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Abstract In this paper, the ideas of universal logic is
introduced into fuzzy systems. After giving the definitions
of the softened fuzzy reasoning models based on
Schweizer-Sklar t-norms and Schweizer-Sklar implica-
tions, i.e., α-models and β-models, we give the sufficient
and necessary conditions for these models to be con-
tinuous, and discuss the continuity of some commonly
used models. We also prove that when an α-model or
a β-model is used as a fuzzy controller, it has universal
property with respect to function approximation. The
results we obtained show that α-models and β-models are
more flexible than the existing models in applications.

Keywords Schweizer-Sklar t-norms, Schweizer-Sklar
implications, continuous fuzzy reasoning models

1 Introduction

Fuzzy reasoning is the basis of fuzzy information process,
fuzzy decision, fuzzy systems, and fuzzy control. As
shown in Ref. [1], a system of fuzzy IF-THEN rules being
modeled correctly works as a partially given (fuzzy)
function. Its behavior is determined by a chosen structure
for IF-THEN rules which assigns meaning to fuzzy sets in
the IF and THEN parts as well as to basic connectives. This
partial function can be extended to a whole domain of
fuzzy sets with the help of compositional rule of inference,
which plays a role of a mechanism for computing the
dependent functional values. We call this extended partial
function a fuzzy reasoning model. The choice of fuzzy
reasoning model can directly impact the effect of inference.
Let {IF x is Ai, THEN y is Bi, i = 1,2,...,n} be a group of

fuzzy rules. In general, we hope a fuzzy reasoning model
based on these rules should satisfy the following conditions:

1) Consistency (or the reproduction of the given fuzzy
rules), i.e., when the input is Ai, the output is exactly Bi;
2) Continuity, i.e., the model is consistent and the closer

the input is to Ai, the closer the output is to Bi. The
continuity of fuzzy reasoning models with Archimedean
t-norms have been studied in Ref. [1]. There is much work
to do on this subject.
Just like we know very well, the basic operations of

fuzzy sets, such as negation, intersection, and union,
usually are computed by applying the one-complement,
minimum, and maximum operators to the membership
functions of fuzzy sets. However, generally fuzzy sets
express humanity’s knowledge and experience whose
main character is flexibility. Many decisions must be made
under imprecision and uncertainty, which cannot be
represented easily by the crisp intersection, union, and
negation of fuzzy sets [2]. References [2–6] have taken
notice of this flaw of the basic operations of fuzzy sets and
proposed many schemes to soften these operations. One
typical scheme is to use Schweizer-Sklar t-norms to soften
crisp intersection ^; the other soft basic operations can be
induced by this softened intersection. This scheme is called
SS-soft-method. Reference [5] studied Schweizer-Sklar
t-norms and residual implications induced by them,
explained the relation between the strength of interaction
of two words or two concepts and the value of the
parameter p in Schweizer-Sklar t-norms. In the universal
logics proposed in Ref. [7], Schweizer-Sklar t-norms and
implications induced by them are used as the most
important flexible logical operators. Reference [8] studied
the fuzzy logic system UL� based on the Schweizer-Sklar
t-norms, proved that UL� is reliable and complete.
Therefore, SS-soft-method has a reliable logical basis
and has become a successful pattern of the soften
operations of fuzzy sets.
Naturally, when the operations of fuzzy sets are

softened, the corresponding fuzzy reasoning models
should also be softened and become more flexible. This
paper should advance a theory of soft continuous models
of fuzzy reasoning based on SS-soft-method and concen-
trate on the necessary and sufficient conditions of two
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kinds of typical models to be continuous models. Because
the soft continuous fuzzy reasoning models can change
with the value of a parameter, in applications they can be
tuned according to actual situations. This is significant for
optimization of fuzzy systems.

