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Abstract A new family of GMW sequences over an
arbitrary Galois ring was defined by using the trace
functions and permutations. This generalizes the concept
of GMW sequences over finite fields. Utilizing the Fourier
representation, we derived an estimate of the linear
complexities of this family of GMW sequences. And the
result shows that such sequences have large linear
complexities.
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1 Introduction

With good interference-free ability, spread spectrum
communications are used significantly in not only military
communications but also civil communications. The
performance of spread spectrum multiple-access commu-
nication systems are greatly influenced by the capabilities
of spread sequences. One of the most important capabil-
ities of the spread sequences is the linear complexity. A
communication system will have good resistance to
analysis if its spread sequences have large linear complex-
ity. Consequently, constructing spread sequences with large
linear complexities has become a hot research topic [1].
Utilizing trace functions, Scholtz and Welch [2] first
constructed the GMW sequences over finite fields in 1984.
Research shows that such sequences not only have two-
level autocorrelation functions as m-sequences, but also
have larger linear complexities and more cyclically
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inequivalent classes than m-sequences for the case that
they have the same periods. Then the GMW sequences
became a hot research focus, and a lot of results on the
linear complexities of the GMW sequences have been
achieved [3—8]. In 2000, Udaya and Siddiqi [9] extended
Scholtz and Welch’s work to the case of Galois rings and
constructed the GMW sequences over the Galois ring Zj.
The result shows that the GMW sequences over Z; have
larger linear complexities and more sequence numbers
than the GMW sequences over finite fields for the case that
these sequences have the same periods. In this paper, we
define a new family of GMW sequences over an arbitrary
Galois ring, which generalizes the result of Udaya and
Siddiqi for the case that the Galois ring is Z;. We also
investigate the upper and lower bounds on the linear
complexities of this family of GMW sequences, and the
result shows that such sequences have large linear
complexities.

Let p be a prime, e, r and u be positive integers. Let R
and R’ denote the Galois rings of characteristic p¢, with
sizes p” and p*™, respectively. The group R* of units of R is
a direct product of two subgroups G¢ and G, where G is
a cyclic group of order p"— 1 and G, is an Abelian group of
order p " with maximal element order p*'. Also, we use
R to denote the group of units of R". Any element a in R
can be expressed as a=p'w, where 0<i<e—1 and
wER*U{0}. Let Tr* denote the trace function from R’
to R, and Tr} denote the trace function from R to Z,. For
the knowledge of Galois rings, please see Refs. [10,11].

2 GMW sequences over Galois rings

Now we define a new family of GMW sequences over
Galois ring Z.

2.1 Permutation on R
Let b be an integer with 1<bh<p"—1 and (b,p) = (b,

p'—1)=1.For any element a =p'w in R, where 0 <i<e—1
and wE R*U{0}, we define the map ¢ : R — R as
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)
p(a) =p'w’.
Lemma 1 The map ¢is a permutation on R.
Proof Letibe an integer with 0<<i<e—1. It suffices to
show that ¢ is an injection on p'R*. Let p'wy, p'w, be any
two elements of p'R*, where wy,w, €R*. Assume that

. - . -
p(p'wy) = p'wi = p(p'w,) = p'wy,
then we have

wh = wh+pt i, (1)

. . . bpefl - bpefl
where x&€R. Equation (1) implies that w" =w,"
since the characteristic of R equals p¢. Suppose wi;= a5,
and w, = a,p,, where a,00 € G, f1,0>E G4, and applied

. bp® 1 b
to the equation w” =w)

e—1 e—1
a7 = o’ . Note that the orders of a; and a, are both

factors of p"—1 and (p"—1,bp°") =1, we obtain that
o= a,. Hence, we have p'fi=pf5. It follows that
B =p5+p¢ 'y, where yER. From (b,p*")=1, we
know that there exists an integer ¢ which satisfies
that bc = 1 (mod p™), then

Pi=@) = EB+p V) =h+pY,. @
where y' € R. Multiplying both sides of Eq. (2) by p’, we
have p'B8,=p'B,. This implies that p'w,=p'w,. The Lemma
follows.

e—1

, we can conclude that

2.2 Construction of GMW sequences

Let a be an element of order p™—1 in R’ and vER™,
Associated with the permutation ¢, we can define the
GMW sequence S” over Galois ring Z, as

" = {Tri{p[Tr}" (vo') }}iz0-

We also can define the GMW sequences family GGMW
as

GGMW = {S§” : vER"}.

