
RESEARCH ARTICLE

Bo JIU, Hongwei LIU, Liya LI, Shunjun WU

A method of waveform design based on mutual information

© Higher Education Press and Springer-Verlag 2009

Abstract A novel method called the general water-
filling, which is suitable when clutter is not negligible, is
proposed to solve the waveform design problem of
broadband radar for the recognition of multiple extended
targets. The uncertainty of the target’s radar signatures is
decreased via maximizing the mutual information between
a random extended target and the received signal. Then, the
general water-filling method is employed to the waveform
design problem for multiple extended targets identification
to increase the separability of multiple targets. Experi-
mental results evaluated the efficiency of the proposed
method. Compared to chirp signal and water-filling signal,
our method improves the classification rates and even
performs better at low signal-to-interference-plus-noise
ratio (SINR).

Keywords waveform design, broadband radar, mutual
information, target recognition

1 Introduction

A newly proposed concept for optimizing the performance
of active sensors within resource-constrained and inter-
ference-limited environments is cognitive radar [1]. One of
the three basic ingredients to the constitution of cognitive
radar is intelligent signal processing, which builds on
learning through interactions of the radar with the
surrounding environment. From the moment a radar
system is switched on, the system becomes electromagne-
tically linked to its surrounding environment in the sense
that the environment has a strong and continuous influence
on the radar returns. In complex electromagnetic environ-
ments, interference can be strong; meanwhile, the transmit
power and energy may be limited.

Unfortunately, traditional sensors usually operate within
a fixed frequency band, use a predefined suite of wave-
forms, and adapt to the propagation environment only
through post-measurement signal processing. Thus, in
many cases it has been observed that traditional sensing
modalities lack the flexibility necessary to provide
adequate detection, tracking, and recognition performance
in difficult/complex propagation and interference environ-
ments. Therefore, intelligent illuminators are needed in the
cognitive radar system and pulse shaping techniques are
increasingly being employed.
A number of researchers [2–4] have considered the use

of sophisticated pulse shaping techniques in order to
maximize the energy reflected from the extended targets.
Bell [2] has developed the theory of matched illumination
for the detection of a deterministic target impulse response
in the presence of additive signal-independent noise.
Guerci et al. [3,4] have developed a general theory of
matched illumination that includes the effects of both
additive colored noise and additive colored signal-
dependent clutter in the maximization of the target
signal-to-interference-plus-noise ratio (SINR).
There are two primary technologies applied to waveform

design problems for target discrimination. The first uses
the techniques similar to that used for target detection
[3,4]. Guerci and Pillai [5] have developed the theory of
matched illumination for target discrimination between the
deterministic target impulse responses. Unfortunately, the
waveform designed in Ref. [5] focuses energy into only
one or two narrow frequency bands, which may confine the
bandwidth of the transmitted signal. Another important
tool in such designs is the use of information theoretic
techniques. Bell [2] is the first to propose a method to take
advantage of the mutual information between a random
extended target and the received signal to complete
optimization, which is named water-filling type strategy
or WF method. For convenience of the description, the
water-filling method is referred to as such.
We assume that the targets are acting on the transmitted

waveform as a random, linear, time-invariant system with
discrete time frequency response taken from a Gaussian
ensemble with known power spectral density (PSD).
Denote by hðf Þ ¼ ½hðf1Þ,hðf2Þ,:::,hðfkÞ�T the target’s radar
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signature and by �2
hðfkÞ its PSD at frequency fk . A

realization of the received signal is given by

xðfkÞ ¼ hðfkÞsðfkÞ þ vðfkÞ, k ¼ 1,2,:::,K, (1)

where s(fk), v(fk) are respectively the discrete time wave-
form and noise at frequency fk, and K is the number of
frequency sub-bands. Under our assumptions and assum-
ing complex envelope signaling over a sufficiently
narrowband division of the transmit bandwidth, the mutual
information between the target frequency response and the
received signal at frequency fk is given by

IkðhðfkÞ, xðfkÞjsðfkÞÞ ¼ log 1þ jsðfkÞj2�2
hðfkÞ

�2
vðfkÞ

� �
Δf , (2)

where �2
vðfkÞ is the noise PSD at frequency fk , and Δf is the

bandwidth used. The total mutual information between
target frequency response and received signal is now given
by

Iðh, xjsÞ ¼ Δf
XK
k¼1

log 1þ jsðfkÞj2�2hðfkÞ
�2vðfkÞ

� �
: (3)

