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Abstract When it rains, electric power transmission lines
start vibrating due to corona effect. This type of vibration is
known as “corona-induced vibration”. The aim of this
paper is to elaborate a mathematical model for numerical
simulation of the corona-induced vibration, with consid-
eration of the influence of the magnitude and the polarity of
the electric field on the conductor surface. Finite element
method was employed to develop the numerical model,
and the finite difference method was used for the time
discretisation. The moment of application of the corona-
induced force is evaluated using the resultant vertical force
applied to a water drop, suspended under a high voltage
conductor. Some experimental results of other authors are
exploited to evaluate the precision of the simulation and
the validation of numerical results.

Keywords corona-induced vibration, corona wind, finite
element method

1 Introduction

One of the consequences of high voltage electric power
systems is the corona effect. This phenomenon is the
source of electromagnetic interference, audible noises,
important energy losses and mechanical vibrations. This
latter consequence, called “corona-induced vibration”, can
lead to the fatigue of overhead conductors and supporting
elements [1]. It has been established that the intermittent
presence of corona space charge and the ionic wind are the
main causes of this phenomenon. Research in this field
began in 1970 by an analytical study focusing on the
determination of vibration amplitudes. Following studies,
this time with experimental detail, realized in Canada, led
to a significant result and especially interest in the

mechanism of vibrations [2,3]. Then, in 1986 a precise
mechanism was proposed and accepted by the scientific
community [4]. During these years many researchers have
studied the different aspects of this subject. Diverse
experimental models and laboratory mechanisms were
used to simulate this phenomenon. However, most of the
researchers accomplished the successive results but few of
these results were based on a numerical model and
numerical simulation. Therefore, the present work is
based on the numerical simulations of the corona-induced
vibration [5]. Two simulation techniques are used: the
modal superposition for the discretisation of the move-
ment, and the central difference method for the discretisa-
tion of the time. Some experimental results of other authors
are exploited to evaluate the accuracy of the numerical
simulation.

2 Description of vibration mechanism

The vibration mechanism can be described by the
following steps (Fig. 1) [6–11]:
1) The conductor is attracted to the ground surface, due

to the electric image force.
2) Under wet conditions and in the presence of electric

field, suspended drops are formed at the lower surface of
the conductor.
3) The suspended drops at the bottom of the conductor

surface take on a conical shape. The formation of cones
results from the interaction between the forces due to the
electrostatic field on the surface of the conductor, surface
tension and gravity.
4) Due to the field intensification at the tip of the cones,

corona discharge increases the space charge around the
suspended water drops.
5) The increase of the space charge around water drops

produces a partial shielding effect between the conductor
and the ground.
6) The electric image force is eliminated and thus the

conductor moves upward.
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7) The suspended drops reach a critical size, instability
occurs and a certain quantity of the water drop is ejected
from the conductor.
8) Corona discharge is attenuated and therefore the

current decreases to a small value. The water drops
remaining on the conductor surface do not have the conical
shape, consequently the corona discharge is very weak and
the space charge becomes small.
9) Therefore, there is no shielding produced by the space

charge and thus the attractive force between the conductor
and the ground becomes important again; the conductor
moves downward.
10) As the rain continues, more water flows, and the

conical shape of the drops produces again the space charge,
thus the process is repeated (continuous vibration).

3 Development of basic differential
equation

We first determine the basic differential equation that
describes the tense-conductor vertical displacements sub-
mitted to a distributed external force.
First, let us consider the governing differential equations

of the suspended cable:
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is inertia force term, �ðxÞ∂Uðx,tÞ
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damping force term,
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is conductor

tension force term, f ðx,tÞ is external forces, Uðx,tÞ is
vertical conductor displacement.
Equation (1) is solved using the finite element method;

this method is a numerical analysis technique for obtaining

approximate solutions to a wide variety of engineering
problems. The GALERKIN technique leads to the
decrease in the integration order [12,13].
The typical pondered residual equation can be written as

follows:
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and ΦiðxÞ is a polynomial interpolation function.
When developing the integral part, we obtain

!
e

Φe
i ðxÞ�ðxÞ

∂2 ~Ueðx,tÞ
∂t2

dxþ!
e

Φe
i ðxÞ�ðxÞ

∂ ~Ueðx,tÞ
∂t

dx

þ!
e
dΦe

i ðxÞ
dx

αðxÞ ∂
~U
eðx,tÞ
∂x

dx

¼ !
e

f ðx,tÞΦe
i ðxÞdx – – αðxÞ ∂

~U
eðx,tÞ
∂x

� �
Φe

i ðxÞ
�xn
x1

:

�
(3)

We adopt now an approximate solution to the problem:

~U
eðx,t;aÞ ¼

Xn
j¼1

ajðtÞΦe
j ðxÞ, (4)

where ajðtÞ represents the values of the function ~U at the
different nodes, and n is the liberty degrees.
When substituting the approximate solution and its

derivative:

∂ ~Ueðx,tÞ
∂x

¼
Xn
j¼1

ajðtÞ
dΦjðxÞ
dx

,

∂ ~Ueðx,tÞ
∂t

¼
Xn
j¼1

dajðtÞ
dt

ΦjðxÞ,

∂2 ~Ueðx,tÞ
∂t2

¼
Xn
j¼1

d2ajðtÞ
dt2

ΦjðxÞ
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Fig. 1 Corona-induced vibration mechanism
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We develop a specific expression ofΦiðxÞ corresponding
to a linear element (Fig. 2) [7]:
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Substituting Eq. (6) into Eq. (5), we obtain
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and assembling of all elements

M €ag þ C _ag þ Kfag ¼ fFg,ff (7)

where aiðtÞ represents the displacements of each node.

