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Abstract A new family of GMW sequences over an
arbitrary Galois ring was defined by using the trace
functions and permutations. This generalizes the concept
of GMW sequences over finite fields. Utilizing the Fourier
representation, we derived an estimate of the linear
complexities of this family of GMW sequences. And the
result shows that such sequences have large linear
complexities.
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1 Introduction

With good interference-free ability, spread spectrum
communications are used significantly in not only military
communications but also civil communications. The
performance of spread spectrum multiple-access commu-
nication systems are greatly influenced by the capabilities
of spread sequences. One of the most important capabil-
ities of the spread sequences is the linear complexity. A
communication system will have good resistance to
analysis if its spread sequences have large linear complex-
ity. Consequently, constructing spread sequences with large
linear complexities has become a hot research topic [1].
Utilizing trace functions, Scholtz and Welch [2] first

constructed the GMW sequences over finite fields in 1984.
Research shows that such sequences not only have two-
level autocorrelation functions as m-sequences, but also
have larger linear complexities and more cyclically

inequivalent classes than m-sequences for the case that
they have the same periods. Then the GMW sequences
became a hot research focus, and a lot of results on the
linear complexities of the GMW sequences have been
achieved [3–8]. In 2000, Udaya and Siddiqi [9] extended
Scholtz and Welch’s work to the case of Galois rings and
constructed the GMW sequences over the Galois ring Z4.
The result shows that the GMW sequences over Z4 have
larger linear complexities and more sequence numbers
than the GMW sequences over finite fields for the case that
these sequences have the same periods. In this paper, we
define a new family of GMW sequences over an arbitrary
Galois ring, which generalizes the result of Udaya and
Siddiqi for the case that the Galois ring is Z4. We also
investigate the upper and lower bounds on the linear
complexities of this family of GMW sequences, and the
result shows that such sequences have large linear
complexities.
Let p be a prime, e, r and u be positive integers. Let R

and R′ denote the Galois rings of characteristic pe, with
sizes per and peru, respectively. The group R� of units of R is
a direct product of two subgroups GC and GA, where GC is
a cyclic group of order pr – 1 and GA is an Abelian group of
order p(e–1)r with maximal element order pe–1. Also, we use
R′� to denote the group of units of R′. Any element a in R
can be expressed as a = piw, where 0≤i≤e – 1 and
w∈R�[{0}. Let Trrur denote the trace function from R′
to R, and Trr1 denote the trace function from R to Zpe . For
the knowledge of Galois rings, please see Refs. [10,11].

2 GMW sequences over Galois rings

Now we define a new family of GMW sequences over
Galois ring Zpe .

2.1 Permutation on R

Let b be an integer with 1≤b≤pr – 1 and (b, p) = (b,
pr – 1) = 1. For any element a = piw in R, where 0≤i≤e – 1
and w∈R�[{0}, we define the map φ : R ! R as
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φðaÞ ¼ piwb:

Lemma 1 The map φ is a permutation on R.
Proof Let i be an integer with 0≤i≤e – 1. It suffices to

show that φ is an injection on piR�. Let piw1, p
iw2 be any

two elements of piR�, where w1,w2∈R�. Assume that

φðpiw1Þ ¼ piwb
1 ¼ φðpiw2Þ ¼ piwb

2,

then we have

wb
1 ¼ wb

2 þ pe – ix, (1)

where x∈R. Equation (1) implies that wbpe – 1

1 ¼ wbpe – 1

2 ,
since the characteristic of R equals pe. Suppose w1= α1β1
and w2 = α2β2, where α1,α2∈GC, β1,β2∈GA, and applied

to the equation wbpe – 1

1 ¼ wbpe – 1

2 , we can conclude that

αbp
e – 1

1 ¼ αbp
e – 1

2 . Note that the orders of α1 and α2 are both
factors of pr – 1 and (pr – 1, bpe–1) = 1, we obtain that
α1= α2. Hence, we have piβb1 = p

iβb2. It follows that
βb1 ¼ βb2 þ pe – iy, where y∈R. From (b, pe–1) = 1, we
know that there exists an integer c which satisfies
that bc � 1 (mod pe–1), then

β1 ¼ ðβb1Þc ¼ ðβb2 þ pe – iyÞc ¼ β2 þ pe – iy#, (2)

where y′∈R. Multiplying both sides of Eq. (2) by pi, we
have piβ1= piβ2. This implies that piw1= piw2. The Lemma
follows.

