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Abstract This paper studies the elastic deformation field
in lattice-mismatched Ge-Si core-shell nanowires (NWs).
Infinite wires with a cylindrical cross section under the
assumption of translational symmetry are considered. The
strain distributions are found by minimizing the elastic
energy per unit cell using finite element method. This
paper finds that the trace of the strain is discontinuous with
a simple, almost piecewise variation between core and
shell, whereas the individual components of the strain can
exhibit complex variations. The simulation results are
prerequisite of strained band structure calculation, and
pave a way for further investigation of strain effect on the
related transport property simulation.

Keywords core-shell nanowire, strain, continuum elasti-
city

1 Introduction

Recently, by introducing heterostructures along the radial
orientation of nanowires (NWs), more complex core-shell
nanowire structures have been prepared, with both IV [1,2]
and III-V [3–5] semiconductor materials. The epitaxial
shell removes the surface states from the core thereby
further improving the electrical properties. Besides, the
lattice mismatches between the core and shell induces
pseudomorphic strain in the core and provides more
flexibility in band structure modulations.
On device application, Ge-Si core-shell nanowire field

effect transistors (FETs) have been realized experimentally

and demonstrated excellent electrical properties [6,7]. To
drive future experiments, a computational study of this
novel transistor structure is imperative. In this respect, an
appropriate modeling of the inhomogeneous strain induced
by the core-shell (C-S) lattice mismatch in Ge-Si C-S NW
is essential [8]. Only with strain distribution obtained can
the strain effect on NW band structures and on NW FET
performance be evaluated.
In this article, we discuss and calculate the strain field in

lattice-mismatched Ge-Si core-shell nanowires. We find
rich behavior of the individual strain components, whereas
their combination, the trace of the strain tensor (the
volumetric strain), shows much less variation.

2 Theory and method

In this work, we calculate the elastic deformation field in
lattice-mismatched Ge-Si core-shell nanowires (see Fig. 1
for schematics). As an approximation, we take the
nanowires as infinite with translational symmetry along
the growth direction. We argue below (based on Saint-
Venant’s principle) that our description of the infinite wires
is also relevant to long finite wires. For simplicity, we
neglect exterior forces acting on the surface or bulk parts of
the wires, i.e., we consider free nanowires. Furthermore,
we consider only wires grown in the [1 1 0]-direction in
this work. For convenience, we define a primed coordinate
system with respect to the growth direction, having basis
vectors,
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Consider, for example, a core-shell nanowire with
undeformed core and shell axial lengths of Lc and Ls and
lattice constants of a(c) and a(s). To allow for pseudo-
morphic matching, we shall assume that both core and
shell have the same number N of unit cells in the axial
direction and, thus, Lc must necessarily differ from Ls. We
can write

Lc
aðcÞ

¼ Ls
aðsÞ

¼ CN , (2)

where C is some constant of proportionality.
To match the lattice of the shell to the core we introduce

the pseudomorphic initial strain field ε(0) in the shell. This
choice of the pseudomorphic strain field initially scales all
shell lattice vectors to have the same length as in the core
[9],

ð1þ εð0ÞÞaðsÞ ¼ aðcÞ: (3)

In this approximation, the only non-zero strains are εíxx,
εíyy and εíxy, whereas εízx ¼ εízy ¼ 0 (planar sections remain
flat) and εízz along the nanowire axial direction.
For the Ge-Si core-shell nanowires we consider in this

work, εízz is not known a priori, but we expect it to be
present due to the lattice mismatch. Therefore, we
introduce an εízz for each sub-domain of a nanowire and
consider these strains as variables. In the simple case of a
core-shell structure with two sub-domains (the core and the
shell), the matching effectively reduces the two axial

strains εðcÞzz and εðsÞzz to a single variable az:

εðiÞzz ¼ az

aðiÞz
– 1, i ¼ c,s : (4)

Generally, the potential elastic energy is written in
ex=[1 0 0], ey=[0 1 0] and ez=[0 0 1] coordinate [10,11],

U ¼ 1
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where εT ¼ ½εxx,εyy,εzz,εyz,εxz,εxy� is the strain tensor, C11,
C12 and C44 are material elastic modulus.
We transform it to the primed coordinate of nanowires:

U ¼ !!!dV 1

2

h
D1ðεí2xx þ εí2yy Þ þ D2εí2xy þ D3εí2zz

þD4εíxxεíyy þ ðεíxx þ εíyyÞðD5εízz þ D6εíxyÞ
i
, (6)

with the constants

D1 ¼ ð6C11 þ 10C12 þ 5C44Þ=16,
D2 ¼ ð6C11 – 6C12 þ C44Þ=4,
D3 ¼ ð2C11 þ 2C12 þ C44Þ=4,
D4 ¼ ð6C11 þ 10C12 – 3C44Þ=8,
D5 ¼ ð2C11 þ 6C12 –C44Þ=4,
D6 ¼ ð2C11 – 2C12 –C44Þ=4,