Note that ¢ is a permutation on R, the period of §" is
equal to p™—1.

3 Linear complexity

We employ the same techniques and notations as in the
preceding sections.

Definition 1  We call polynomial C(x) =1+ ¢;x+
Cox? 4 X & Z,[x] the associated connection poly-
nomial of periodic sequence S={s;};>0 over Z,, if the
coefficients cy,c»,...,c,, satisfy

m

5= - E Cisi—i jZm.
=1

Definition 2 The linear complexity (LC) of periodic
sequence S={s;};>0 over Z, is equal to min{deg(C(x)):
C(x) is an associated connection polynomial of S}.

Lemma 2 [12] Suppose S={s;};>0 is a sequence of
period L. Let S(x) = so + ;x4 - - - + 5, _1x* 1. Then C(x)
is an associated connection polynomial of Sif and only
if Sx)C(x)=0 (mod x“—1).

Definition 3 [13] Suppose S={s;};>0 is a sequence of
period p™—1 over Z,. Let a be any primitive element of
R', then the Fourier representation of S is

pru_z
§; = Z §j0t", 0<i <pru_l,
Jj=0
where
pru72
§=n sio ', n(p™—1)=1mod p°, 0<j < p™—1.

i=0

Theorem 1 Suppose S={s;},>0 is a sequence of period
p™—1 over Z,. Then the linear complexity of S is equal to
the number of nonzero terms appearing in the Fourier
representation of S, i.e.,

Proof Assume that j,,,...,j,, are nonzero positions
in the Fourier representation of S. This means that 5; #0

for i=1,2,...,m. Note that 5; = nS(a /), we have

S( _j) 0: ]E{Oalaapm_z}\{llzj27JM}’
a pr—
nonzero, j < {/1./2---ym }-

Now choose C(x) = (x—a /)(x—a ) - (x—a /n).
Then all the roots of x”" ' =1, i.e., 0’0 Va2, > 7",
are the roots of S(x)C(x). From Lemma 2, C(x) is an
associated connection polynomial of S. It implies that
LC(S)<m. If LC(S)##m, then there exists another
associated connection polynomial Cy(x) of S with degree
less than m. Also from Lemma 2, we obtain that the
number of nonzero terms appearing in the Fourier
representation of S is less than m. It is a contradiction.
Thus, LC(S)=m. This completes the proof.

We assume from now on that > e. For any element a =
p'w with 0<i<e—1 and wER*U{0} in R, we define a
map ¢ : R — R as

A 0,i=0,
plaj=9 , ,
pw’,iz1.

For any sequence S"={s;};>o of GGMW, where
s; = Tri {p[Tr* (va')]}, utilizing the map @, we have

5= Te{[Te (vod )"} + T, { [T (v )] }.
Let
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S = {Tri{[Te" (va)]" 20,
S5 = {Tri{o[Tr" (va)]} }izo,
then we have
S'=81+5;. 3)

Using the p-adic expansion of b, we can write b in the
form

b—Zb,p,

where 1<bh,<p—1, 0<j;<r—1 and H is the number of
nonzero terms appearing in the p-adic expansion of 5.
Lemma 3 The linear complexity of §” satisfies

H u +bi_1
Lo =] | ( . )
i=1 i

Proof Tt is clear that p*'S”=p* 'S} is isomorphic to
some p-ary GMW sequence. Utilizing the result given by
Zhu and Li (Theorem 2 in Ref. [6]), we obtain that

2 (u+b;—1
()
i=1 i

Hence, from the Fourier representation of S” and Theorem
1, we have

LC(S")=LC(p* 's") = LC(p* 'S})
A+ b;—1
A1)

Lemma 4 The linear complexity of S} satisfies

eu+b—1
LC(S))<r ) :

Proof Let I' = {0,1,a,6°,....a 2}. Then v can be
expressed as v =ay +pa; +---+p° a, |, where a,
di,e.,d._1<I. This implies that v is a linear sum of
at most e distinct powers of a. Moreover, each term

Tr; {[ T/ (vei)]?} (i=0) of S} can be expressed as a linear
eu+b-1

LC(p* 'sY))

sum of at most distinct powers of a. From

Theorem 1, we have

eu+b—1
LC(S))<r , .