2.2 Construction of GMW sequences

Let α be an element of order pru – 1 in R′ and v∈R′�.
Associated with the permutation φ, we can define the
GMW sequence Sv over Galois ring Zpe as

Sv ¼ fTrr1fφ½Trrur ðvαiÞ�ggi³0:

We also can define the GMW sequences family GGMW
as

GGMW ¼ fSv : v∈R′�g:
Note that φ is a permutation on R, the period of Sv is

equal to pru – 1.

3 Linear complexity

We employ the same techniques and notations as in the
preceding sections.
Definition 1 We call polynomial CðxÞ ¼ 1þ c1xþ

c2x
2 þ � � � þ cmx

m∈Zpe ½x� the associated connection poly-
nomial of periodic sequence S ={si}i≥0 over Zpe , if the
coefficients c1,c2,...,cm satisfy

sj ¼ –
Xm
i¼1

cisj – i, 8j³m:

Definition 2 The linear complexity (LC) of periodic
sequence S ={si}i≥0 over Zpe is equal to min{deg(C(x)):
C(x) is an associated connection polynomial of S}.
Lemma 2 [12] Suppose S ={si}i≥0 is a sequence of

period L. Let SðxÞ ¼ s0 þ s1xþ � � � þ sL – 1x
L – 1:Then C(x)

is an associated connection polynomial of S if and only
if S(x)C(x)= 0 (mod xL – 1).
Definition 3 [13] Suppose S ={si}i≥0 is a sequence of

period pru – 1 over Zpe . Let α be any primitive element of
R′, then the Fourier representation of S is

si ¼
Xpru – 2
j¼0

ŝjα
ji, 0£i < pru – 1,

where

ŝj ¼ n
Xpru – 2
i¼0

siα
– ji, nðpru – 1Þ � 1 mod pe, 0£j < pru – 1:

Theorem 1 Suppose S ={si}i≥0 is a sequence of period
pru – 1 over Zpe . Then the linear complexity of S is equal to
the number of nonzero terms appearing in the Fourier
representation of S, i.e.,

LCðSÞ ¼ jfŝj : ŝj≠0, 0£j£pru – 2gj:
Proof Assume that j1, j2,..., jm are nonzero positions

in the Fourier representation of S. This means that ŝji≠0
for i = 1,2,...,m. Note that ŝj ¼ nSðα – jÞ, we have

Sðα – jÞ ¼
0, j∈f0,1,:::,pru – 2g n fj1,j2,:::,jmg,
nonzero, j∈fj1,j2,:::,jmg:

(

Now choose CðxÞ ¼ ðx – α – j1Þðx – α – j2Þ� � �ðx – α – jmÞ.
Then all the roots of x pru – 1 – 1, i:e:, α0,α – 1,α – 2,:::,α2 – p

ru

,
are the roots of S(x)C(x). From Lemma 2, C(x) is an
associated connection polynomial of S. It implies that
LC(S)≤m. If LC(S)≠m, then there exists another
associated connection polynomial C0(x) of S with degree
less than m. Also from Lemma 2, we obtain that the
number of nonzero terms appearing in the Fourier
representation of S is less than m. It is a contradiction.
Thus, LC(S)=m. This completes the proof.
We assume from now on that b≥e. For any element a =

piw with 0≤i≤e – 1 and w∈R�[{0} in R, we define a
map φ̂ : R ! R as

φ̂ðaÞ ¼
0, i ¼ 0,

piwb, i³1:

(

For any sequence Sv={si}i≥0 of GGMW, where
si ¼ Trr1fφ½Trrur ðvαiÞ�g, utilizing the map φ̂, we have

si ¼ Trr1f½Trrur ðvαiÞ�bg þ Trr1fφ̂½Trrur ðvαiÞ�g:
Let
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Sv1 ¼ fTrr1f½Trrur ðvαiÞ�bggi³0,

