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Abstract In this paper, the ideas of universal logic is
introduced into fuzzy systems. After giving the definitions
of the softened fuzzy reasoning models based on
Schweizer-Sklar t-norms and Schweizer-Sklar implica-
tions, i.e., a-models and f-models, we give the sufficient
and necessary conditions for these models to be con-
tinuous, and discuss the continuity of some commonly
used models. We also prove that when an a-model or
a f-model is used as a fuzzy controller, it has universal
property with respect to function approximation. The
results we obtained show that a-models and S-models are
more flexible than the existing models in applications.

Keywords Schweizer-Sklar t-norms, Schweizer-Sklar
implications, continuous fuzzy reasoning models

1 Introduction

Fuzzy reasoning is the basis of fuzzy information process,
fuzzy decision, fuzzy systems, and fuzzy control. As
shown in Ref. [1], a system of fuzzy IF-THEN rules being
modeled correctly works as a partially given (fuzzy)
function. Its behavior is determined by a chosen structure
for IF-THEN rules which assigns meaning to fuzzy sets in
the IF and THEN parts as well as to basic connectives. This
partial function can be extended to a whole domain of
fuzzy sets with the help of compositional rule of inference,
which plays a role of a mechanism for computing the
dependent functional values. We call this extended partial
function a fuzzy reasoning model. The choice of fuzzy
reasoning model can directly impact the effect of inference.

Let {IF x is A;, THEN y is B;, i=1,2,...,n} be a group of
fuzzy rules. In general, we hope a fuzzy reasoning model
based on these rules should satisfy the following conditions:
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1) Consistency (or the reproduction of the given fuzzy
rules), i.e., when the input is 4;, the output is exactly B;;

2) Continuity, i.e., the model is consistent and the closer
the input is to 4;, the closer the output is to B;. The
continuity of fuzzy reasoning models with Archimedean
t-norms have been studied in Ref. [1]. There is much work
to do on this subject.

Just like we know very well, the basic operations of
fuzzy sets, such as negation, intersection, and union,
usually are computed by applying the one-complement,
minimum, and maximum operators to the membership
functions of fuzzy sets. However, generally fuzzy sets
express humanity’s knowledge and experience whose
main character is flexibility. Many decisions must be made
under imprecision and uncertainty, which cannot be
represented easily by the crisp intersection, union, and
negation of fuzzy sets [2]. References [2—6] have taken
notice of this flaw of the basic operations of fuzzy sets and
proposed many schemes to soften these operations. One
typical scheme is to use Schweizer-Sklar t-norms to soften
crisp intersection A; the other soft basic operations can be
induced by this softened intersection. This scheme is called
SS-soft-method. Reference [5] studied Schweizer-Sklar
t-norms and residual implications induced by them,
explained the relation between the strength of interaction
of two words or two concepts and the value of the
parameter p in Schweizer-Sklar t-norms. In the universal
logics proposed in Ref. [7], Schweizer-Sklar t-norms and
implications induced by them are used as the most
important flexible logical operators. Reference [8] studied
the fuzzy logic system UL* based on the Schweizer-Sklar
t-norms, proved that UL* is reliable and complete.
Therefore, SS-soft-method has a reliable logical basis
and has become a successful pattern of the soften
operations of fuzzy sets.

Naturally, when the operations of fuzzy sets are
softened, the corresponding fuzzy reasoning models
should also be softened and become more flexible. This
paper should advance a theory of soft continuous models
of fuzzy reasoning based on SS-soft-method and concen-
trate on the necessary and sufficient conditions of two
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kinds of typical models to be continuous models. Because
the soft continuous fuzzy reasoning models can change
with the value of a parameter, in applications they can be
tuned according to actual situations. This is significant for
optimization of fuzzy systems.

2 Preliminaries

In this section we introduce the Schweizer-Sklar operators.
The original definitions of these operators appear in Refs.
[9,10], more detailed discussion is in Ref. [5].

Definition 1 Let P be a poset, the binary operations ®
and — defined on P form an adjoint couple, if they satisfy
the following conditions:

(M0) ®: PxP — P is isotonic in both arguments;

(RO) —: PxP— P is isotonic in the second and
antitonic in the first argument;

(A)a® b<cifand only if a<b — ¢, a,b,c € P.