2 Preliminaries

In this section we introduce the Schweizer-Sklar operators.
The original definitions of these operators appear in Refs.
[9,10], more detailed discussion is in Ref. [5].
Definition 1 Let P be a poset, the binary operations �

and ! defined on P form an adjoint couple, if they satisfy
the following conditions:
(M0) �: P�P! P is isotonic in both arguments;
(R0)! : P�P! P is isotonic in the second and

antitonic in the first argument;
(A) a� b£c if and only if a£b ! c, a,b,c 2 P.
Definition 2 Let m be any given real number, the

binary operation Tð⋅,⋅,mÞ : ½0,1�2 ! ½0,1� defined by
Tðx, y,mÞ ¼ ½maxð0, xm þ ym – 1Þ�1=m is called Schweizer-
Sklar t-norm. This t-norm is briefly written as �m in this
paper.
When m< 0, t-norm may be meaningless, we assign

x �m y ¼ 0.
Definition 3 The adjoint of Schweizer-Sklar t-norm

Tð⋅,⋅,mÞ : ½0,1�2 ! ½0,1� which is defined by Iðx, y,mÞ ¼
½minð1, 1 – xm þ ymÞ�1=m is called a Schweizer-Sklar impli-
cation. This implication is briefly written as !m in this
paper.
In order to avoid ambiguity, we make the following

provisions (whenm< 0): I(0, 0,m) = 1; if x> 0, then I(x, 0,
m) = 0; If 1 – xm þ ym is nonpositive, then I(x, y, m) = 1 (in
fact, now it must hold x< y).
It is easy to verify that ½0,1�, _ , ^ , �m ,!mð Þ is a basic

logic algebra (BL-algebra), i.e., the following conditions
are satisfied:
(P1) ð½0,1�, �m Þ is a commutative monoid with the unit

1;
(P2) ð �m ,!m Þ is an adjoint couple;
(P3) 8 x, y 2 ½0,1�, it holds that x �m ðx!m yÞ ¼ x ^ y;
(P4) 8 x, y 2 ½0,1�, it holds that ðx!m yÞ ^ ðy!m xÞ ¼ 1.
Definition 4 The parameterized binary function

Qðx, y,mÞ ¼ Iðx, y,mÞ ^ Iðy, x,mÞ, which can be repre-
sented as

Qðx, y,mÞ ¼
ð1þ xm – ymj jÞ1=m, m < 0,

min
y

x
,
x

y

� �
, m ¼ 0,

ð1 – xm – ymj jÞ1=m, m > 0,

8>>><
>>>:

is called Schweizer-Sklar equivalence. The Schweizer-
Sklar equivalenceQðx, y,mÞ is written as ↔ m in this paper.

3 Continuity of α-models and β-models

For convenience, we denote the set {1,2,…,n} as n.
Definition 5 Let X and Y be the universes of the input

and output variables, respectively. All fuzzy subsets of X
and Y are denoted as FðX Þ and FðY Þ, respectively. Let
Ai 2 FðX Þ, Bi 2 FðY Þ, i = 1,2,…,n, and R 2 FðX � Y Þ be
a fuzzy relation from X to Y, assume that a system of fuzzy
rules

IF x is Ai, THEN y is Bi, i ¼ 1,2,:::,n, (�)
are given, we define a mapping fR : FðX Þ ! FðY Þ as

fRðAÞ ¼ A ∘R, (1)

where ∘ is a compositional operation, then we call fR a
fuzzy reasoning model based on the system of rules (∗)
(briefly, a model). When ∘ is chosen as ^ – !m
compositional operation, i.e.,

fRðAÞ ¼ A�m R ¼ ^x2X ðAðxÞ!m Rðx, yÞÞ,
we call fR an α-model; when ∘ is chosen as _ – �m
compositional operation, i.e.,

fRðAÞ ¼ A ∘m R ¼ _x2X ðAðxÞ �m Rðx, yÞÞ,
we call fR a β-model.
Definition 6 Assume that system (∗) is given, if for

every i 2 n, the equality fRðAiÞ ¼ Bi holds, then we call fR a
model with reproduction of the given rules, or call fR a
consistent model.
Definition 7 Let A,B 2 FðX Þ, m≠0 define the

