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Abstract The Taylor model arithmetic is introduced to
deal with uncertainty. The uncertainty of model parameters
is described by Taylor models and each variable in
functions is replaced with the Taylor model (TM). Thus,
time domain simulation under uncertainty is transformed
to the integration of TM-based differential equations. In
this paper, the Taylor series method is employed to
compute differential equations; moreover, power system
time domain simulation under uncertainty based on Taylor
model method is presented. This method allows a rigorous
estimation of the influence of either form of uncertainty
and only needs one simulation. It is computationally fast
compared with the Monte Carlo method, which is another
technique for uncertainty analysis. The proposed method
has been tested on the 39-bus New England system. The
test results illustrate the effectiveness and practical value of
the approach by comparing with the results of Monte Carlo
simulation and traditional time domain simulation.

Keywords interval arithmetic, power systems, Taylor
series expansion, Taylor model, time domain simulation,
transient stability, uncertainty

1 Introduction

Power system transient stability analysis is an important
tool in power system research, which has a significant
impact on the design and operation of both individual
electrical utility companies and large interconnected power
systems. There are two kinds of methods applied in
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transient stability studies, namely time domain simulation
method and direct method. The time domain simulation
method solves differential-algebraic equations (DAEs) to
describe power system dynamics under a certain dis-
turbance. From the time solutions of interested variables
such as the rotor angles of certain generators it can find out
if the system will preserve stability. The time domain
simulation method has the advantage of adopting detailed
models of electric components. The main methods for
solving DAEs include implicit trapezoidal, modified Euler,
Runge-Kutta and Taylor series methods.

In power system simulation, method selection and
model selection are important; however, the obtaining of
accurate model parameters also has a great influence on the
accuracy of simulation results [1]. Therefore, it is very
necessary to study the techniques for determining model
parameters. If economic issues are ignored, it could help to
obtain more accurate equipment parameters to install a
large number of real-time measurement devices in power
systems. Even so, the uncertainties of model parameters for
power system simulation are inevitable. Such uncertainties
arise mainly from two sources: one is from computational
inaccuracy based on finite accuracy of computers; the other
is from uncertainty of measurement for parameters of
power system models. In the first case, the inaccuracies are
small, at least initially. In the second case, however,
inaccuracies can be large even from the beginning.

Earlier literature dealing with uncertainty in power
systems are mostly about power flow and reliability
assessment [2,3]. Only a few of them concern transient
stability [4-6].

Recently, several methods concerning uncertainty in
transient stability have been developed. Hiskens et al. have
proposed a trajectory sensitivity approach to approximate
the effect of uncertain parameter values on the outcome of
time-step simulations [7]. The method essentially employs
an augmented model that includes additional variables to
represent the sensitivity of specified state variables to
select parameters and initial conditions. Hockenberry et al.
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have explored a probabilistic collocation method (PCM) to
enable the evaluation of uncertainty in power system
simulations [8]. The PCM allows the uncertainty in
transient behavior of power systems to be studied using
only a handful of simulations, which relies on polynomial
models of the relationship between the uncertain parameter
in the system and the outputs of interest.

Widespread applications of interval arithmetic (IA) have
appeared in recent years [9—15]. The uncertainty is an
acute problem in power systems because of the complexity
of power systems, so several interval arithmetic-based
methods have been proposed for solving power system
problems [12—15]. However, the naive use of [A is prone to
pessimistic conclusions, which at times limits the industrial
practicality of such methods. To decrease the overestima-
tion of IA, the Taylor model arithmetic was proposed in
1996 by Martin Berz and his group. The Taylor model
arithmetic is an extension of interval arithmetic with a
comprehensive variety of applicable enclosure sets; details
are discussed in Refs. [16-20].

In this paper, the Taylor model arithmetic is introduced
to deal with the uncertainty problem in power system
simulation. The uncertainty of model parameters is
described by Taylor models (TMs) and each variable in
functions is replaced with TM. Moreover, Taylor series
method is adopted to compute differential equations [21].
The Taylor model method of power system time domain
simulation under uncertainty is presented and realized.

2 Taylor model arithmetic

The Taylor model arithmetic is an extension of interval
arithmetic with a comprehensive variety of applicable
enclosure sets.