Bell proved that a water-filling strategy is required to
maximize the mutual information, where the transmit PSD
is given by

jsðf Þj2 ¼ max 0,A –
�2vðf Þ
�2hðf Þ

� �
, (4)

and A is a constant chosen so that the total power constraint
is met. From Eq. (4), we can see that more energy is put on
the frequency range in which �2hðf Þ=�2vðf Þ is large.
The uncertainty of the target’s radar signatures is

decreased by maximizing the mutual information between
target frequency response and the received signal in the
water-filling method. Aimed at the optimization problem
of multiple target estimation and tracking, we generalize
the information theoretic water-filling approach of Bell to
allow optimization for multiple targets simultaneously [6].
Unfortunately, clutter cannot be neglected in the realistic
system, and water-filling method does not consider the
presence of clutter in the waveform design. Therefore, a
general water-filling method is proposed which could
optimize waveforms in the presence of additive colored
noise and additive colored signal-dependent clutter, and
called the GWF method.

2 General water-filling method

2.1 Calculation of mutual information in general
water-filling method

We assume that the clutter is acting on the transmitted
waveform as a random, linear, time-invariant system

with discrete time frequency response taken from a
Gaussian ensemble with known PSD. Denote by cðf Þ ¼
½cðf1Þ,cðf2Þ,:::,cðfKÞ�T the clutter radar signature and by
�2
cðfkÞ its PSD at frequency fk . The signature of targets and

noise are similar with that described above and noise is
independent of clutter. For convenience, define the total
noise-plus-clutter output via

v#ðfkÞ ¼ sðfkÞcðfkÞ þ vðfkÞ: (5)

And denote by �2
v#ðfkÞ its PSD at frequency fk . Because the

noise is independent of clutter, we know that v#ðfkÞ obeys a
Gaussian distribution whose PSD has the form at
frequency fk :

�2v#ðfkÞ ¼ �2
vðfkÞ þ �2cðfkÞjsðfkÞj2: (6)

So that the received signal vector has the form

xðfkÞ ¼ hðfkÞsðfkÞ þ v#ðfkÞ, k ¼ 1,2,:::,K: (7)

In the calculation of the mutual information, v#ðfkÞ in Eq.
(7) is similar with vðfkÞ in Eq. (1), the mutual information
between target frequency response and received signal at
frequency fk is given by

IkðhðfkÞ, xðfkÞjsðfkÞÞ ¼ Δf log 1þ jsðfkÞj2�2
hðfkÞ

�2
v#ðfkÞ

 !
: (8)

The total mutual information between target frequency
response and received signal is now given by

Iðh, xjsÞ ¼ Δf
XK
k¼1

log 1þ jsðfkÞj2�2hðfkÞ
�2
v#ðfkÞ

 !
: (9)

Then what we need is to find jsðf Þj2 which can
maximize Iðh, xjsÞ.

2.2 General water-filling optimization method

Since Iðh, xjsÞ is a concave function with nonnegative
parameters, the maximization of Iðh, xjsÞ is a convex
problem and can be written as

min
P

–Δf
XK
k¼1

log 1þ pk�
2
hðfkÞ

�2cðfkÞpk þ �2
vðfkÞ

� �
,

subject to
XK
k¼1

pk ¼ �, (10)

where P ¼ ½p1,p2,:::, pK �T, pk ¼ pðfkÞ ¼ jsðfkÞj2 is the
power density allocation at frequency fk and � is the
energy of the transmitted signal.
Using the Lagrange multiplier technique, we form the

objective function
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ΦðPÞ ¼ –Δf
XK
k¼1

log

 
1þ pk�

2
hðfkÞ

�2
cðfkÞpk þ �2

vðfkÞ

– l
XK
k¼1

pk – �

 !!
, (11)

therefore, for each pk, the KKT condition now implies that

∂ΦðPÞ
∂pk

¼
∂log 1þ pk�

2
hðfkÞ

�2cðfkÞpk þ �2vðfkÞ
� �

∂pk
–

l

Δf
¼ 0, (12)

and can be rewritten as

�2
hðfkÞ�2vðfkÞ

ð�2cðfkÞpk þ �2vðfkÞÞð�2
hðfkÞpk þ �2vðfkÞ þ pk�

2
cðfkÞÞ

¼ l

Δf
:

(13)