mapping Dm : FðX Þ � FðX Þ ! ½0,1Þ as DmðA,BÞ ¼
_x2X jAmðxÞ –BmðxÞj, then we call DmðA,BÞ the distance
between fuzzy sets A and B.
We agreed that in the discussion below, parameter m is

not equal to 0, because when m ¼ 0, we cannot define the
distance function as Definition 7.
Definition 8 Let ðFðX Þ, �X Þ and ðFðY Þ, �Y Þ be both

metric spaces, T : FðX Þ ! FðY Þ be a mapping, and fAng
be a sequence of fuzzy sets in FðX Þ, A 2 FðX Þ, if when
An ! A ðn ! 1Þ we always have TðAnÞ ! TðAÞ
ðn ! 1Þ, then we say the mapping T is continuous.
Definition 9 Let R 2 FðX � Y Þ, we say the model fR

is k-continuous if and only if there exists a positive real
number k, such that for every i 2 n and for any A 2 FðX Þ,
the following inequality holds:

DmðBi, A ∘RÞ£kDmðAi, AÞ: (2)

Usually, a 1-continuous model is also briefly called a
continuous model.
Obviously, when fR : ðFðX Þ,DmÞ ! ðFðY Þ,DmÞ is a k-

continuous model, it is actually continuous at the points
Ai, i ¼ 1,2,:::,n. This is a kind of partial continuity. The
condition (2) is partially similar to Lipschitz condition in
analytics.
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Theorem 1 Let R 2 FðX � Y Þ, m≠0, the model fR is
k-continuous if and only if for every i 2 n and for any
A 2 FðX Þ, the following inequality always holds:

^y2Y ðBiðyÞ↔ m ðA ∘RÞðyÞÞ

³^x2X ðk1=mAiðxÞ↔ m k1=mAðxÞÞ:
Proof Let R 2 FðX � Y Þ, m≠0. If the model fR is k-

continuous, then for any i 2 n and for any A 2 FðX Þ, we
have DmðBi,A∘RÞ£kDmðAi, AÞ, i.e.,

_y2Y Bm
i ðyÞ – ðA ∘RÞmðyÞj j£_x2X k Am

i ðxÞ –AmðxÞj j:
In the case m< 0, we have

^y2 Y ½1þ Bm
i ðyÞ – ðA ∘RÞmðyÞj j�1=m

³^x2X ½1þ k Am
i ðxÞ –AmðxÞj j�1=m

¼ ^x2X 1þ ðk1=mAiÞmðxÞ – ðk1=mAÞmðxÞ
�� ��� �1=m

:

In the case m> 0, we have

^y2Y ½1 – Bm
i ðyÞ – ðA ∘RÞmðyÞj j�1=m

³^x2X ½1 – k Am
i ðxÞ –AmðxÞj j�1=m

¼ ^x2X 1 – ðk1=mAiÞmðxÞ – ðk1=mAÞmðxÞ
�� ��� �1=m

:

So we always have

^y2Y ðBiðyÞ↔ m ðA ∘RÞðyÞÞ

³^x2X ðk1=mAiðxÞ↔ m k1=mAðxÞÞ:
Obviously, the steps above are reversible. So we

complete the proof.
From Definition 9 and Theorem 1, we immediately draw

the following corollary.
Corollary 1 Let R 2 FðX � Y Þ,m≠0, then the model

fR is 1-continuous if and only if for every i 2 n and any
A 2 FðX Þ, one of the following conditions is satisfied:

DmðBi, A ∘RÞ£DmðAi, AÞ, (3)

^y2 Y ðBiðyÞ↔ m fRðyÞÞ³^x2X ðAiðxÞ↔ m AðxÞÞ: (4)

Lemma 1 Let ð½0,1�, � , ! ,£Þ be a complete resid-
uated lattice, ai,bi 2 ½0,1�, i 2 I , then the following
inequalities always hold:
1) ^i2I ðai ↔ biÞ£ð^i2I aiÞ↔ ð^i2I biÞ,
2) ^i2I ðai ↔ biÞ£ð_i2I aiÞ↔ ð_i2I biÞ.
Lemma 2 Let ð½0,1�, � , ! ,£Þ be a complete resid-

uated lattice, a,b,c,d 2 ½0,1�, then the following inequal-
ities always hold:
1) a↔ b£ða ! cÞ↔ ðb ! cÞ,
2) ða↔ bÞ � ðc↔ dÞ£ða � cÞ↔ ðb � dÞ.
Noticing that ð½0,1�, �m ,!m ,£Þ is a complete resid-

uated lattice, so when � ¼ �m , !¼ !m, Lemmas 1 and 2
are still true.