Definition 2 Let m be any given real number, the
binary operation T(-,-,m) : [0,1]* — [0,1] defined by
T(x,y,m) = [max(0, ¥ +y" —1)]"/™ is called Schweizer-
Sklar t-norm. This t-norm is briefly written as x,, in this
paper.

When m <0, t-norm may be meaningless, we assign
X%,y =0.

Definition 3 The adjoint of Schweizer-Sklar t-norm
T(-,-,m): [0,1]* — [0,1] which is defined by I(x, y, m) =
[min (1, 1—x" 4 y")]'/" is called a Schweizer-Sklar impli-
cation. This implication is briefly written as —,, in this
paper.

In order to avoid ambiguity, we make the following
provisions (when m < 0): 1(0, 0, m) = 1; if x > 0, then I(x, 0,
m)=0; If 1 —x™ + y™ is nonpositive, then /(x, y, m) =1 (in
fact, now it must hold x < y).

It is easy to verify that ([0,1],V, A, *,, ,—,) is a basic
logic algebra (BL-algebra), i.e., the following conditions
are satisfied:

(P1) ([0,1], ,, ) is a commutative monoid with the unit
1;

(P2) (*,,,—,, ) is an adjoint couple;

(P3) V x, y € [0,1], it holds that x *,, (x —,,¥) = x A y;

(P4)V x,y € [0,1], it holds that (x —,,y) A (y =, x) = 1.

Definition 4 The parameterized binary function
O(x,y,m) = I(x,y,m) AN I(y,x,m), which can be repre-
sented as

(14 "=y, m <o,

Q(x’y’ m) =

m =0,
(1 7|xm 7ym|)l/m’

is called Schweizer-Sklar equivalence. The Schweizer-
Sklar equivalence Q(x, y, m) is written as «,, in this paper.

m >0,

3 Continuity of a-models and B-models

For convenience, we denote the set {1,2,...,n} as n.

Definition 5 Let X and Y be the universes of the input
and output variables, respectively. All fuzzy subsets of X
and Y are denoted as F(X) and F(Y), respectively. Let
A, € F(X),B; e F(Y),i=12,....n,andR € F(X x Y) be
a fuzzy relation from X to Y, assume that a system of fuzzy
rules

IF xis A, THEN yis B;, i=12,..n, *)

are given, we define a mapping f; : F(X) — F(Y) as
Jr(d4) =A°R, (D

where © is a compositional operation, then we call f; a
fuzzy reasoning model based on the system of rules (x)
(briefly, a model). When ° is chosen as A— —,
compositional operation, i.e.,

ﬁ€<A> =40,R= /\xeX(A(x> _)mR(xay»ﬂ

we call fp an a-model; when ° is chosen as V- x,
compositional operation, i.e.,

Jr(d) = A R = Viex(A(x) 4, R(x, 7)),

we call fz a f-model.

Definition 6 Assume that system (x) is given, if for
every i € n, the equality fz(4,;) = B; holds, then we call fz a
model with reproduction of the given rules, or call f; a
consistent model.

Definition 7 Let 4,B € F(X), m#0 define the
mapping D,, : F(X) X F(X) — [0,00) as D, (4,B) =
Vyex|A™ (x)—B™(x)|, then we call D,,(4,B) the distance
between fuzzy sets 4 and B.

We agreed that in the discussion below, parameter m is
not equal to 0, because when m = 0, we cannot define the
distance function as Definition 7.

Definition 8 Let (F(X),py) and (F(Y), py) be both
metric spaces, T : F(X) — F(Y) be a mapping, and {4,,}
be a sequence of fuzzy sets in F(X), 4 € F(X), if when
A, — A(n— oc) we always have T(4,) — T(A)
(n — 0), then we say the mapping 7 is continuous.

Definition 9 Let R € F(X x Y), we say the model f;
is k-continuous if and only if there exists a positive real
number £, such that for every i € n and for any 4 € F(X),
the following inequality holds:

D, (Bi, A R)<kD,,(4, A). @

Usually, a 1-continuous model is also briefly called a
continuous model.

Obviously, when f; : (F(X),D,,) — (F(Y),D,,) is a k-
continuous model, it is actually continuous at the points
A;i =1,2,...,n. This is a kind of partial continuity. The
condition (2) is partially similar to Lipschitz condition in
analytics.
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Theorem 1 LetR € F(X x Y), m#0, the model f; is
k-continuous if and only if for every i €n and for any
A € F(X), the following inequality always holds:

Aye Y(Bi<y) “m (A ° R)(y>)

> Ncex (K" 4;(x) o K7 A ().