1) In the absence of clutter, cðf Þ ¼ 0 and �2cðf Þ ¼ 0,
then �2v#ðfkÞ ¼ �2

vðfkÞ and Eq. (9) is the same as Eq. (3), so it
can be solved by the water-filling method.
2) At the other extreme, �2

vðf Þ is negligible compared to
�2
cðfkÞ and Eq. (6) reduces to �2

v#ðfkÞ ¼ �2cðfkÞjsðfkÞj2. The
total mutual information between target frequency
response and received signal is now given by

Iðh, xjsÞ ¼ Δf
XK
k¼1

log 1þ �2hðfkÞ
�2cðfkÞ

� �
: (14)

As Eq. (14) shows, the mutual information is independ-
ent of s(f) and any signal can be a transmitted signal.
3) In the most general practical situation, neither noise

nor clutter is negligible and the Eq. (13) can be rewritten as

p2kð�4
cðfkÞ þ �2

hðfkÞ�2cðfkÞÞ þ pkð2�2cðfkÞ�2
vðfkÞ

þ�2hðfkÞ�2
vðfkÞÞ þ �4

vðfkÞ –
Δf �2

hðfkÞ�2
cðfkÞ

l
¼ 0: (15)

Thus, the P that maximizes Φ(P) is

pk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðfkÞ
aðfkÞ
� �2

þ
Δf �2

hðfkÞ�2
vðfkÞ

l
–�4

vðfkÞ
aðfkÞ

vuuut
–
bðfkÞ
aðfkÞ

, (16)

where

aðfkÞ ¼ �4
cðfkÞ þ �2

hðfkÞ�2cðfkÞ, (17)

bðfkÞ ¼ 2�2
cðfkÞ�2

vðfkÞ þ �2hðfkÞ�2
vðfkÞ: (18)

Since P is the magnitude squared of the transmitted
signal spectrum, it must be real and nonnegative. Yet from
Eq. (16),

jsðfkÞj2 ¼ max

"
0,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðfkÞ
aðfkÞ
� �2

þ
Δf �2

hðfkÞ�2
vðfkÞ

l
–�4

vðfkÞ
aðfkÞ

vuuut

–
bðfkÞ
aðfkÞ

#
, (19)

where l is a constant and the value of the constant l is
determined by the energy of the transmitted signal.
Because of the presence of clutter, the increase of the

energy of the transmitted signal will not only increase the
energy of the target echoes but also increase the energy of
the clutter. Therefore, as shown in Eq. (19), the energy
distribution in frequency of the transmitted signal, which is
optimized by the general water-filling method, is not the
same as that optimized by the water-filling method and
does not obey an intuitional rule.

3 Application of general water-filling
method in recognition of radar targets

For the recognition of radar targets taking advantage of the
target echoes, the difference between the echoes of
different targets can be used to identify the ID of the
unknown target. Because the temporal echoes are time-
shift sensitive, range aligning [7,8] is needed in the
recognition which would augment the difficulty of the
optimization in the waveform design. Considering that the
target frequency echoes are time-shift invariant, the
optimization can be done in frequency domain.
Since the general water-filling method is proposed to

decrease the uncertainty of the target’s radar signature, a
modification of the general water-filling method is
necessary in order to solve the waveform design problem
of the recognition of radar targets.
Generally, we do not have the exact information of the

target aspect and the target echoes vary acutely and do not
follow a simple distribution in the aspect region, so we can
divide the aspect region into a lot of small aspect regions in
which the target echoes can be regarded as varying slowly
and following a simple distribution. Assume that there are
L kinds of independent targets; the aspect region is divided
into N small aspect regions in which the targets are acting
on the transmitted waveform as a random, linear, time-
invariant system with discrete time frequency response
taken from a Gaussian ensemble. Denote by hlnðf Þ ¼
½hlnðf1Þ,hlnðf2Þ,:::,hlnðfKÞ�T the target frequency response of
the lth class of target with an aspect in the nth small aspect
region, which follows a Gaussian distribution with an
expected value mlnðf Þ ¼ ½mlnðf1Þ,mlnðf2Þ,:::,mlnðfKÞ�T and
spectral variance �2

cðfkÞ. We can divide hlnðf Þ into two
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independent frequency responses as shown in Fig. 1, a
fixed frequency response mlnðf Þ and a random frequency
response vlnðf Þ ¼ ½vlnðf1Þ,vlnðf2Þ,:::,vlnðfKÞ�T follows a zero
mean Gaussian distribution with spectral variance �2lnðfkÞ.
Denote by wlnðf Þ ¼ ½wðf1Þ,wðf2Þ,:::,wðfKÞ�T the filter fre-
quency response which is useful for the feature extraction.