Definition 1 Taylor model. Let f : D C R” — R be a
function that is (n+ 1) times continuously partially
differentiable on an open set containing the domain D.
Let xo be a point in D and P be the nth order Taylor
polynomial of f'around x,. Let / be an interval such that

f(x)EP(x—xq) + I for all xED. (1)

Then we call the pair (P, ]) an nth order Taylor model of
faround x, on D.

Definition 2 Addition and multiplication of Taylor
models. Let T7,=(Pj2,1;2) be nth order Taylor models
around x, over the domain D. We define

Ty+T,= (P +Py,I + 1), )

T = (Pia.112), 3)

where P, ; is the part of the polynomial P, P, up to order n
and 11’2: B(Pe)+ B(P1)12+ B(P2)11+1112, where Pe is the
part of the polynomial PP, of orders (n+ 1) to 2n, and
B(P) denotes a bound of P on the domain D.
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Definition 3 Intrinsic functions of Taylor models. Let T
= (P, I) be a Taylor model of order n over the v-dimensional
domain D = [a,b] around the point x,. In the following, let
Jix)E P(x—x¢) + [ be any function in the Taylor model, let
¢r=fixo), and f be defined by f(x) = f(x) —c,. Likewise,
we define P by P(x—xg) = P(x—xo) —cy, so that (P, 1) isa
Taylor model for /. Some useful intrinsic functions which
are needed in this paper are listed as follows.

1) Multiplicative inverse. Under the condition Vx& D,
0€ B[P(x—xg) + 1], we write as follows:

L1 Tw w) k(7<x>>k}
70 cf{l ; + 2 +(-1) 7;’;
Zr K+

G (1w fe) @

where 0 < 6 < 1.
2) Sine.

sinf (x) = sinc; + coscyf (x) f% sincy (f (x))2

*%Coscf(f(ﬂf o (k+1 1);(/7()6))”"/,

)
where
S { —Jo, if mod(k,4) = 1,2,
Jo, else,
cos (¢f + 6f (x)), if k is even,
P { sin (¢ + 0f (x)), else.
3) Cosine.

cosf (x) = coscy —sincyf (x) f% coscy (f(x))2

1
(k+1)!

),
(6)

1 _
—l-ﬁsincf(f(x))3 +- 4

where

{ —Jo, if mod (k,4) = 0,1,

Jy, else,

J sin (¢ 4 0f (x)), if k is even,
| cos (cr + 6f (x)), else.

In a word, we can obtain Taylor models of arbitrary
functions by overloading the operations and basic math
functions in our program.
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3 Taylor model based transient stability
simulation

For the sake of clarity, in this paper, TM variables are
bracketed with ‘[ ]” in order to distinguish them from fixed
numbers.

3.1 Taylor model based differential equations

If some equation variables are Taylor models, the
differential equations will be transformed to Taylor
model based differential equations. The solving of
differential equations needs a certain integral method.
The higher order Taylor series method allows us to adopt a
long integration step and thus shortens the integration time
and decreases the number of arithmetic operations. For
Taylor model arithmetic, the less number of arithmetic
operations, the less overestimation the final result will
preserve. Therefore, in this paper, Taylor series method is
adopted to solve Taylor model based differential equations.

3.2 Taylor model based transient stability simulation for
classical models

The center of inertia (COI) reference frame is adopted [13].
For simplicity and to highlight the characteristics of the
proposed algorithm, the classical model of generators is
adopted.

The center of inertia is defined by

1 n
(0] = W; [M;][64],

o @)
[60] = WZWJ [61],

i1

where [6;] is the angle of generator i; [M;] is the inertia
n

constant of generator ; and [M7] = > [M]].

=1
The swing equations in COI reference frame are

G = [P~ Pl Peol

®)
de] .
T - [wi]ﬂ

where [6;] = [6,]— [60]; [@;] = [6] - [é0]; [Pcor] = Z;([P i)
—[P.i]); [Pyi] is the mechanical input of generator #; [P,;] is
the electrical output of generator i; [Pcop] is the COI
accelerating power; [6;] and [@,] are the rotor angle and
speed of generator i in COI notation, respectively.