Lemma 3 Let x,y,z 2 ½0,1�, m≠0, then the following
inequality holds:

ðx↔ m yÞ �m ðy↔ m zÞ£x↔ m z,

and only when x ¼ y ¼ z, we have

ðx↔ m yÞ �m ðy↔ m zÞ ¼ x↔ m z ¼ 1:

Lemma 4 Let R 2 FðX � Y Þ, then for any i ¼
1,2,:::,n and A 2 FðX Þ, we have
Bi yð Þ↔ m A�m Rð Þ yð Þ³�iR yð Þ �m ^x2X AiðxÞ↔ m AðxÞð Þ,

8y 2 Y , (5)

where �iRðyÞ ¼ BiðyÞ↔ m ðA�m RÞðyÞ.
Proof Let B ¼ A�m R, by Lemma 3, for any y 2 Y we

have

BðyÞ↔ m BiðyÞ
³ðBðyÞ↔ m ðA�m RÞðyÞÞ

�m ððA�m RÞðyÞ↔ m ðAi�m RÞðyÞÞ
�m ððAi�m RÞðyÞ↔ m BiðyÞÞ, i ¼ 1,2,:::,n: (6)

Note that
1) BðyÞ↔ m ðA�m RÞðyÞ ¼ 1;
2) �iRðyÞ ¼ ðA�m RÞðyÞ↔ m BiðyÞ;
3) By Lemma 1 1) and Lemma 2 1), we have

ðA�m RÞðyÞ↔ m ðAi �m RÞðyÞ
¼ ^x2X ðAðxÞ!m Rðx, yÞÞ↔ m ^x2X ðAiðxÞ!m Rðx, yÞÞ
³^x2X ½ðAðxÞ!m Rðx, yÞÞ↔ m ðAiðxÞ!m Rðx, yÞÞ�
³^x2X ðAiðxÞ!m AðxÞÞ:
Substituting 1), 2) and 3) into Eq. (6), then it is trivial

that Eq. (5) is true.
Theorem 2 Let R 2 FðX � Y Þ, then fR is a consistent

α-model if and only if fR is a continuous α-model.
Proof “)” Let fR be a consistent α-model, then R is a

solution of the system of fuzzy relation equations
Ai �m R ¼ Bi, i ¼ 1,2,:::,n, so for any i ¼ 1,2,:::,n and
y 2 Y , we have �iRðyÞ ¼ 1, by the Definition 9, Corollary 1
and Lemma 4, fR is a continuous α-model.
“(” Suppose that fR is a continuous α-model, then for

any i ¼ 1,2,:::,n and A 2 FðX Þ, Eq. (4) holds. For arbitrary
i ¼ 1,2,:::,n, when A ¼ Ai, by Eq. (4) we have

^y2Y ðBiðyÞ↔ m fRðAiÞðyÞÞ³1,

hence

BiðyÞ↔ m fRðAiÞðyÞ
¼ BiðyÞ↔ m ðAi �m RÞ
¼ 1, 8y 2 Y :