Proof LetR € F(X x Y), m#0. If the model f; is k-
continuous, then for any i € n and for any 4 € F(X), we
have D,,(B;, A°R) <kD,,(4;, A), i.c.,

Vyey|B'(v) = (4 ° R)" ()| S Vyexkl|d]" (x) - A" (x)].
In the case m < 0, we have
Nver[l+ B ()= (4 R)" ()]
> Avex[l + kA7 (x) —4" (x)[]'/"

= Avex [T+ (R4 () (k) (o]

In the case m > 0, we have

Nyer[l=IB ()~ (4= R)"()[]"/"
2/\):6)([1 *k|A§"(x) ,Am(x)l]l/m

= Avex [17 |(k1/mAl-)m(x)*(kl/mA)m(x)H l/m.

So we always have

Nyey(Bi(y) =m (4 °R)(y))

> Ncex (K" 4;(x) o K7 A()).

Obviously, the steps above are reversible. So we
complete the proof.

From Definition 9 and Theorem 1, we immediately draw
the following corollary.

Corollary1 LetR € F(X x Y), m#0, then the model
fr is 1-continuous if and only if for every i €n and any
A4 € F(X), one of the following conditions is satisfied:

Dm(Bi’AOR) SDm(Alﬂ A)? (3)

/\ye Y(Bl(.y) HmfR(y))ZAxeX(Ai(x) <__'mA(x))' (4)

Lemma 1 Let ([0,1],%, — ,<) be a complete resid-
uated lattice, a;,b; € [0,1], i €I, then the following
inequalities always hold:

1) Nier(a; = b;) < (Nigrai) = (Nierbi)

2) Nier(a; = b;) < (Vigra;) = (Vierb).

Lemma 2 Let ([0,1],%, — ,<) be a complete resid-
uated lattice, a,b,c,d € [0,1], then the following inequal-
ities always hold:

a—=b<(a—c)—=(b—c),

2) (ae=b) x (c—d)<(axc)— (bxd).

Noticing that ([0,1],%,,,—,,<) is a complete resid-
uated lattice, so when * = *,,, —= —,, Lemmas | and 2
are still true.

Lemma 3 Let x,y,z € [0,1], m#0, then the following
inequality holds:

and only when x = y = z, we have
(mey) *m (yHmZ) =xepz=1
Lemma 4 Let R€ F(X xY), then for any i=
1,2,...,n and 4 € F(X), we have
By(v) o (A©p R)(¥) Z0(1) i Acex (4i(x) = A X)),
YyeY, (5
where 0(y) = Bi(y) = (4 ©p R)(v).

Proof LetB=A40©,, R, by Lemma3, foranyy € Y we
have

B(y) = Bi(y)
= (B() = (4 0n R)())
*m (A4 O R)(¥) = (4; O R)(1))
*u (4; O R)(Y) =n Bi(¥), i=12,...n.  (6)
Note that
D) B(y) = (40 R)(y) = 1

3) By Lemma 1 1) and Lemma 2 1), we have

(A ®m R) ()/) m (Ai ®m R) ()/)

= /\xeX(A(x) m R(x’y)) “m /\XEX(Ai(x) m R(x’y))

= Neex[(A(x) =n R(x,)) S (4;(x) = R(x, )]

2 Neex (di(x) = A(x)).

Substituting 1), 2) and 3) into Eq. (6), then it is trivial
that Eq. (5) is true.

Theorem 2 Let R € F(X X Y), then f; is a consistent
o-model if and only if f; is a continuous a-model.

Proof “=-" Let f be a consistent a-model, then R is a
solution of the system of fuzzy relation equations
A;©,R=B;,i=12,...,n, so for any i=1,2,...,n and
y € Y, we have 6%(y) = 1, by the Definition 9, Corollary 1
and Lemma 4, f; is a continuous a-model.

“«<" Suppose that f3 is a continuous a-model, then for
anyi=1,2,..,nand 4 € F(X), Eq. (4) holds. For arbitrary
i=1,2,...,n, when 4 = 4, by Eq. (4) we have

Ner(Biy) =nfr(d)) () =1,
hence
B,(y) =nfr(4:)(¥)
= B;(y) = (4i On R)
=1, WeY.