[P,;] can be derived by
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n

P = E}Gi+ Y (Cysin[0;] + Dyeos[f;]).  (9)

J=Lj#i

where C;;= E,E;B;;, D= EE,G;;. B;;and G; are susceptance
and conductance between the internal generator nodes i
and j, respectively. E; and E; are the electromotive force
(EMF) of internal generators i and j, respectively.

The time domain simulation with Taylor series method
under classical models needs arbitrary order derivatives of
electrical power [P,;], which can be obtained by

[PZ’”] - Z (Cijsin(m)[@,»j]—}—Dij»cos(m)[%]). (10)
J=1, i

The time domain simulation process is actually the
solution of Egs. (8)—(10).

4 Implementation of arithmetic

A power system transient stability simulation based on
Taylor model arithmetic is realized by C++ standard
language. First, we design an interval class and Taylor
model class, and define their various basic operations.
Then the Taylor series method is used to implement
transient stability simulation. Several programming skills
are adopted to reduce calculation time significantly as
follows:

1) Although we can easily design two functions for
example DSIN() and DCOS() in terms of Egs. (9) and (10)
and then call them to calculate sin’[6;;] and cos"[6;], this
may involve many redundant computations. Taking the
computation of sin”’[6;] as an example, the Oth to (m—1)th
derivatives of cos[#;] will be used in the computation of
sin®[6;;] and Oth to mth derivatives of cos[6;;] will be used
in the computation of sin”*"[6,]. If each derivative is
recalculated and very higher Taylor series method is
adopted, the computation time will be substantially
increased. A better method is to save sin®[6;] in an
array to avoid recalculating. For example, DSIN[7][/][m] is
used to save sin”’[6;] in the program.

2) Because:

sin™) 0] = —sin®™ (0],

(11)

cos™ [0;] = cos™ 0. (12)

We only need calculate the upper triangular matrixes of
DSIN[ J[ ][ ] and DCOS[ ][ ][ ]-

3) The problem of [4;]™ is similar to sin®’[6;], namely,
[6;,]” will be used many times in the computation, which
can be saved in an array DDELT[{][f][m]. This method can
reduce many subtraction operations, especially, at suffi-
ciently high Taylor order.

By adopting the above three programming skills, it not
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only reduces computation time, thus significantly increas-
ing computing speed, but also reduces the overestimation
of the final result through reduction of computation.

5 Test result and analysis

The proposed method has been tested on the 10-unit 39-
bus New England system with uncertain parameters in
generator models. The system data are fully taken from
Ref. [22]. It is assumed that a three-phase fault on bus 26

cleared at 5th cycle, the tripped line is 26-27. The one line
diagram of the 10-unit 39-bus New England system is

given in Fig. 1.
28 29
2
—27 v’
38
NG
l 16 21 r
24 36
—23
19
0g 2
3 33 Y 3

One line diagram of 10-unit 39-bus New England system

Fig. 1

For the convenience of comparison, inertia constants
and mechanical inputs of all generators are listed in Table 1.
The simulation results of the proposed method with a

Table 1 Unit data of 10-unit system

unit No. Hi/s mechanical input
1 500.0 10

2 30.3 5.208
3 35.8 6.5

4 28.6 6.32
5 26.0 5.08
6 34.8 6.5

7 26.4 5.6

8 243 5.4

9 34.5 8.3
10 42.0 2.5

time step of 0.02 s are illustrated and compared to those of
the Monte Carlo method and traditional time domain
simulation method in some tables and figures.

Note that each figure listed below has five curves with
some of which being overlapped probably. The top curve
and bottom curve with the symbol ‘e’ show the bounds of
the Taylor model result when a certain parameter is an
interval. The middle curve with the symbol ‘+’ shows the
result of traditional time domain simulation when the
parameters are set the midpoints of given intervals. The
other two curves with the symbol ‘*’ give the bounds of the
Monte Carlo result when a certain parameter varies in an
interval.

Since the rotor angle of the ith generator is most
influenced by the uncertainty of its own parameters, we
take the rotor angle of the ith generator as the example to
plot result figures when one of its parameters is an interval.

1) The detailed simulation results with the above three
methods at each integration step are listed in Table 2 when
the mechanical input of Gl is an interval [0.50 P,,;,
1.50 P,,;], in accordance to which theresulting figures are
shown in Fig. 2.