This shows that R is a solution of the system
Ai �m R ¼ Bi, i ¼ 1,2,:::,n, so f R is a consistent model.
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Corollary 2 Let R 2 FðX � Y Þ, then fR is a contin-
uous α-model if and only if for any i ¼ 1,2,:::,n and
A 2 FðX Þ,
^y2Y ðBiðyÞ↔ m ðAi�m RÞÞ³^x2X ðAiðxÞ↔ m AðxÞÞ (7)

holds.
Lemma 5 Let R 2 FðX � Y Þ, then for any i ¼

1,2,:::,n and A 2 FðX Þ,
BiðyÞ↔ m ðA ∘m RÞðyÞ

³δiRðyÞ �m ½^x2X ðAiðxÞ↔ m AðxÞÞ�, 8y 2 Y , (8)

where δiRðyÞ ¼ BiðyÞ↔ m ðA ∘m RÞðyÞ.
Proof Let B ¼ A ∘m R, by Lemma 3, for any y 2 Y , we

have

BðyÞ↔ m BiðyÞ
³ðBðyÞ↔ m ðA ∘m RÞðyÞÞ
�m ððA ∘m RÞðyÞ↔ m ðAi ∘m RÞðyÞÞ
�m ððAi ∘m RÞðyÞ↔ m BiðyÞÞ, i ¼ 1,2,:::,n: (9)

Note that
1) BðyÞ↔ m ðA ∘m RÞðyÞ ¼ 1;
2) δiRðyÞ ¼ ðA ∘m RÞðyÞ↔ m BiðyÞ;
3) By the facts shown in Lemma 1 2) and Lemma 2 2),

we have

ðA ∘m RÞðyÞ↔ m ðAi ∘m RÞðyÞ
¼ _x2X ðAðxÞ �m Rðx, yÞÞ↔ m _x2X ðAiðxÞ �m Rðx, yÞÞ
³^x2X ½ðAðxÞ �m Rðx, yÞÞ↔ m ðAiðxÞ �m Rðx, yÞÞ�
³^x2X ðAiðxÞ↔ m AðxÞÞ:

Substituting 1), 2) and 3) into Eq. (9), it is easy to verify
that Eq. (8) is true. The proof is completed.
Theorem 3 Let R 2 FðX � Y Þ, then fR is a consistent

β-model if and only if fR is a continuous β-model.
Proof Using Lemma 5 and Corollary 1, the proof is

similar to the proof of Theorem 2, thus it is omitted here.
Corollary 3 Let R 2 FðX � Y Þ, then fR is a contin-

uous β-model if and only if for any i ¼ 1,2,:::,n and
A 2 FðX Þ,

^y2Y ðBiðyÞ↔ m ðAi ∘m RÞðyÞÞ
³^x2X ðAiðxÞ↔ m AiðxÞÞ (10)

holds.
As shown in Ref. [11], while A ¼ fAig1£i£n and B ¼

fBig1£i£n are the fuzzy partitions of the universes X = [a,
b] and Y = [c,d] respectively, the system Ai �m R ¼ Bi, i ¼
1, 2,:::,n, is solvable and its least solution is Rmin ¼
_n
i¼1 ðAi �m BiÞ; the system Ai�m R ¼ Bi, i ¼ 1,2,:::,n, is

also solvable and the greatest solution is Rmax ¼
^n
i¼1ðAi !m BiÞ. Consider the cases of m = 1 and m = –1

we have the following corollary.

Corollary 4 Let A ¼ fAig1£i£n and B ¼ fBig1£i£n

be fuzzy partitions of the universes of X = [a,b] and Y = [c,
d], respectively, (∗) is a system of fuzzy rules, then all of the
models fRG

, fRL
, gRG

, and gRL
which are defined as

fRG
ðAÞ ¼ ^x2X I3½AðxÞ, _n

i¼1ðAiðxÞ ^ BiðyÞÞ�,
fRL

ðAÞ ¼ ^x2X I1½AðxÞ, _n
i¼1T1ðAiðxÞ, BiðyÞÞ�,

gRG
ðAÞ ¼ _x2XfAðxÞ ^ ½^n

i¼1I3ðAiðxÞ, BiðyÞÞ�g,
and

gRL
ðAÞ ¼ _x2XfT1½AðxÞ, ^n

i¼1I1ðAiðxÞ, BiðyÞÞ�g,
respectively are continuous, where

T1ðx, yÞ ¼ maxð0, xþ y – 1Þ,
T3ðx, yÞ ¼ x ^ y,

I1ðx, yÞ ¼ minð1,1þ y – xÞðLukasiewiczÞ,

I3ðx, yÞ ¼
1, 0£x£y£1,

y, 0£y£x£1

(
ðG€odel implicationÞ:

It should be pointed out that Theorem 3 and Corollary 3
are similar to the major findings of Ref. [1], but there is a
great difference between the definitions of Schweizer-Sklar
t-norm �m , Schweizer-Sklar equivalence operator ↔ m
and the t-norm ∗, equivalence operator ↔ in Ref. [1].