This shows that R is a solution of the system
A;©,R=B;,i=12,...n,s0 [ is a consistent model.
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Corollary 2 Let R € F(X x Y), then f is a contin-
uous a-model if and only if for any i =1,2,...,n and
A e F(X),

/\ye Y(Bi(y) “m (A

holds.
Lemma 5 Let Re F(X x7Y),
1,2,..,nand 4 € F(X),

i ®m R)) ZAxe)((Ai(x) HmA<x)) (7)

then for any i=

Bi(y) = (A4 °nR)(y)
20 () #m [Nrex (4i(x) op A(x)], Yye¥, (8)
where 9z (v) = B;(y) = (4 2, R) ().
Proof LetB=A°,R byLemma3,foranyy € Y, we
have
B(y) =, Bi(y)
Z(B(y) =m (A°nR)(v))
*m ((A OmR)(y) “m (Al OmR)(y))
*m ((Al OmR)(y) m Bl(y))7 i= 1’2"":’1' (9)
Note that
D) By) = (A°,R)() =1;

2) 532()’) = (A OmR)(y) “m Bi(y);
3) By the facts shown in Lemma 1 2) and Lemma 2 2),
we have

(A n R)) = (4i °m R) ()
= \/xeX(A X) *m R(x Y)) Sm Vrex (4i(x) % R(x,))
2 Acex [(A(x) s ROx,2)) = (Ai(x) 5 R(x, 7))]
Z Ncex (Ai(x) = A())-

Substituting 1), 2) and 3) into Eq. (9), it is easy to verify
that Eq. (8) is true. The proof is completed.

Theorem 3 Let R € F(X X Y), then f is a consistent
S-model if and only if f; is a continuous S-model.

Proof Using Lemma 5 and Corollary 1, the proof is
similar to the proof of Theorem 2, thus it is omitted here.

Corollary 3 Let R € F(X x Y), then f; is a contin-

uous fS-model if and only if for any i=1,2,....n and
4 € F(X),
Nyey(Bi(y) =m (4i °n R)(y))
ZAxEX<Ai(x)Hn1Ai(x)> (10)

holds.

As shown in Ref. [11], while A = {4,},<;<, and B =
{B;}1<i<n are the fuzzy partitions of the universes X = [a,
b] and Y= [c,d] respectively, the system 4, ©,, R = B;,i =
1,2,...,n, is solvable and its least solution is R;, =
VI, (4; %, B;); the system 4;®,,R = B;,i = 1,2,....n, is
also solvable and the greatest solution is R, =

" (4; —,, B;). Consider the cases of m=1and m= — o0
we have the following corollary.

Corollary 4 Let A= {4;},<i<, and B = {B;} 1 <i<n
be fuzzy partitions of the universes of X=[a,b] and Y= [c,
d], respectively, () is a system of fuzzy rules, then all of the
models fz_, fz, » &r,» and gz, which are defined as

Tr(A) = Neexl3[A(x), Vi (4;(x) A Bi())],
Jr (A) = Neexi [A(x), Vie Ty (4;(x), Bi())];
8r(4) = Viex{4(x) N N1 (4i(x), Bi())]}

and

8r, (4) = Veex{Th[A(x), AL T (4i(x), Bi(v))]}

respectively are continuous, where

Tl (x9y>
T3(x,y) = x Ay,
= min(1,1 + y—x)(Lukasiewicz),

= max(0,x +y—1),

Il(xsy)

1,
13(x9y) = {
Y,

It should be pointed out that Theorem 3 and Corollary 3
are similar to the major findings of Ref. [1], but there is a
great difference between the definitions of Schweizer-Sklar
t-norm *,, Schweizer-Sklar equivalence operator <,
and the t-norm =, equivalence operator <« in Ref. [1].

O<x<y<1l,
(Godel implication).
I<sy<sxxl

4 Continuity of some commonly used
models

Let () be a system of fuzzy rules, A = {4,},<,<, and
B = {B;}<i<n be the fuzzy partitions of the universes X
=[a,b] and Y=[c,d], respectively. Now we consider the
continuity of some commonly used models (only in the
case of single-input single-output models).

