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Abstract A multi-input multi-output (MIMO) detection
scheme that requires considerable low complexity but still
achieves the near optimal performance is proposed. The
fundamental idea of the proposed MIMO detection scheme
consists of two points: 1) the computational complexity is
restrained by a complexity limit in low signal-to-noise ratio
(SNR) region; 2) while in high SNR region, the complexity
is significantly reduced by the proposed search space
method. Comparing with existing fixed-complexity tech-
niques of MIMO detection (e.g., K-best sphere detector
and reduced-search maximum-likelihood (RS ML) detec-
tion), the significant benefit of proposed detection scheme
is that less computational power will be spent for the given
data rate, or the throughput of detector can be increased for
high SNR cases. According to the simulation results, the
near optimal performance can be obtained while the
detection complexity is kept considerable small.

Keywords multi-input multi-output (MIMO), search
space, computational complexity, posterior probability

1 Introduction

Multiple-input multiple-output (MIMO) antenna systems
have attracted much attention for more than a decade
because of their capabilities of achieving high data rate and
spectral efficiency [1]. To exploit the potentials of MIMO,
one of the challenges is the very high computing power
that is required at the receiver end.
The maximum-likelihood (ML) detection has the

optimum performance when a priori information of each
bit is unknown, and the signals are transmitted through an
additive white Gaussian noise (AWGN) channel [2]. Under

the above assumptions, the ML detector calculates the
square of Euclidean distance between a received signal
vector and its replica made by a channel response and the
candidates of the transmitted signal vector, and it searches
for the transmitted signal vector corresponding to the
minimum distance from all replica candidates. The ML
detector requires such an exhaustive search and it imposes
exponentially computational complexity on the receiver.
To simplify the prohibitive complex search problem in

ML detection, sphere (lattice) decoders are shown in Refs.
[3,4] to be capable of achieving near optimal performance
with reasonable complexity. The main idea in sphere
decoding is to search over only hypotheses that lie in a
certain hypersphere of radius r, rather than to search over
the entire search space [3]. Furthermore, K-best sphere
detector is proposed to guarantee the signal-to-noise ratio
(SNR) independent fixed-complexity with performance
close to ML [5]. In Ref. [6], another fixed-complexity
MIMO detector is proposed, which has the basic idea that
the search space is reduced as much as possible under the
limit of computational effort before the exhaustive search.
In this paper, we propose a MIMO detection that reduces

search space as much as possible based on the posterior
probabilities computed from the output of zero-forcing
(ZF) equalization. We represent the search space in the
Cartesian product; hence, it is convenient for reducing the
search space through determining each dimension sepa-
rately. Comparing with former detection schemes, our
proposed scheme owns two benefits, which are given as
follows.
1) Most existing sphere detectors are working in the

heuristic fashion and lack systematic strategy to connect
the complexity and detection performance. The relation
between the reduced search space and its corresponding
detection performance can be derived in the proposed
scheme.
2) In existing fixed-complexity MIMO detectors, the

complexity is SNR independent; therefore, it would be a
waste of computational power for high SNR. Consider the
proposed scheme, less computational power will be spent
by the given data rate for high SNR cases (in other words,
energy efficiency is increased). Moreover, the throughput
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of detector can be increased in SNR region, which enables
the receiver to have the capacity of adaptive throughput
control according to the SNR.
Notation Throughout this paper, matrix is set in

boldface as H. Hm denotes the mth column of matrix H,
and Hi,j is the entry (i, j) of the matrix.

