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Abstract In this paper, a fast algorithm is presented to
compute the electromagnetic fields of a thin wire current
source inside lossy ground. The modified image method is
used to evaluate the Sommerfeld integrals, and the fast
multipole method (FMM) is utilized for solving the
governing electric field integral equation (EFIE). The
validation of the proposed algorithm is performed by
comparing the results with that of using method of moment
(MoM). The numerical example shows the flexibility,
efficiency and accuracy of this algorithm.

Keywords modified image theory, lossy ground, fast
multipole method (FMM)

1 Introduction

In the past decades, much attention has been paid to the
problem of the interaction between lightning electromag-
netic fields and the grounding grids of substations or
overhead transmission lines. This had led to the formula-
tions of different reliable models based on the antenna
theory and thin wire approximation. All these models
require accurate evaluations of the lightning electromag-
netic fields produced by the thin wire current sources
above or below ground taking into account the effect of
ground conductivity. Unfortunately, the presence of the
lossy ground in the model implies the computation of the
slowly converging Sommerfeld integrals, which makes the
performance of the algorithms prohibitive in terms of large
computation time, especially for large grounding grids or
long transmission lines. As a result, many simplified
approaches have been developed to overcome the above
problem [1–4], and some efficient algorithms have been

proposed to evaluate the exact expressions in order to test
the validity of the approximate formulas [5,6]. However, a
large amount of computation is still required because the
inversion of a fully dense matrix is required at each
frequency. Fast multipole method (FMM) provides an
efficient way for the numerical convolution of the Green’s
function for the Helmholtz equation iterative solution of
boundary-integral equations [7–9]. It employs iterative
techniques such as conjugate gradient method or the bi-
conjugate gradient method to solve the linear algebraic
equations. The method reduces the computational com-
plexity of the convolution from OðN2Þ to OðN1:5Þ, where
N is the discretization dimensionality of the problem. By
implementing a multilevel FMM, the complexity can be
further reduced to OðN lgNÞ. However, the key of this
method is to expand e – ikR=R item (k is the wave number, R
is the distance between the observation point and source
point), and electric field integral equation (EFIE) for the
lossy ground contains Sommerfeld integrals which are not
only composed by e – ikR=R but by other items. Therefore,
FMM cannot be used to evaluate the underground
electromagnetic fields if the Sommerfeld integrals are
evaluated directly.
In this paper, modified images are used to replace the

ground effect in the calculation of electromagnetic fields
produced by the thin wire current sources above or below
ground, and FMM is utilized for solving the governing
electric field integral equation. The remarkable efficiency
in terms of CPU time and flexibility of the developed
algorithm makes it possible to evaluate the interaction
between lightning electromagnetic fields and grounding
grids or overhead transmission lines. For the sake of
simplicity, in the computation of this paper only the
electromagnetic fields due to a thin wire inside a lossy
ground are considered. The limitation of the proposed
algorithm is related with the use of modified image theory
in order to approximate the Sommerfeld integrals in the
lossy half-space problem. This treatment for the Sommer-
feld integrals limits the range of applicability of the
numerical method to frequencies lower than a few

Received January 24, 2010; accepted February 12, 2010

Hongxia HUANG (✉), Lin LI, Zhibin ZHAO
School of Electrical and Electronic Engineering, North China Electric
Power University, Baoding 071003, China
E-mail: hhx_1982@163.com

Front. Electr. Electron. Eng. China 2010, 5(2): 224–228
DOI 10.1007/s11460-010-0016-z



megahertz. However, this range is suitable for the
electromagnetic fields of the typical lightning pulse.

2 Formulation

2.1 Modified image theory

The schematic of the problem is shown in Fig. 1 where a
thin wire conductor of infinite conductivity is placed in a
lossy ground with conductivity �, permittivity ε, and
permeability �. The upper half space is the air with
permittivity ε0 and permeability �0. The current along the
wire conductor is considered to be a line source along the
wire axis, by using the thin wire approximation. For the
lossy medium half-space problem, the influence of the
interface between the air and the ground is taken into
account approximately by the modified images [10]. By
means of this treatment, the problems are reduced to the
calculation of electromagnetic field of thin line current
sources in the homogeneous spaces, either soil or air,
depending on the positions of the observation point. In
order to determine the longitudinal current distribution, it
can be considered that the current source and observation
point are below the ground. The electric field can be
evaluated as field due to current source and its image I#.
The image current I# can be calculated by

I# ¼ iωεþ � – iωε0
iωεþ �þ iωε0

I ¼ aI , (1)

where ω is the angular frequency, a is the coefficient of the
image current source.