1) Continuity of Mamdanian model

According to Mamdanian method, the inference relation
of the ith rule is a fuzzy relation from X to Y, which is
represented by R;(x,y) = 4;(x) A B;(y). Since the n
inference rules should be joined by “or” (corresponding
to set-theoretical operator “U”), the overall inference
relation will be Ry = UL |R;, i.e.,

Ry(x,y) = Vi (4;(x) A Bi(y)),

and the model is represented as

Jru(A) () = Viex(A(x) A Ry(x,y))
= ViexA(x) A [Viei (4i(x) A Bi(y))]-

It is easy to verify that, in general, the equality
Sry(4;) = B;,i = 1,2,...,n, is not true. By Theorem 3, the
Mamdanian model is not consistent, thus it is not
continuous. If V, cy in the model above is replaced by
Aex, and the operation “A” is replaced by Godel
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implication, then the model fz , will become the model fz,
in Corollary 4, which is continuous. If Ry (x, ) is replaced
by AL L5(4;(x), B;(v)), then the model f , will become the
model gg . in Corollary 4, which is also continuous.

2) Continuity of the models constructed with composi-
tional rules of inference (CRI) method

In such a fuzzy reasoning model, we usually link the
left-hand side and right-hand side of the rules by an
implication operator 6, i.e., the ith rule “IF x is 4;, THEN y
is B;” is represented as 6(A4;(x), B;(v)), join n rules by “or”,
then the overall inference relation is

Re(x,y) = Vil 0(4;(x), B;(v)),

and the model is represented as

Jo(A) ) = Viex(4(x) A Re(x,y))
= ViexA(x) A Vi 0(4;(x), Bi(y))],

where the 6 is often chosen as Godel implication, Goguen
implication, Lukasiewicz implication, and so on. It is easy
to verify that the commonly used models constructed with
CRI method are not consistent, of course they are not
continuous. However, if we give up the above-mentioned
using implication operators to generate the fuzzy inference
relation R¢, but take Rc for the solution of the system of
fuzzy relation equations

Viex (4i(x) AR(x,y)) = Bi(y),

then by Theorem 3, fz. is a continuous model.

3) Continuity of the (+, ) model and the weighted
(+,) model

In Mamdanian model, to replace V and A by the
bounded addition + and the ordinary multiplication -
respectively, we will obtain the (+,-) model which is
expressed as

S A) =Viex(AXR ., (x.3))

— Ve () [i(A,(x)-Bicy))],

i=1

i=1.2,..n,

its weighted form is

S (AB) =Veex (AR, (x.7))

=V, cxd() [Z o (4,(2) -Bl-m)] :
i=1

where every w; =0 and 27:1 w; = 1. It is easy to verify
that these two models are not continuous.

5 Interpolation mechanism of continuous
fuzzy reasoning models

An important conclusion in Ref. [12] tells us that every
fuzzy controller based on CRI algorithm in common use

can be regarded as an interpolation method that is a kind of
approximation to a certain response function. Reference
[13] pointed out that if a fuzzy controller is without
universal property with respect to function approximation
but only of step response ability, then it can hardly be used
in any practical fuzzy control systems. Thus, it is very
important to verify whether a fuzzy controller constructed
by a continuous a- or f-model is of universal property with
respect to function approximation. In this section, we will
discuss this problem.

Let S be a system, X = [a,b] and Y = [c,d] be the universe
of input variable and the universe of output variable
respectively, and (x1,¥1),(X2,12)se»(Xu> V), Where a <
X1 <X < - <X, < b, c<y <y, <---<y,<d, are
a family of input-output data. Based on these data, we
make the fuzzy partitions of X and Y, namely, A =
{4;}1<i<» and B = {B;}<i<n, Where x; and y; are the
peak-points of 4; and B;, respectively. In order to obtain a
fuzzy inference relation, we build a system of fuzzy
relation equations:

A0, R=B, i=12,..n, (11)

or

A;°yR=B, i=12,.n. (12)

With any solution R of Eq. (11), we can build a continuous
o-model:
fr: F(X) > F(Y), A—»A06,,R.

With any solution R of Eq. (12), we can build a continuous
[-model:
fr: F(X) > F(Y), A—A°,R.