Sv2 ¼ fTrr1fφ^ ½Trrur ðvαiÞ�ggi³0,

then we have

Sv ¼ Sv1 þ Sv2: (3)

Using the p-adic expansion of b, we can write b in the
form

b ¼
XH
i¼1

bip
ji ,

where 1≤bi≤p – 1, 0≤ji≤r – 1 and H is the number of
nonzero terms appearing in the p-adic expansion of b.
Lemma 3 The linear complexity of Sv satisfies

LCðSvÞ³r
YH
i¼1

uþ bi – 1

bi

 !
:

Proof It is clear that pe–1Sv = pe–1Sv1 is isomorphic to
some p-ary GMW sequence. Utilizing the result given by
Zhu and Li (Theorem 2 in Ref. [6]), we obtain that

LCðpe – 1Sv1Þ ¼ r
YH
i¼1

uþ bi – 1

bi

 !
:

Hence, from the Fourier representation of Sv and Theorem
1, we have

LCðSvÞ³LCðpe – 1SvÞ ¼ LCðpe – 1Sv1Þ

¼ r
YH
i¼1

uþ bi – 1

bi

 !
:

Lemma 4 The linear complexity of Sv1 satisfies

LCðSv1Þ£r
euþ b – 1

b

 !
:

Proof Let Γ ¼ f0,1,α,α2,:::,αpru – 2g. Then v can be
expressed as v ¼ a0 þ pa1 þ � � � þ pe – 1ae – 1, where a0,
a1,...,ae – 1∈Γ. This implies that v is a linear sum of
at most e distinct powers of α. Moreover, each term
Trr1f½Trrur ðvαiÞ�bg ði³0Þ of Sv1 can be expressed as a linear

sum of at most r
euþ b – 1

b

 !
distinct powers of α. From

Theorem 1, we have

LCðSv1Þ£r
euþ b – 1

b

 !
:

Let T = (pru – 1)/(pr – 1). We need the following lemma.
Lemma 5 [6] Let S =fTrrur ðαiÞg i≥0 be a field sequence,

where α is primitive in GF(pru). Then every segment of

T consecutive elements from S contains exactly (p(u–1)r – 1)/
(pr – 1) zeros.
Lemma 6 For any v∈R′�, let Ŝv ¼ fs′igi³0 be an

intermediate sequence over R given by s′i=Tr
ru
r ðvαiÞ, where

α is primitive in R′. Then every segment of T consecutive
elements from Ŝv contains exactly (p(u–1)r – 1)/(pr – 1)
elements from the ideal (p).
Proof Observe that pe – 1Ŝv is isomorphic to some

sequence defined in Lemma 5. Thus, from Lemma 5, every
segment of T consecutive elements in pe – 1Ŝv contains
exactly (p(u–1)r – 1)/(pr – 1) zeros. Since pe–1s′i is zero if and
only if s′i∈(p), the result follows.
Lemma 7 The linear complexity of Sv2 satisfies

LCðSv2Þ£Tr:

Proof Assume that Sv2 is nonzero and Sv2 ¼ fsigi³0:

Let V ðxÞ ¼ v0 þ v1xþ � � � þ vpru – 2x
pru – 2, where vi ¼

φ̂½Trrur ðvαiÞ�: From the definition of φ̂ and Lemma 6,
v0,v1,...,vT – 1 are not all zeros. Let vi1 ,vi2 ,:::,vit be the
nonzero terms in {v0,v1,...,vT – 1}. It is obvious that
Trrur ðvαijÞ ð1£j£tÞ are zero divisors of R. From