Let T= (™—1)/(p"—1). We need the following lemma.
Lemma 5 [6] LetS={Tr"(a')} ;>0 be a field sequence,
where a is primitive in GF(p™). Then every segment of

T consecutive elements from S contains exactly (p“"—1)/
(p"—1) zeros.

Lemma 6 For any vER", let 8" = {s/},5, be an
intermediate sequence over R given by s/=Tt}*(va'), where
o is primitive in R'. Then every segment of T consecutive
clements from S* contains exactly (p®“ " —1)/(p"—1)
elements from the ideal (p).

Proof  Observe that p° 'S¥ is isomorphic to some
sequence defined in Lemma 5. Thus, from Lemma 5, every
segment of T consecutive elements in p° 'S contains
exactly (p“ " —1)/(p"— 1) zeros. Since p*'s] is zero if and
only if s; E(p), the result follows.

Lemma 7 The linear complexity of S; satisfies

LC(Sy) <Tr.
{Si}izo-

where v; =

Proof Assume that S; is nonzero and S) =
Let V(x)=vy+vix+---+ vpm,zxpm’z,
@[Tr"(va')]. From the definition of ¢ and Lemma 6,
Vo,V1,...,vr—1 are not all zeros. Let v,],vlz, ,v;, be the
nonzero terms in {vy,vq,....,vr_1}. It is obvious that
Tr(va) (1<j<t)are zero divisors of R. From

T (va™ ) = o™ Te  (va'), 0<m < p’'—1,

we can conclude that the nonzero terms in {vy,vi,... pm,z}
follow the T periodicity. Let 7/ (x) = v; x" + v, x> + - +

v, X", we have
p-2
_ § : mT+i mT+i mT+i,
V(x) - (VmT+i|x '+ VmT+i2x i o va+i,x 1)
m=0

mTJril)}xi, + @[Trlr‘u(vamTJriz)}xiz

p-2
= S XTI (v
m=0

o T T}

)

p-2
= X" o { [T (vat )Xt + p[Tr (va)]x
m=0

o [T (v )

z: mTh mT

m=0

*j) —
NI j=b" +np 1),

For any integer J with 0<j<p™—1, V(a
52 a”

), where = V (a

where b'#b,0<n < T, we have V (a

N)=9 Z

=0. If j=b+n(p'—1), where 0<n < T we have
V(a )= (p"—1)5. Then V(a /)0 if and only if ¢ is

nonzero. Hence, the number of j’s in {0,1,...,p™"—2}

which satisfy that V(a/)#0 is at most T.

Now we prove by contradiction that the linear complex-
ity of Sy is at most 7r. Assume that the number of ;’s
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in {0,1,...,p™—2} which satisfy that S(a /)0 is greater
than 7r. Let jo={0,1,...,p"* =2} and satisfy
. P2 iy
S(a) = > s;0”"#0. From the definition of v,
i=0
SFTI‘Z (Vi). Thus

P2 P2 P2 r-1

Z s;o 70 = Z Tt (v;)a ™" = Z Zak(v,»)afjoi
i=0 =0 =0 k=0

r—1p"-2 . r—
i .
= o (via P ) =
k=0 i=0

HUCEa
0

=
Il

where o is the Frobenius automorphism of R over Z [11].
) pr2 . r—1 )
From S(a )= 3 s;a %0, S o[V (a 7"
i=0 k=0
Then there exists ky € {0,1,...,r—1} satisfying that
o[V (a 77" )]0 . Moreover, we have ¥ (a /7" ") 0.
This means that for any j with S(a /) #0, there exists one
k€ {0,1,....r— 1} satisfying that ¥ (a /7" A’)#0. And we
also can conclude that for any two distinct j;,j,
€{0,1,...,p™ -2}, if there exists two corresponding &,
ky€{0,1,....,r—1} satisfying that jp* % =jpu*
mod p™“—1, then we must have k;#k,. Hence, the
number of j’s in {0,1,...,p"—2} which satisfy that V(a /)
#0 is greater than 7. It is a contradiction. Then the number
of j’s in {0,1,....p™—2} which satisfies that S(a /) #0 is at
most 7r. From Theorem 1, we obtain that the linear
complexity of S is at most 7. This completes the proof.
Utilizing Eq. (3), Lemmas 3, 4 and 7, we can finally
obtain the following theorem.

Theorem 2 The linear complexities of sequences of
GGMW satisfy

ru—k

)] #0.

A (u+b;—1

rH , <LC<

7
i=1 i

eu+b—1
+ Tr.
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