2.2 Electric field integral equation

The governing EFIE based on the boundary condition of
the electric field on the surface of a conductor with a
longitudinal current distribution Izðr#Þ along it can be
expressed as follows:

t$E i ¼ – ðt$E s
1 þ t$E s

2Þ, (2)

where t represents the axial unit vector tangential to the
segment surface, Ei is incident field, Es

1 and Es
2 are

scattered electric field due to current source and its image,
respectively. In this paper, subscript 1 indicates the
parameter relative to current source and subscript 2

indicates the parameter relative to its image. The scattered
electric field can be expressed as follows:

t$Es
j ¼

1

4πð�þ iωεÞ!l
Izðríj ÞGðr,ríj Þdz, j ¼ 1,2, (3)

where t is the unit vector along the wire axis and tangential
to its surface, and r and ríj are observation and source point
vectors, respectively. The Green’s function Gðr,ríj Þ is
defined as

Gðr,ríj Þ ¼ ðr2 – γ2Þe
– γ r – ríjj j
r – ríj
�� �� , (4)

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iω�ð�þ iωεÞ

p
: (5)

2.3 Method of moment (MoM)

Galerkin method is employed to solve the electric field
integral equation in the frequency domain. The long-
itudinal current can be expanded as follows:

IðzÞ ¼
XN
n¼0

InFnðznÞ, (6)

where FnðznÞ are the expansion functions and In denote the
unknown coefficients to be determined. The sinusoidal
current expansion is used as the basis and test functions in
Galerkin method, and it is expressed as

Fn ¼
P1ðzÞsinh ½γðz – zn – 1Þ�

sinhðγΔzÞ þ P2ðzÞsinh ½γðznþ1 – zÞ�
sinhðγΔzÞ ,

P1ðzÞ ¼
1, zn – 1 < z < zn,

0, elsewhere,

(

P2ðzÞ ¼
1, zn < z < znþ1,

0, elsewhere,

(

8>>>>>>>><
>>>>>>>>:

(7)

where Δz ¼ zn – zn – 1 ¼ znþ1 – zn. The reason for the
choice of the sinusoidal approximating function, Eq. (7),
as the basis and test functions is that it is probably the only
finite line source needed with simple closed-form expres-
sions for the near fields. The rigorous expressions for the z-
components of the electric field Ez and φ -components of
the magnetic field Hφ at a near or distant point of a
sinusoidal monopole of unit amplitude in a local
cylindrical coordinate system illustrated in Fig. 2 are

Ez ¼
1

4πð�þ iωεÞ
γ

sinhðγΔzÞ

$ ½I1 – I2coshðγΔzÞ�
e – γR2

R2
þ ½I2 – I1coshðγΔzÞ�

e – γR1

R1

� �
,

(8)

Fig. 1 Schematic of the problem
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Hφ ¼ 1

4π�sinhðγΔzÞf½I1sinhðγΔzÞ cos �1
þI1coshðγΔzÞ – I2�e – γR1

– ½I2sinhðγΔzÞ cos �2 – I2coshðγΔzÞ þ I1�e – γR2g,
(9)

where I1 and I2 are the values of monopole current I(z), at
z1 and z2, respectively,

IðzÞ ¼ I1sinh ½γðz2 – zÞ� þ I2sinh ½γðz – z1Þ�
sinhðγΔzÞ : (10)

Using Eqs. (2) and (8), the linear algebraic equations can
be obtained as follows:

z11 z12 � � � z1N
z21 z22 � � � z2N

M M M
zN1 zN2 � � � zNN

2
6664

3
7775

I1

I2

M

IN

2
66664

3
77775 ¼

– z10
– z20

M
– zN0

2
6664

3
7775: (11)

The dense form is

ZN�N IN�1 ¼ UN�1, (12)

where zmn is the mutual impedance between dipoles m and
n, zn0 is the mutual impedance between the dipole m and
incident monopole, they can be expressed as follows:

zmn ¼
1

4πð�þ iωεÞ !
zmþ1

zm – 1

Fmðz,zmÞ
�

$!
znþ1

zn – 1
Gðrm,rí1nÞFnðz#,znÞdz#dzþ a!

zmþ1

zm – 1

Fmðz,zmÞ

$!
znþ1

zn – 1
Gðrm,rí2nÞFnðz#,znÞdz#dz

�

¼ !
zmþ1

zm – 1

Fmðz,zmÞðE1zn þ aE2znÞdz: (13)

2.4 Fast multipole method

Dividing the wire segments intoM homogeneous groups, o
and oíj are the centers of groups m and nj, respectively.
Applying FMM to Eq. (2), the linear algebraic equation,
Eq. (12), can be rewritten as follows:

ðZnearby þ Z farÞN�N IN�1 ¼ UN�1: (14)

In the left hand side of Eq. (14), Znearby represents the
interaction from nearby regions, evaluated by Eq. (13), and
Z far represents the interactions from non-nearby regions.
For the non-nearby regions, by applying the addition
theory, the exponential function is written as

e – γ r – ríjj j
r – ríj
�� �� ¼ e – ik X jþdjj j

X j þ dj
�� ��

� –
ik

4π
!e – ik%djTj k̂$X̂ j

� �
d2k̂, (15)

where

X j ¼ rooíj , (16)

dj ¼ rmo – rnjoíj , (17)

r – ríj ¼ rmnj ¼ X j þ dj, (18)

k ¼ kk̂ ¼ γ
i
k̂, (19)

k̂ ¼ sin�cosφþ sin�sinφþ cos�, (20)

!d2k̂ ¼ !
2π

0
!