As shown in Fig. 1, the received signal at frequency fk is
given by

xlnðfkÞ ¼ mlnðfkÞsðfkÞ þ vlnðfkÞsðfkÞ þ sðfkÞcðfkÞ
þ vðfkÞ

¼ mlnðfkÞsðfkÞ þ v#ðfkÞ, (20)

where

v#ðfkÞ ¼ sðfkÞvlnðfkÞ þ sðfkÞcðfkÞ þ vðfkÞ: (21)

For the recognition of radar targets, the critical factor is
the difference between the radar signatures of different
targets; the bigger the difference, the better the identifying
performance. However, the random frequency response
vlnðfkÞmakes it hard for us to identify the target and it plays
the same role as clutter in the optimization, so we define
the total interrupt via Eq. (21) for convenience. Because
the target, clutter and noise are independent of each other,
the spectral variance of the total interrupt can be written as

�2
v
0
ln
ðfkÞ ¼ �2

vðfkÞ þ �2cðfkÞjsðfkÞj2 þ �2
lnðfkÞjsðfkÞj2: (22)

In any small aspect region, the spectral variance of the
target frequency response is small, so it can be replaced
with the mean value of the spectral variances of all the
small aspect regions, and the spectral variance of the total
interrupt v# at frequency fk for all targets in every small
aspect region has an approximate form

�2
v#ðfkÞ ¼ �2vðfkÞ þ �2

cðfkÞjsðfkÞj2

þ

XL
l¼1

XN
n¼1

jsðfkÞj2�2lnðfkÞ

NL
: (23)

The proposed water-filling method and general water-
filling method are to decrease the uncertainty of the target’s

radar signatures, but the intent of waveform design for the
recognition is to reduce the uncertainty of the class of radar
targets. Accordingly, in our optimization we aim to amplify
the difference between the PSD of the fixed frequency
response of different targets. For convenience of presenta-
tion, the PSD of the fixed frequency response can be called
the fixed PSD for short.
The spectral variance of the fixed PSDs of all targets in

the nth small aspect region is given by

�2
dnðfkÞ ¼

XL
l¼1

XL
j¼lþ1

abs
�jmlnðfkÞj2 – jmjnðfkÞ

��2�: (24)

Considering that the slope of the decrease of error
classification rates becomes smaller and smaller along with
the increase of the difference between the echoes of
different targets, �2

dðfkÞ, which denotes the spectral
variance of the fixed PSD of all targets in the total aspect
region, can be regarded as the summation of the inverse of
�2
dnðfkÞ to take more account of the separability between

the classes which are difficult to identify:

�2dðfkÞ ¼
1XN

n¼1

1

�2
dnðfkÞ

: (25)

Replacing �2
hðfkÞ in Eq. (8) by �2

dðfkÞ, the mutual
information between target frequency responses of differ-
ent targets and received signal at frequency fk is now given
by

IkðhðfkÞ, xðfkÞjsðfkÞÞ ¼ Δf log 1þ �2dðfkÞ
�2
v#ðfkÞ

 !
,

k ¼ 1,2,:::,K, (26)

where

�2
v#ðfkÞ ¼ �2

c#ðfkÞjsðfkÞj2 þ �2
vðfkÞ, (27)

�2
c#ðfkÞ ¼

XL
l¼1

XN
n¼1

�2
lnðfkÞ

NL
þ �2cðfkÞ: (28)

The PSD of the transmitted signal can be given by

jsðfkÞj2 ¼ max

"
0,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðfkÞ
aðfkÞ
� �2

þ
Δf �2

dðfkÞ�2
vðfkÞ

l
–�4

vðfkÞ
aðfkÞ

vuuut

–
bðfkÞ
aðfkÞ

#
, (29)

Fig. 1 Simplified transmit-receiver model of essential features
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where

aðfkÞ ¼ �4c#ðfkÞ þ �2dðfkÞ�2
c#ðfkÞ, (30)

bðfkÞ ¼ 2�2
c#ðfkÞ�2

vðfkÞ þ �2
dðfkÞ�2

vðfkÞ: (31)

4 Experimental results

The results presented in this section are based on the
simulated data generated by some electromagnetic simula-
tion software as the target frequency responses of three
targets. The centre frequency and bandwidth of the radar
are 5250MHz and 500MHz respectively, and the power
spectral densities of noise and clutter are shown in Figs. 2
and 3, respectively. The spectral variance of target
frequency response of some target is shown in Fig. 4, in
the presence of clutter and noise. The PSD of the waveform
optimized by general water-filling method is depicted in
Fig. 5. Figure 6 presents the comparison of the mutual
information between target frequency response and
received signal with three different transmitted signals
(chirp signal, the waveforms optimized by general water-

filling method and water-filling method) changing with the
signal energy.

