number of parameters has also been shown for a
multitude of criteria, although to minimize the covari-
ance is not a meaningful one.

The question of consistency is still valid in our case
except that instead of just covariance we compare esti-
mators by the KL distance,

fo.k(x)
D (foxllf) /fe,k(x) log ) dx,
between data generating models fp 1(x) = f(x;6, k) and
yardstick distributions defined by estimators f(x). Con-
sistency then means the convergence for all parameters

0=01,...,0, and all k,

D (foxllf) /n—0 (20)
as n — oo, which applies both to the estimators of the
real-valued parameters and of their number. We also

regard it as a property of the estimators and the model
classes without assuming any particular “true” parame-
ter.

In Refs. [4] and [9] we proved a theorem that together
with (20) gives the optimal convergence rate of estima-
tors 0(x), k(x) as follows:

For all 0(-),k(-) such that 0(x) is con-
sistent in probability for all 0, k,

P>t

Theorem 1

Inn

D(fo,x

for all € as n — oco. The inequality holds for all k and 0
except some in a set Ang whose volume goes to zero as
n grows. The bound (k/2)Inn is reached by 6(-), k(-).

This clearly plays a similar role to the estimators of
the number of parameters as the Cramér-Rao inequal-
ity for the estimators of the real-valued parameters. To
our knowledge no other optimal consistency rate for the
estimation of the number of parameters exists.
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