2 System model

We consider a MIMO channel with Nt transmit and Nr

receive antennas, which can be represented as the matrix
Hℂ of dimension Nr�Nt. Let Nt�1 vector xℂ be the
transmitted symbols that belong to a rectangular Q2-
quadrature amplitude modulation (QAM) constellation.
The received signal is given as

yℂ ¼ Hℂxℂþvℂ, (1)

where each entry of the Nr�1 noise vector vℂ is a zero-
mean complex Gaussian noise, having a variance of σ2v.
Moreover, the complex model in Eq. (1) is often described
by the equivalent real-valued representation [7], which is

y ¼
ReðyℂÞ
ImðyℂÞ

" #

¼
ReðHℂÞ – ImðHℂÞ
ImðHℂÞ ReðHℂÞ

" #
ReðxℂÞ
ImðxℂÞ

" #
þ

ReðvℂÞ
ImðvℂÞ

" #

¼Hxþ v: (2)

This is also referred to as real value decomposition.
Here, let M denote the covariance matrix of v, which
fulfills that M ¼ diagð�2v=2,�2

v=2,:::,�
2
v=2Þ: Assume the

mth entry of x satisfies that xm 2 S ¼ fs1,s2,:::,sQg: We
further assume Nt =Nr. (The case of Nr>Nt can be studied
without much more effort.)

3 MIMO detection with predetermined
search space

MIMO detection is the problem of estimating the
transmitted vector x, given y and H, related as Eq. (1).
The ZF estimate of the transmitted vector, denoted xZF, is
written as

xZF ¼ Hyy ¼ðHTHÞ – 1HTy

¼ xþðHTHÞ – 1HTv ¼ xþGZFv, (3)

where ($)† is the computation of Moore-Penrose pseudo
inverse [8]. Let ~v ¼GZFv for the following discussion.
To obtain the optimal performance of MIMO detection,

ML estimate can be utilized, which is given by

xML ¼ argmin
x2D

jjy –Hxjj2, (4)

where D denotes the search space of the detection and can
be represented in the Cartesian product form that

D ¼ S � S � ⋯� S

¼ fðx1,x2,:::,x2Nt
Þjxm 2 S, m ¼ 1,2,:::,2Ntg,

and each ordered 2Nt-tuple (x1,x2,...,x2Nt
) corresponds to a

possible transmitted vector. The straightforward way to
solve ML estimate problem is exhaustive search, in which
the value of Eq. (4) is computed for each of the Q2Nt

hypotheses. Since the complexity of exhaustive search
method grows exponentially in 2Nt and is not desirable
even for a small 2Nt, therefore, such utilization of ML
estimate is not available in real-time wireless applications.
Consider the merits of ZF andML estimates, we propose

a novel MIMO detection scheme, which is demonstrated
by Fig. 1 and named as reduced search space (RSS) ML
detection. In RSS ML detection, the received signal is
estimated by ZF equalizer; thus, xZFcan be obtained. With
xZF, further information about the noise and channel
conditions can be derived, which can be expressed through
sophisticating-constructed metrics, i.e., the posterior
probabilities. Then, the required search space is deter-
mined, which is always reduced greatly comparing with
that of the ideal ML detection before the exhaustive search
done in the RSS ML detector.
Let us define the search space for RSS ML detector,

which has been reduced and is given as

DRSS ¼ S1 � S2 � ⋯� S2Nt

¼ fðx1,x2,:::,x2Nt
Þjxm 2 Sm, for allmg,

where each Sm � S. Use x(k) to denote the kth hypothesis
within the reduced search space, which corresponds to one
and only one (x1,x2,...,x2Nt

) sequence in DRSS, where

1£k£K and K ¼ jDRSSj ¼
Y2Nt

m¼1
jSmj, j⋅j denotes the

size or cardinality of the set, which is the number of
elements in such set. In this paper, K is called the search
space size of the proposed detection scheme.

Fig. 1 Block diagram of RSS ML detector
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4 Search space reduced method

In this section, we introduce a search space reducing
method that determines the required search space through
computing the posterior probability from ZF equalizer
output. Our reducing criterion includes two points: 1) the
reduced search space needs to cover all the hypotheses
such that the cover probability is large enough; 2) the space
size should be reduced as much as possible.