Table 2 Rotor angle of G1 at each integration step

integration Tay.lor quel Monte Carlo  traditional simulation
step arithmetic
0 [:111%513325766;4], [:111%513'327796:]’ ~11.772908
- - ;252313212‘]) - %ﬁéﬁ ~10.020688
20 [:553618372(%, [_*5233623667789] 4223501
oo
oL EL e
o LI LI e
oo Dhmiy o D e
S
NS R
100 et 1soosel S0
oG s
B LR
SR R
140 - 2563;3981256:] - 25725222328% —4.198004
150 [:;?éj;;;g}a [:?ézz(s)i;?’ ~10.074317
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+ traditional simulation
* Monte Carlo
o Taylor model

angle/(*)
W

time/s

Fig. 2 Rotor angle of G1

2) The resulting figures are shown in Fig. 3 when the
mechanical input of GI10 is an interval [0.50 P,,;o,
1.50 P,,10]-

10
5
3 s
2
= -10
-15
-20 + traditional simulation
* Monte Carlo
-25 « Taylor model
0 1 2 3
time/s

Fig. 3 Rotor angle of G10

3) The resulting figures are shown in Fig. 4 when the
inertia constant of G1 is an interval [0.70 H,,1.30 H{].

+ traditional simulation
* Monte Carlo
-6 * Taylor model

0 1 2 3
time/s

Fig. 4 Rotor angle of G1

4) The resulting figures are shown in Fig. 5 when the
inertia constant of G1 is an interval [0.80 H,1.20 H{].

0
2
5 4
b
S 6
-8
-10
+ traditional simulation\
-12 * Monte Carlo
4 ¢ Taylor model
0 1 2 3

time/s

Fig. 5 Rotor angle of G1

5) The resulting figures are shown in Fig. 6 when the
inertia constant of G8 is an interval [0.90 Hg,1.10 Hg].

angle/(*)

-5 \ [+ traditional simulatior)
J * Monte Carlo
10 o Taylor model
0 1 2 3
time/s

Fig. 6 Rotor angle of G8

6) The resulting figures are shown in Fig. 7 when the
inertia constant of G8 is an interval [0.80 Hy,1.20 Hg].

From the above six resulting figures, we can obtain the
following implications:

1) The result from Taylor model arithmetic when a
certain parameter of the generator is an interval encloses
the result of the traditional time domain simulation method
when the parameter is set the midpoint of a given interval.
At the same time, it also encloses the result calculated by
Monte Carlo method. This demonstrates the validity of the
proposed method.

2) It can be observed from Figs. 2 and 3 that the results
of Taylor model arithmetic almost entirely overlap those of
the Monte Carlo method. Plenty of tests show that in most
cases the proposed method can obtain the simulation result
as nearly precise as the Monte Carlo method can, and even
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40} + traditional simulation
* Monte Carlo
35t « Taylor model

angle/(°)

time/s

Fig. 7 Rotor angle of G8

in some cases the proposed method can obtain as precise
result as the Monte Carlo method. However, judging the
computation speed, the proposed method has absolute
advantages because Monte Carlo simulation spends a lot of
time in repeating simulations (e.g., 50000 times) while
selecting random points in the appointed interval.

3) In Taylor model arithmetic, if inertia constants and
mechanical inputs vary with the same proportion, the
former may have a bigger influence than the latter on the
overestimation of the final result. This is due to the fact that
generator inertia constants appear more often in equations
than mechanical inputs.

4) By comparing Figs. 4 and 7, we can observe that in
Taylor model arithmetic, when varying with the same
proportion, the resulting interval from the inertia constant
of G1 is sharper than that of G8 with the inertia constant of
G1 being larger than that of G8. This is due to the fact that
generator inertia constants are often to be used as divisors
in calculation.

6 Conclusions

Taylor model arithmetic is an effective method to deal with
uncertainty problems by decreasing the overestimation of
interval arithmetic.

Power system transient stability simulation under
uncertainty based on Taylor model arithmetic ensures the
simulation result contains all possible solutions when the
parameters vary in the given domain.

The proposed method has been validated by comparing
with the Monte Carlo simulation method. The proposed
method is computationally superior to Monte Carlo
simulation method although the result of the former is
not too much conservative than that of the latter.
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