4 Continuity of some commonly used
models

Let (∗) be a system of fuzzy rules, A ¼ fAig1£i£n and
B ¼ fBig1£i£n be the fuzzy partitions of the universes X
= [a,b] and Y = [c,d], respectively. Now we consider the
continuity of some commonly used models (only in the
case of single-input single-output models).
1) Continuity of Mamdanian model
According to Mamdanian method, the inference relation

of the ith rule is a fuzzy relation from X to Y, which is
represented by Riðx, yÞ ¼ AiðxÞ ^ BiðyÞ. Since the n
inference rules should be joined by “or” (corresponding
to set-theoretical operator “[ ”), the overall inference
relation will be RM ¼ [ n

i¼1Ri, i.e.,

RMðx, yÞ ¼ _n
i¼1ðAiðxÞ ^ BiðyÞÞ,

and the model is represented as

fRM
ðAÞðyÞ ¼ _x2X ðAðxÞ ^ RM ðx, yÞÞ

¼ _x2XAðxÞ ^ ½_n
i¼1ðAiðxÞ ^ BiðyÞÞ�:

It is easy to verify that, in general, the equality
fRM

ðAiÞ ¼ Bi, i ¼ 1,2,:::,n, is not true. By Theorem 3, the
Mamdanian model is not consistent, thus it is not
continuous. If _x2X in the model above is replaced by
^x2X , and the operation “^” is replaced by G€odel
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implication, then the model fRM
will become the model fRG

in Corollary 4, which is continuous. If RMðx, yÞ is replaced
by ^n

i¼1I3ðAiðxÞ,BiðyÞÞ, then the model fRM
will become the

model gRG
in Corollary 4, which is also continuous.

2) Continuity of the models constructed with composi-
tional rules of inference (CRI) method
In such a fuzzy reasoning model, we usually link the

left-hand side and right-hand side of the rules by an
implication operator �, i.e., the ith rule “IF x is Ai, THEN y
is Bi” is represented as �ðAiðxÞ,BiðyÞÞ, join n rules by “or”,
then the overall inference relation is

RCðx, yÞ ¼ _n
i¼1�ðAiðxÞ,BiðyÞÞ,

and the model is represented as

fRC
ðAÞðyÞ ¼ _x2X ðAðxÞ ^ RCðx, yÞÞ

¼ _x2XAðxÞ ^ ½_n
i¼1�ðAiðxÞ,BiðyÞÞ�,

where the � is often chosen as G€odel implication, Goguen
implication, Lukasiewicz implication, and so on. It is easy
to verify that the commonly used models constructed with
CRI method are not consistent, of course they are not
continuous. However, if we give up the above-mentioned
using implication operators to generate the fuzzy inference
relation RC, but take RC for the solution of the system of
fuzzy relation equations

_x2X ðAiðxÞ ^ Rðx, yÞÞ ¼ BiðyÞ, i ¼ 1,2,:::,n,

then by Theorem 3, fRC
is a continuous model.

3) Continuity of the ðþ,⋅Þ model and the weighted
ðþ,⋅Þ model
In Mamdanian model, to replace _ and ^ by the

bounded addition + and the ordinary multiplication $
respectively, we will obtain the ðþ,⋅Þ model which is
expressed as

fðþ,⋅ÞðAÞðyÞ ¼_x2X ðAðxÞRðþ,⋅Þðx, yÞÞ

¼_x2XAðxÞ
Xn
i¼1

ðAiðxÞ$BiðyÞÞ
" #

,

its weighted form is

fðþ,⋅ÞðAÞðyÞ ¼_x2X ðAðxÞRðþ,⋅Þðx, yÞÞ

¼_x2XAðxÞ
Xn
i¼1

ωiðAiðxÞ$BiðyÞÞ
" #

,

where every ωi³0 and
Xn

i¼1
ωi ¼ 1. It is easy to verify

that these two models are not continuous.