4.1 Posterior probability-based reducing

Let ~M denote the covariance matrix of ~v, which can be
written as

~M ¼GZFMðGZFÞT ¼ �2
v

2
GZFðGZFÞT:

During the following discussion, we focus on some
detections where the transmitted signal vector is x.
Consider each entry of ~v, we can get the probability

density function (PDF) as

pð~vmÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2π ~Μm,m

q e
–
~v2m

2 ~M m,m , m ¼ 1,2,:::,2Nt, (5)

then, given the channel matrix H and noise v, the
conditional PDF of xZFm can be expressed as

pðxZFm jsiÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2π ~Μm,m

q e
–
ðxZFm – siÞ2

2 ~M m,m , m ¼ 1,2,:::,2Nt: (6)

We wish to design a signal identifier that makes the
decisions on the search space reducing upon the observa-
tion of xZF such that the probability of each xm falling into
the search space is large enough. With this goal in mind,
we consider a decision rule based on the computation of
posterior probabilities expressed as

PðsijxZFm Þ ¼ PðsiÞpðxZFm jsiÞXQ
j¼1

PðsjÞpðxZFm jsjÞ
, i ¼ 1,2,:::,Q: (7)

If the a priori probability are equal, i.e., the signals {si}
are equiprobable, and the above representation can be
simplified further.
Therefore, once xZFm has been known, we are able to

define and compute the cover probability as

PcðSmjxZFm Þ ¼
X
si2Sm

PðsijxZFm Þ, m ¼ 1,2,:::,2Nt, (8)

that denotes the probability of xm being covered (included)
in the set Sm. Then, we can present our search space
reducing method, and the procedure for which can be

described using the pseudocode shown as Algorithm 1 (as
shown below), in which the search space is reduced as
much as possible if only under the requirement that
Pc(Sm |xZFm ) for all m = 1,2,...,2Nt are larger than P0.
In order to keep the computational complexity under

control, we introduce the input Climit to Algorithm 1, which
is the maximum allowed search space size for the
exhaustive search and is called as the complexity limit
corresponding to the exhaustive search. Note that the break
instruction terminates the execution of a for or while loop.
Algorithm 1 Search space reducing (xZF, P0, Climit)
for m := 1:2Nt

Sm :=f
Sm :=S
Pc(Sm |xZFm ):= 0
while Pc(Sm |xZFm )<P0

sj :¼ arg max
si2�Sm

PðsijxZFm Þ
PcðSmjxZFm Þ :¼ PcðSmjxZFm Þ þ PðsjjxZFm Þ
Sm :¼ Sm[fsjg
if |DRSS|>Climit

Sm :¼ Sm – fsjg
break

else
Sm :¼ Sm – fsjg

end
end

end
return Sm, m = 1,2,...,2Nt

Consider ~v again, the joint PDF can be written as

pð~vÞ ¼ 1

ð2NÞNtðdet ~MÞNt
e –

1
2~v

T ~M
– 1
~v : (9)

The joint conditional PDF of xZF is given as

pðxZFjxðkÞÞ

¼ 1

ð2NÞNtðdet ~MÞNt
e –

1
2ðxZF – xðkÞÞT ~M

– 1ðxZF – xðkÞÞ: (10)

Hence, the posterior probability can be expressed as

PðxðkÞjxZFÞ ¼ PðxðkÞÞpðxZFjxðkÞÞXK
j¼1

PðxðjÞÞpðxZFjxðjÞÞ
, k ¼ 1,2,:::,K: (11)

Given that xZF has been known, let us define and compute
the cover probability as

PcðDRSSjxZFÞ ¼
X

xðkÞ2DRSS

PðxðkÞjxZFÞ, (12)

which denotes the probability of the event that the
transmitted signal vector x being covered (included) in
the search space DRSS. Since DRSS is defined in the
Cartesian product form, Eq. (12) can further be expressed
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as

PcðDRSSjxZFÞ ¼
X

xðkÞ1 2S1

X
xðkÞ2 2S2

⋯
X

xðkÞ2Nt
2S2Nt

PðxðkÞjxZFÞ: (13)

The meaning behind Pc(DRSS|xZF) can be explained as
follows:
Lemma 1 SinceH is not always an orthogonal matrix,

we obtain the relation as

PcðDRSSjxZFÞ³1 – 2Ntð1 –P0Þ:
Set P0 large enough, we can make the performance
decrease very little; because if only Pc(DRSS|xZF) is large
enough, the probability of the transmitted signal vector x
falling in the reduced search space is large enough so that
the performance decrease can be little.