Trrur ðvαmTþiÞ ¼ αmTTrrur ðvαiÞ, 0£m < pr – 1,

we can conclude that the nonzero terms in fv0,v1,:::,vpru – 2g
follow the T periodicity. Let V̂ ðxÞ ¼ vi1x

i1 þ vi2x
i2 þ � � � þ

vit x
it , we have

V ðxÞ ¼
Xpr – 2
m¼0

ðvmTþi1x
mTþi1 þ vmTþi2x

mTþi2 þ � � � þ vmTþit x
mTþit Þ

¼
Xpr – 2
m¼0

xmTfφ^ ½Trrur ðvαmTþi1Þ�xi1 þ φ
^ ½Trrur ðvαmTþi2Þ�xi2

þ � � � þ φ
^ ½Trrur ðvαmTþit Þ�xitg

¼
Xpr – 2
m¼0

xmTαmTbfφ^ ½Trrur ðvαi1Þ�xi1 þ φ
^ ½Trrur ðvαi2Þ�xi2

þ � � � þ φ
^ ½Trrur ðvαit Þ�xitg

¼
Xpr – 2
m¼0

αmTbxmT V
^ ðxÞ:

For any integer j with 0£j < pru – 1, V ðα – jÞ ¼
δ
Ppr – 2
m¼0

αmTðb – jÞ, where δ ¼ V̂ ðα – jÞ. If j ¼ b# þ nðpr – 1Þ,

where b′≠b, 0≤n< T, we have V ðα – jÞ ¼ δ
Ppr – 2
m¼0

αmTðb – b#Þ

¼ 0. If j = b+ n ( pr – 1), where 0≤ n < T , we have
V ðα – jÞ ¼ ðpr – 1Þδ. Then V ðα – jÞ≠0 if and only if δ is
nonzero. Hence, the number of j’s in {0,1,..., pru – 2}
which satisfy that V ðα – jÞ≠0 is at most T.
Now we prove by contradiction that the linear complex-

ity of Sv2 is at most Tr. Assume that the number of j’s
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in {0,1,..., pru – 2} which satisfy that Sðα – jÞ≠0 is greater
than Tr . Let j0∈{0,1 , . . . ,pr u – 2} and sa t i s fy

Sðα – j0Þ ¼ Ppru – 2
i¼0

siα
– j0i≠0. From the definition of vi,

si=Tr
r
1ðviÞ. Thus

Xpru – 2
i¼0

siα
– j0i ¼

Xpru – 2
i¼0

Trr1ðviÞα – j0i ¼
Xpru – 2
i¼0

Xr – 1
k¼0

�kðviÞα – j0i

¼
Xr – 1
k¼0

Xpru – 2
i¼0

�kðviα – j0ip
ru – k Þ ¼

Xr – 1
k¼0

�k ½V ðα – j0p
ru – k Þ�,

where σ is the Frobenius automorphism of R over Zpe [11].

From Sðα – j0Þ ¼ Ppru – 2
i¼0

siα
– j0i≠0,

Pr – 1
k¼0

�k ½V ðα – j0p
ru – k Þ�≠0.

Then there exists k0∈ { 0, 1, ... , r – 1 } satisfying that

�k0 ½V ðα – j0p
ru – k0 Þ�≠0 . Moreover, we have V ðα – j0p

ru – k0 Þ≠0.
This means that for any j with Sðα – jÞ≠0, there exists one

k∈{0,1,...,r – 1} satisfying that V ðα – jpru – k Þ≠0. And we
also can conclude that for any two distinct j1, j2
∈f0,1,:::, pru – 2g, if there exists two corresponding k1,
k2∈{0,1,...,r – 1} satisfying that j1p

ru – k1 � j2p
ru – k2

mod pru – 1, then we must have k1≠k2. Hence, the
number of j’s in {0,1,...,pru – 2} which satisfy that V ðα – jÞ
≠0 is greater than T. It is a contradiction. Then the number
of j’s in {0,1,...,pru – 2} which satisfies that Sðα – jÞ≠0 is at
most Tr. From Theorem 1, we obtain that the linear
complexity of Sv2 is at most Tr. This completes the proof.
Utilizing Eq. (3), Lemmas 3, 4 and 7, we can finally

obtain the following theorem.
Theorem 2 The linear complexities of sequences of

GGMW satisfy

r
YH
i¼1

uþ bi – 1

bi

 !
£LC£r

euþ b – 1

b

 !
þ Tr:
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