The frequency response of the three targets are generated
in an aspect region of 7°, and the aspect region is divided
into 16 small aspect regions, so the spectral variance of

Fig. 2 PSD of noise

Fig. 3 PSD of clutter

Fig. 4 Spectral variance of target frequency response

Fig. 5 PSD of waveform optimized by GWF

Fig. 6 Comparison of three transmitted signals
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target frequency responses in any small aspect region is
very small. Considering the effect of the random target
frequency response is the same as clutter, we can neglect
the random target frequency response. The PSD of the
waveform optimized by general water-filling method for
the recognition of the three targets is shown in Fig. 7.

As shown in Figs. 5 and 7, the transmit energy of the
waveform optimized by general water-filling method do
not focus on minority narrow frequency bands and the
advantage of broadband signal can be preserved. Figure 6
shows that the mutual information between target
frequency response and received signal when the trans-
mitted signal is the waveform optimized by general water-
filling method is larger than the situation in which the
transmitted signal is chirp signal or the waveform
optimized by water-filling method with the same energy.
According to rate distortion theory [9], we know that the
uncertainty can be reduced more significantly by choosing
the waveform optimized by general water-filling method as
the transmitted signal.
By selecting chirp signal, the waveform optimized by

water-filling method and general water-filling method as
transmitted signal acting on three targets with aspect in the

aspect region, and adding clutter and noise shown in Figs.
2 and 3 to the target echoes, we can get 10000 samples of
received signals. Then the minimum Euclidean distance
classifier can be used in the recognition in frequency
domain. Taking out 4000 samples as training samples, the
templates for each target in every small aspect region can
be obtained using the average value of the training
samples, then the remaining 6000 test samples can be
identified.
The recognition rates of three kinds of transmitted signal

with or without filter are shown in Table 1 and Table 2. The
recognition rates indicate that, compared with the chirp
signal and the waveform optimized by water-filling
method, the waveform optimized by general water-filling
method with the same energy can obtain better identifying
performance, and the filter helps reduce the effect of the
frequency band with lower SINR and increase the
recognition rates.
Because the effect of clutter is neglected, the perform-

ance of the water-filling method in the simulation
experiment is poor. When the clutter-to-noise ratio
(CNR) is very low, the influence of clutter is very small
and can even be neglected, so the recognition rates of the
waveform optimized by water-filling method is close to
that of the waveform optimized by general water-filling
method. Along with the increase of CNR, the influence of
clutter cannot be neglected and it will induce the
identification performance of the water-filling method to
be lower than that of the general water-filling method, just
as what was shown in the simulation experiment. When
CNR is very large, clutter is dominant and noise can be
neglected. As Eq. (14) shows, any waveform can be
chosen as transmitted signal, and the mutual information
and recognition rates would be invariable.

5 Conclusions

Aimed at the problems of target estimation and identifica-
tion of extended target in the broadband waveform design,

Fig. 7 PSD of waveform optimized by GWF

Table 1 Recognition rates of three transmitted signals with energy �0/%

without filter with filter

target 1 target 2 target 3 average target 1 target 2 target 3 average

chirp 47.70 44.65 44.35 45.57 70.60 72.30 69.70 70.87

waveform optimized by GWF 56.65 56.82 52.53 55.33 87.80 86.58 86.28 86.89

waveform optimized by WF 49.20 49.40 44.50 47.70 74.10 75.20 76.00 75.10

Table 2 Recognition rates of three transmitted signals with energy �1/%

without filter with filter

target 1 target 2 target 3 average target 1 target 2 target 3 average

chirp 73.60 69.00 72.00 71.53 93.80 92.50 91.50 92.60

waveform optimized by GWF 77.23 73.42 73.25 74.63 96.25 95.90 95.52 95.89

waveform optimized by WF 74.00 68.43 72.52 71.65 92.33 92.17 93.88 92.79
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a novel method called general water-filling method is
proposed in this paper and it is applied to solve the
waveform design problem for the recognition of radar
targets. The optimization is done by maximizing the
mutual information between the target frequency responses
of different targets and the received signal, which helps to
increase the class separability and obtain better perform-
ance.
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