4.2 Complexity analysis

The computational complexity of RSS ML detection
algorithm is going to be investigated. To ignore the
difference of hardware implementations, we focus on
counting the numerical instructions, including real addition
(subtraction) and real multiplication, which massively exist
within the detection. For sake of simplicity, we assume
each addition or multiplication to be one flop, supposing
that one search needs two flops so as to be consistent with
the assumption made in Ref. [6].
The resulting computational complexity F needed by the

proposed RSS ML algorithm is the summation of
computation complexity required by ZF estimate, by
Algorithm 1, and exhaustive search, which fulfills the
following relation:

F ¼ FZF þ FAlgorithm 1 þ Fsearching

£ 32N3
t þ 88N2

t þ 3Nt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ZF

þ 4N2
t þ ð96N2

t – 2NtÞ þ 2Nt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
worse case of Algorithm 1

þ 2Climit|fflffl{zfflffl}
exhaustive search

, (14)

where FZF, FAlgorithm 1 and Fsearching are the complexity
required by ZF estimate, by Algorithm 1, and exhaustive
search. Herein, the complexity counting of ZF estimate and
exhaustive search is in the same way as that in Ref. [6].
Hence,

Fsearching ¼ 2jDRSS j£2Climit:

Equation (14) indeed gives the upper bound of resulting
computational complexity. When for high SNR, the
computational complexity required by exhaustive search
would be less than 2Climit because the proposed search
space reducing method will contribute its effect of cutting
off the search space. In Algorithm 1, we get the sum of the
first five items of Taylor series expansion to approximate
exp($).

5 Simulation results

We assume that all elements of the channel matrix Hℂ are
independent and identically distributed zero-mean com-
plex Gaussian random variables having a variance of 1. Let

SNR ¼ 10lgðEs=�
2
vÞ,

where Es is the average transmit symbol power. Since in
practice 4�4 MIMO systems are quite popular; therefore,
in this section, we focus on investigating the properties of
such case.
Figure 2 shows the symbol error rate (SER) performance

of RSS ML detection employing 16-QAM and 64-QAM
with the complexity limit Climit =+1. RSSML #1 denotes
the RSS ML detection with P0 = 1 – 10

–5, while #2 with
P0 = 1 – 10

–6. It can be seen that, if P0 is set to 1 – 10–5 and
1 – 10–6, the SER performance of RSS ML is approaching
to that of the ML detection when SNR is not larger than
25 dB; the performance of RSS ML with P0 = 1 – 10

–6 is
tiny better than that with P0 = 1 – 10

–5.

Figure 3 shows the average search space size K of RSS
ML detection employing 16-QAM and 64-QAM with the
complexity limit Climit =+1. RSSML #1 denotes the RSS
ML detection with P0 = 1 – 10

–5 while #2 with P0 = 1 – 10
–6.

It can be seen that the average search space size decreases
greatly compared with ideal ML detection, especially when
SNR is large; the space size of RSS ML with P0 = 1 – 10

–6

is tiny larger than that with P0 = 1 – 10
–5. Since the

complexity limit Climit =+1, results show the efficiency
of proposed search space reducing method in high SNR
region.
Furthermore, we investigate the performance and

average complexity of the proposed detection scheme
together with K-best sphere decoding in Ref. [5] and
reduced-search maximum-likelihood (RS ML) detection
introduced in Ref. [6]. In this simulation, both RS ML
detection and the proposed RSS ML detection use 8000 as