εíij is strain tensor in the primed coordinate. From now on,
we write it as εij for simplicity since we work in the primed
coordinate. For core-shell nanowire heterostructures, the

Fig. 1 Schematic view of Ge-Si core-shell nanowires. (a) Side view of Ge-Si core-shell nanowire; (b) top view of Ge-Si core-shell
nanowire
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elastic energy consists of two parts, that in the core and in
the shell [12]:

U ¼ Uc þ Us, (7)

with expressions as follows:

UcðsÞ ¼ !dScðsÞ12

"
DcðsÞ

1 ðΔε2xx þ Δε2yyÞ þ DcðsÞ
2 ε2xy
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3
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6 εxy

 !#
: (8)

Here Δεii ¼ εii – ε
cðsÞ
ii . For Ge core, εcii ¼ 0; while for Si

shell εs ¼ ðasi – aci Þ=aci . Mathematically, strain energy U is
now an integral functional U ½εxxðrÞ,εyyðrÞ εxyðrÞ,az�
[13,14].
The potential energy allows us to find the deformation

field by a variational principle:

�U

�εij
¼ 0,

∂U
∂az

¼ 0: (9)

In the numerical simulations, we have used linear finite
element method (FEM) [15], and all the material
parameters were taken from Ref. [16].

3 Numerical results

First, we demonstrate the strain energy density distribution
u(r) in Ge-Si C-S NW cross-sections in Fig. 2. Here the Ge
core radius is 7 nm, and Si shell thickness varies from 1 nm
(Fig. 2(a)), to 2 nm (Fig. 2(b)) and to 3 nm (Fig. 2(c)). It is
seen that u(r) is quite homogeneous in the core compared
with that in the shell. We attribute this to the eggshell
principle in engineering: as long as the shell is round and
perfect, the egg is able to disperse the stress over the whole
shell homogeneously. Furthermore, u(r) in the shell has a
cubic symmetry due to the equivalence between lattice
orientations ex and ey.
Now we demonstrate the strain tensor distribution εxx,

εyy, and εxy in Ge-Si C-S NW cross-sections in Fig. 3. Here
the Ge core radius rc is 6 nm, and Si shell thickness Tsh is
2 nm. We find that along y-oriented interface between Ge
core and Si shell, εyy < 0 in the core side while εyy > 0 in
the shell side. The former indicates a compressive strain
while the latter means a tensile strain. It is as expected
since Ge has a larger lattice constant than Si does. Similar
explanations apply to εxx.

Fig. 2 Distribution of strain energy in NW cross-section. (a) Ge
core radius rc = 7 nm and Si shell thickness Tsh = 1 nm; (b) rc =
7 nm and Tsh = 2 nm; (c) rc = 7 nm and Tsh = 3 nm
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Last but not least, we plot the NW axial strain tensor εzz
in Ge core and Si shell as a function of shell thickness in
Fig. 4. We observe that when Si shell grows thicker, εczz
increases while εszz decreases. At the extreme thickness of
Si shell, εczz approaches the saturation value

aSi
aGe

– 1 ¼ – 3:81%,

while εszz approaches 0. The physical mechanism is that
lattice distance of Ge core has been compressed so much
that it approaches that of Si shell, since Si shell volume has
overwhelmed that of Ge core.

We further plot the strain energy and strain tensor
distribution in a Ge-Si-Ge core-multishell NW cross-
section in Fig. 5. The multishell structure provides further
flexibility of the strain magnitude tuning in NW. The radius
of the core, the thickness of inner shell and outer shell are
taken to be rc ¼ 6 nm, Tsh ¼ 3 nm and Tout

sh ¼ 2 nm.
Similar to the case of single-shell, strain energy and strain
tensor are small and homogeneous in the core NW.
Besides, since the lattice constant of the inner shell is larger
than that of its surroundings, the horizontal parts of the
exterior shell near the interface undergoes considerable
stretching as in the single shell case, see εsxx in Fig. 3(a).

4 Conclusions

This paper presents a theoretical study of the strain field in
Ge-Si lattice-mismatched core-shell nanowires, and
derives a functional for the elastic energy. The strain
distribution is found by minimization of the energy

Fig. 3 Distribution of strain tensor components εij(r) in NW
cross-section, with rc = 6 nm and Tsh = 2 nm. (a) εxx(r); (b) εyy(r);
(c) εxy(r)

Fig. 4 NWaxial strain εzz in Ge core (εczz: dash-triangle line) and
in Si shell (εszz: solid-square line) versus Si shell thickness Tsh. Here
rc = 6 nm
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functional using finite element method. We find a large
compression appearing in the core region, which will
influence carriers via the deformation potential. Our work
provides physical modeling and understanding of the strain
distribution in C-S NW, and the obtained quantitative
results serve as the bases of strained valence band
calculation and transport simulation in further work.
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