π

0
sin�d�dφ, (21)

Tj k̂$X̂ j

� � ¼ XL
l¼0

ð – iÞlð2l þ 1Þhð2Þl ðkXjÞPl k̂$X̂ j

� �
, (22)

L ¼ kDþ 2lnðkDþ πÞ, (23)

where !d2k̂ is the integral over the unit sphere, hð2Þl is a

spherical Hankel function of the second kind, Pl is a
Legendre polynomial, and dj < Xj. D is the maximum
group size. When using this expansion to compute the field
at m from a source at nj, X j will be chosen to be close to
m – nj, so that dj will be small. This relationship of the
various vectors is sketched in Fig. 3.
Furthermore,

Gðr,ríj Þ ¼ðr2 – γ2Þe
– γ r – ríjj j
r – ríj
�� ��

� –
ik

4π
!ðr2 – γ2Þe – ik%djTj k̂$r̂ j

� �
d2k̂

¼ –
γ3

4π
!e – ik%djTj k̂$r̂ j

� �ðcos2� – 1Þd2k̂, (24)

Fig. 2 Local coordinate system
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zf armn ¼
1

4π �þ iωεð Þ!
zmþ1

zm – 1
!

znþ1

zn – 1
Fm z,zmð ÞG r,rí1ð ÞFn z#,znð Þ½

þ aFm z,zmð ÞG r,rí2ð ÞFn z#,znð Þ�dzdz#

¼ –
γ3

16π2ð�þ iωεÞ!Vm T1 k̂$r̂1
� �þ aT2 k̂$r̂2

� �	 


$ cos2� – 1
� �

Vnd
2k̂, (25)

where

Vm ¼ !
zmþ1

zm – 1

Fmðz,zmÞe – ik%rmodz, (26)

Vn ¼ !
zn1þ1

zn1 – 1

Fn1ðz#,zn1Þe
ik%rn1oí1 dz#

¼ !
zn2þ1

zn2 – 1

Fn2ðz#,zn2Þe
ik%rn2oí2 dz#, (27)

where Tj, Vm, Vn represent the matrix of translation,
aggregation, and disaggregation, respectively. Because the
wire is divided symmetrical, Tj has a translational
invariance, and for the elements in different groups, when
rmo is equal, Vm is equal, Vn also has the same nature.
Furthermore, Vm and Vn are unchanged for the current
source and its image, and these properties reduce the
computational complexity and computer memory signifi-
cantly.

3 Numerical results

In order to examine the validity of the developed
algorithm, we computed the longitudinal current along
the wire in Fig. 1, where L = 40 m, � ¼ 0:0005 mho/m,
�r ¼ 1, and εr ¼ 4. It is assumed that the wire is excited at
its far-left side (point s in Fig. 1) by a sinusoidal current
with unit amplitude of frequency f = 6.741MHz. Figures 4,
5 and 6 show the current distribution along the wire, x-
component of the electric field along the z-axis and y-
component of magnetic field along the z-axis, respectively,
calculated by the algorithm developed based on FMM in
this paper and by MoM directly. It can be found that a good
agreement has been achieved between the two methods. In
order to show the efficiency of the method developed in
this paper, we separately used the MoM, FMM (group
number M = 4) and FMM (group number M = 7) to solve

Fig. 4 Current distribution along the wire

Fig. 5 x-component of electric field along z-axis

Fig. 3 Relationship between locations m and nj

Fig. 6 y-component of magnetic field along z-axis
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the EFIE with a different number of unknowns, and the
operation time is given in Fig. 7. It is clear from Fig. 7 that
the more the groups are, the faster the solution is, and the
more the unknowns to be solved, the more obvious the
superiority of FMM over MoM. Therefore, the algorithm
developed based on FMM in this paper is more suitable to
calculate the transient characteristic of grounding grid of a
large substation when it is stricken by lightning.

4 Conclusion

A fast algorithm is presented to compute the electro-
magnetic field of thin wire current source inside a lossy
ground. The method used the modified images to replace
the ground effect, and utilized the fast multipole method
for solving the governing electric field integral equation.
The method is capable of modeling end-point charges
representing the excitation point of the wire, and it also can
be used in analyzing lightning electromagnetic field
problems of substation grounding systems or overhead
transmission lines.
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