Fig. 2 SER versus SNR in 4�4 MIMO system
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the complexity limit in the search stage; meanwhile, we set
K = 5 for 16-QAM and K = 10 for 64-QAM considering K-
best sphere decoding. SER is shown in Fig. 4, where the
complexity limit is set to be Climit = 8000 for proposed RSS
ML detection, RSS ML #2 denotes the RSS ML detection
with P0 = 1 – 10–6. The total number of numerical instruc-
tions of one detection considering each above scheme is
computed and presented in Fig. 5, where the complexity
limit is set as Climit = 8000 for proposed RSSML detection,
RSS ML denotes the RSS ML detection with P0 = 1 – 10–6.
Based on that in Figs. 4 and 5, it can be found that if
SNR is larger than 16 dB in 16-QAM (or larger than
20 dB in 64-QAM), the proposed RSS ML detection will
have better SER performance and cost less complexity
power than K-best sphere decoding. In low SNR region
and if Q2 and K values are small, K-best sphere decoding
might cost less complexity power than proposed scheme
when they have almost the same SER performance.
However, we can also find the constellation size impacts
greatly on K-best sphere decoding because its complexity
is determined directly by Q2 and K. As shown in Fig. 5,
when Q2 = 64 and K = 10, the complexity of K-best sphere
decoding becomes more than two times of that of RS ML
and RSS ML detections even in a low SNR region.
Therefore, we know that taking RSS ML detection and K-
best sphere decoding into consideration, and the former
has its advantage in high SNR region or in the case that Q2

and K are large and disadvantage only in low SNR region
at same time Q2 and K are small enough. RSS ML scheme
always costs less complexity than RS ML detection when
they have almost the same SER performance. The reason
herein is clear that RS ML detection always spends the
computational power based on the complexity limit, while
Algorithm 1 of our proposed scheme can cut off
considerable search work even before the search stage
once SNR is sufficiently large. Another important
observation in Fig. 5 is that the complexity of the proposed

scheme varies according to the constellation size, i.e., Q2,
in median SNR region (e.g., 0 to 20 dB) because different
constellations have different properties of geometry, which
directly affect the search space reducing of Algorithm 1
considering our proposed scheme. While in other two
extremes, exactly speaking, in high SNR region, the search
stage uses quite low computational power, thus making the
item Fsearching in Eq. (14) be far smaller than other two
items FZF and FAlgorithm 1; in other words, the final
complexity is dominated by FZF and FAlgorithm 1; while in
low SNR region, the reducing efficiency of Algorithm 1
upon search space cannot be guaranteed, and the item
Fsearching approaches to 2Climit. In summary, the final
complexity is basically determined by FZF, FAlgorithm 1,
and 2Climit. Besides, in high SNR region, the item
FAlgorithm 1 of Eq. (14) decays as SNR increases; therefore,
the final complexity of proposed scheme approaches to FZF

when SNR is high enough, as shown in Fig. 5.

Fig. 3 Average search space size versus SNR in 4�4 MIMO
system

Fig. 4 SER versus SNR in 4�4 MIMO system

Fig. 5 Average computational complexity versus SNR in 4�4
MIMO system
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6 Conclusions

We present a MIMO detection scheme that reduces the
search space based on the metrics calculated in the
predetermination stage. The chosen metrics in this paper
are the posterior probabilities. The proposed detection
scheme can achieve the near optimal performance with the
computational complexity decreases greatly.

Acknowledgements This work was supported by the National Basic
Research Program of China (No. 2007CB310602).

Appendix A

We give proof to the Lemma 1 given in this paper.
Proof Let Am denote the event that the transmitted

symbol xm is covered by S m in some detection, and Am
otherwise. Then

PcðDRSSjxZFÞ ¼ PðA1,A2,:::,A2Nt
Þ

and

PcðSmjxZFm Þ ¼ PðAmÞ ¼ 1 –P AmÞ:
�

The probability of the joint events fulfils that

1 –PðA1,A2,:::,A2Nt
Þ£

X2Nt

m¼1

P AmÞ,
�

(A1)

then

PcðDRSSjxZFÞ³1 –
X2Nt

m¼1

ð1 –PcðSmjxZFm ÞÞ: (A2)

Moreover,
Pc ¼ ðSmjxZFm Þ³P0:

Hence, Lemma 1 is true.
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