5 Interpolation mechanism of continuous
fuzzy reasoning models

An important conclusion in Ref. [12] tells us that every
fuzzy controller based on CRI algorithm in common use

can be regarded as an interpolation method that is a kind of
approximation to a certain response function. Reference
[13] pointed out that if a fuzzy controller is without
universal property with respect to function approximation
but only of step response ability, then it can hardly be used
in any practical fuzzy control systems. Thus, it is very
important to verify whether a fuzzy controller constructed
by a continuous α- or β-model is of universal property with
respect to function approximation. In this section, we will
discuss this problem.
Let S be a system, X = [a,b] and Y = [c,d] be the universe

of input variable and the universe of output variable
respectively, and ðx1, y1Þ,ðx2, y2Þ,:::,ðxn, ynÞ, where a <
x1 < x2 < � � � < xn < b, c < y1 < y2 < � � � < yn < d, are
a family of input-output data. Based on these data, we
make the fuzzy partitions of X and Y, namely, A ¼
fAig1£i£n and B ¼ fBig1£i£n, where xi and yi are the
peak-points of Ai and Bi, respectively. In order to obtain a
fuzzy inference relation, we build a system of fuzzy
relation equations:

Ai�m R ¼ Bi, i ¼ 1,2,:::,n, (11)

or
Ai ∘m R ¼ Bi, i ¼ 1,2,:::,n: (12)

With any solution R of Eq. (11), we can build a continuous
α-model:

fR : FðX Þ ! FðY Þ, A 7!A�m R:

With any solution R of Eq. (12), we can build a continuous
β-model:

fR : FðX Þ ! FðY Þ, A 7!A ∘m R:

According to the finding of Ref. [14], the direct solution set
of Eq. (11) is

R
_
,R
^

� �
¼ R R

_
£R£R

^
����

� 	
,

where

R
_ðx, yÞ ¼ _n

i¼1½AiðxÞ �m BiðyÞ�, ðx, yÞ 2 X � Y ,

R
^ðx, yÞ ¼

B1ðyÞ, x ¼ x1,
� � �
BnðyÞ, x ¼ xn,

1, else,

8>>><
>>>:

and the attainable solution set of Eq. (12) is

½R,R� ¼ R R£R£R
��� o

,
n

where

Rðx, yÞ ¼

B1ðyÞ, x ¼ x1,
� � �
BnðyÞ, x ¼ xn,

0, otherwise,

8>>><
>>>:
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Rðx,yÞ ¼ ^n
i¼1½AiðxÞ!m BiðyÞ�:

Let

Mα ¼ fRjfR : FðX Þ ! FðY Þ,A7!A�m R,R 2 R
_
,R
^

� �� 	
,

Mβ ¼ fRjfR : FðX Þ ! FðY Þ,A7!A ∘m R,R 2 ½R, R�
o
:

n
Then Mα and Mβ are the cluster of the continuous
α-models and the cluster of continuous β-models of system
S, respectively.
In the following, we will show that for a practical fuzzy

control system, the controller constructed by any element
of Mα[Mβ is approximate to an interpolation function.
Let R be an attainable solution of Eq. (12), i.e., R 2 Mβ.

Then R determines a continuous β-model fR. For an input
fuzzy set A� 2 FðX Þ, the corresponding output fuzzy set
B� 2 FðY Þ should be computed by

B�ðyÞ ¼ fRðA�Þ ¼ _x2X ½A�ðxÞ �m Rðx, yÞ�: (13)

When the input value is a crisp quantity x# 2 X , in order to
use Eq. (13), we change x# into a fuzzy set by the following
singleton fuzzification scheme:

A#ðxÞ ¼
1, x ¼ x#,

0, x≠ x#:

(

Substituting it into Eq. (13), we obtain the inference result:

B#ðyÞ ¼ Rðx#, yÞ:
To defuzzify B# into a crisp quantity y#, the commonly
used method of centroid is adopted:

y# ¼
!

y2Y
yB#ðyÞdy

!
y2Y

B#ðyÞdy
¼
!

d

c
yRðx#, yÞdy

!
d

c
Rðx#, yÞdy

@ f ðx#Þ:

So we obtain the response function of the fuzzy controller
constructed by fR, that is, y#¼ f ðx#Þ. Let

h1 ¼ y1 – c,

hi ¼ yi – yi – 1, i ¼ 2,3,:::,n:

Because A and B are fuzzy partitions, their elements have
the Kronecker’s property:

AiðxjÞ ¼ BiðyjÞ ¼ δij ¼
1, i ¼ j,

0, i≠ j:

(

According to the definition of integral, we have

!
d

c
yRðx#, yÞdy

!
d

c
Rðx#, yÞdy

�

Xn
i¼1

yiRðx#, yiÞhi
Xn
i¼1

Rðx#, yiÞhi

¼
Xn
i¼1

Rðx#, yiÞhiXn
j¼1

Rðx#, yjÞhj
yi

@ Fðx#Þ:
Now fixing yi temporarily, for every j = 1,2,…,n, we
consider the value of Rðxj, yiÞ. Because

Rðxj, yiÞ ¼
BiðyiÞ, j ¼ i,

0, otherwise

(

¼ 1, j ¼ i,

0, otherwise,

(

for every k = 1,2,…,n, if i = j, we have

AkðxjÞ!m BkðyiÞ ¼ AkðxiÞ!m BkðyiÞ

¼ 1!m 1, k ¼ i,

0!m 0, k≠i

(

¼ 1:

If i≠j, we have

AkðxjÞ!m BkðyiÞ ¼
0!m 1, k ¼ i,

1!m 0, k ¼ j,

0!m 0, else

8>><
>>:

¼
0, k ¼ j,

1, otherwise:

(

Thus, we have

Rðxj, yiÞ ¼ ^n
i¼1 ½AkðxjÞ!m BkðyiÞ�

¼
1, i ¼ j,

0, i≠ j:

(

Because R£R£R, we have

Rðxj, yiÞ ¼
1, i ¼ j,

0, i≠ j:

(

Then for every k = 1,2,…,n, we have

FðxkÞ ¼
Xn
i¼1

Rðxk , yiÞhiPn
j¼1

Rðxk , yjÞhj
yi ¼ yk :

Put

AiðxÞ ¼
Rðxk , yiÞhiPn

j¼1
Rðxk , yjÞhj

:
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Obviously, A ¼ fAig1£i£n is a partition of X, and y ¼
FðxÞ is a univariate piece-wise interpolation function
taking A for its base functions group.
When R 2 Mα, we have the similar result. Thereby we

have the following theorem.
Theorem 4 Let fR 2 Mα[Mβ, assume that y ¼ f ðxÞ

is the response function of the fuzzy controller constructed
by fR, then there exists a fuzzy partition of X which is
denoted as A ¼ fAig1£i£n, the interpolation function y ¼
f ðxÞ takingA for its base functions group is approximate to
y ¼ f ðxÞ.

6 Concluding remarks

In this paper, we introduce the typical operators of
UL�—Schweizer-Sklar operators into fuzzy systems, give
the definitions of continuous models of fuzzy reasoning
and their equivalent descriptions, prove that α-model and
β-model are continuous if and only if they are consistent
models (i.e., the models can reproduce the fuzzy rules).
Moreover, we discuss the continuity of some commonly
used models and give the modified forms of the models
which are constructed by Mamdani algorithm and CRI
algorithm. At last, we prove that when an α-model or a β-
model is used as a fuzzy controller, it is approximate to an
interpolation function, so it has universal property with
respect to function approximation.
To sum up, when the Schweizer-Sklar operators are

introduced into fuzzy reasoning models, the fuzzy reason-
ing models become flexible and can be tuned by the
parameter m. These models have more advantages than
others proposed in the past, and we can expect that they
will have good application prospects.
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