According to the finding of Ref. [14], the direct solution set
of Eq. (11) is
where

-

R()C, Y) = \/?=1[A,-(X) *mBi(y)]’ (x’ y) €X X Y:

v A
R <R< R},

310’): X =X,
R
R(x.y) = B,(y), x=x
1, else,

and the attainable solution set of Eq. (12) is

R.R] = {RIR<R<R},

where
Bi(y), x=x,
R(x,y) =
B,(y), x=x,
0, otherwise,
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R(xp) = N2 [4i(x) = B, (v)]-
Let
M, = {lefR :F(X) = F(Y),A—A®,R,R €

| —

kA
My = {f,zlfk L F(X) — F(Y),A—A°, R,R € R, E]}.

Then M, and My are the cluster of the continuous
a-models and the cluster of continuous f-models of system
S, respectively.

In the following, we will show that for a practical fuzzy
control system, the controller constructed by any element
of M, U Mp is approximate to an interpolation function.

Let R be an attainable solution of Eq. (12),i.e., R € Mp.
Then R determines a continuous f-model f. For an input
fuzzy set A* € F(X), the corresponding output fuzzy set
B* € F(Y) should be computed by

B'(y) =fa ) = Viex[d (x) 5, R(x,p)]. (13)

When the input value is a crisp quantity x’ € X , in order to
use Eq. (13), we change x” into a fuzzy set by the following
singleton fuzzification scheme:

, 1, x=x,
4" (x) = ,
0, x#x .
Substituting it into Eq. (13), we obtain the inference result:
B'(y) =R(x".y).

To defuzzify B" into a crisp quantity y’, the commonly
used method of centroid is adopted:

d
[ B [ore

ferB,(,V)dy ij(x’,y)dy

So we obtain the response function of the fuzzy controller
constructed by fz, that is, y'= f(x"). Let

’

y = £f(x").

hy =y —c,
hi=yi=yi1, i=23,...n.

Because A and B are fuzzy partitions, their elements have
the Kronecker’s property:

1, i=j,

Ai) = Biy;) = 3, = {0 L

According to the definition of integral, we have
d ,
j yR(x',y)dy ;%R(X Yihi

d n
[ R d STRE
i=1
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Now fixing y; temporarily, for every j=1,2,...

consider the value of R(x;,y;). Because

B:(y;), j=1,
E(xj’y[) = { l(yl) /

0, otherwise

1,
= 0.

for every k=1,2,...,n, if i=j, we have
Ak(xj) m Bk(yi) = Ak(xi) m Bk(yi)

j=i

otherwise,

1—,1, k=i,
10—,0, ki
=1.
If i#j, we have
0—,1, k=i,
Ak(xj) m Bk(yi) = 1 m 0, k :jz
0—,0, else

0, k=,
a 1, otherwise.
Thus, we have

R(x;, ;) = Ny [k (%)) = B (1))

L, i=/,
= 0

i#J.
Because R<R<R, we have
1, i=j,
R x’y =
5.) {0, i#J.

Then for every k= 1,2,...,n, we have

. R s Vi hi
F(x;) = Z—n ) Vi = k-
T Ry

j=1
Put
R(xp, y;)h;

4i(x) = — .
Z R(xk,yj)hj
=1

we
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Obviously, A = {4;},<i<, is a partition of X, and y =
F(x) is a univariate piece-wise interpolation function
taking A for its base functions group.

When R € M, we have the similar result. Thereby we
have the following theorem.

Theorem 4 Letf € M, U Mg, assume that y = f'(x)
is the response function of the fuzzy controller constructed
by fz, then there exists a fuzzy partition of X which is
denoted as A = {4,}, <;<,, the interpolation function y =
f(x) taking A for its base functions group is approximate to

y=f(x).

6 Concluding remarks

In this paper, we introduce the typical operators of
UL*—Schweizer-Sklar operators into fuzzy systems, give
the definitions of continuous models of fuzzy reasoning
and their equivalent descriptions, prove that a-model and
[-model are continuous if and only if they are consistent
models (i.e., the models can reproduce the fuzzy rules).
Moreover, we discuss the continuity of some commonly
used models and give the modified forms of the models
which are constructed by Mamdani algorithm and CRI
algorithm. At last, we prove that when an a-model or a S-
model is used as a fuzzy controller, it is approximate to an
interpolation function, so it has universal property with
respect to function approximation.

To sum up, when the Schweizer-Sklar operators are
introduced into fuzzy reasoning models, the fuzzy reason-
ing models become flexible and can be tuned by the
parameter m. These models have more advantages than
others proposed in the past, and we can expect that they
will have good application prospects.
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