At this step, we integrate Eq. (7) in order to determine
the amplitude of the vibrations. To solve this equation,
modal superposition should be a good choice and there will
be no need to use a direct integration.

4 Modal superposition method

This method allows transposing basic differential equa-
tions to a system of independent equations, while each
equation represents one mode of vibrations [7,13].
First, let us calculate the eigenvalues (frequencies) and

eigenvectors (modes) of the system.
The undamped modes in Eq. (7) are time-harmonic

(sinusoidal) solutions when there are no loads ({F} = {0})
and damping is neglected (C = 0); that is

M €ag þ Kfag ¼ f0g:f (8)

Let

fag ¼ fvgeiωt, (9)

substituting Eq. (9) into Eq. (8) yields

Kfag – lMfag ¼ f0g: (10)

This latter equation represents the generalized algebraic
eigen problem where the eigenvalue l is the square of the
circular frequency, that is,

ω2
i ¼ li:

The eigenvectors are orthogonal with respect to K and
M, and they are orthonormal with respect to M, that is,

fvgTi Kfvgj ¼
ω2
i , i ¼ j,

0, i≠j,

(

fvgTi Mfvgj ¼
1, i ¼ j,

0, i≠j:

(

It is convenient to define an N-by-N square matrix V
that contains the N eigenvectors as columns:

V ¼ fv1,v2,:::,vng,
and an N-by-N diagonal matrix Ω2 that contains the N
eigenvalues on the diagonal.
The global solution to Eq. (7) can be written as a linear

superposition of the N modes:

faðtÞg ¼
Xn
j¼1

AjðtÞfvg ¼ VfAðtÞg: (11)

Substituting Eq. (11) into Eq. (7), pre-multiplying the
latter by VT, and using the orthogonal relationships
developed earlier, we can writeFig. 2 Interpolation function corresponding to linear element
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€AðtÞg þ VTCV _AðtÞg þΩ2 AðtÞg ¼ VTfFg:���
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Equation (12) can be decoupled, combining the damping
factors on the diagonal:
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Substituting Eq. (13) into Eq. (12), enabling them to be
written as N separate equations:

€AðtÞ þ 2ω2
i �i _AðtÞ þ ω2

i AðtÞ ¼ fiðtÞ, i ¼ 1,2,:::,m, (14)

where �i are the modal damping ratios, and m is the
necessary mode number to really represent the system, and

fiðtÞ ¼ fvgTi fFðtÞg:
The system of Eq. (14) can be numerically solved by

using one of the time-stepping methods.

5 Central difference method

One can use the central difference method to solve the
system of Eq. (14). This method requires three times either:
tn – 1, tn or tn – 2, the system is evaluated at the central time
[1,6,7]:

€AðtÞn – 1 þ CD
_AðtÞn – 1 þΩ2AðtÞn – 1 ¼ ff gn – 1: (15)

The two derivatives are approximated by central
differences:

f _Agn – 1 ¼
fAgn – fAgn – 2

2Δt
, (16)

f€Agn – 1 ¼
fAgn – 2fAgn – 1 þ fAgn – 2

Δt2
: (17)

Substituting Eqs. (16) and (17) into Eq. (15) yields:
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þ Δt2

1þ ωi�iΔt
ff gn – 1: (18)

We can now solve the system of Eq. (18) to find the
modal amplitudes, and then each AiðtÞ summed according
to Eq. (11) to produce faðtÞg.

6 Corona-induced force calculation

To solve the system of Eq. (18), it is necessary to evaluate
the variation of corona-induced force as a function of time.
According to Farzaneh [8], the value of this force is greater
just before the ejection, when the drop reaches its maximal
length, and smaller for all other vibration cycles. Further-
more, it has been observed that there is synchronization
between the drops ejection and the conductor movement
[7,8,11,12]. The ejection of drops always occurs at the
lowest position of the conductor. For this reason, we can
represent the corona-induced force by an impulse force
with conserving the same quantity of energy transmitted to
the conductor while using a sinusoidal force that has been
evaluated by Farzaneh in the laboratory (as a function of
the electric field intensity and polarity), as

Fimp ¼ 1:84Fsin: (19)

The period of application of the impulse force has been
estimated to 20 ms, and the phase shift between the
moment when the conductor arrives at its lower position
and the moment of application of the force has been
estimated to be 10 ms [7].

6.1 Moment of application of corona force

The moment of application of the corona force is
evaluated, while comparing the vertical force balance
applied to a water drop suspended under a high voltage
(HV) conductor in movement [6,7,11]. The forces applied
to the water drop are:
1) Gravity force

Fgravity ¼ DVaG, (20)

where D is the density of water, V is the volume of the
drop, aG is the acceleration of gravity.
The density of water and the acceleration of gravity are

constant, but the volume of the drop is variable.
2) Inertia force

Finertia ¼ DVaM, (21)

where aM is the acceleration of movement.
Acceleration is calculated by using the second derivative

of displacement; this is given in Eq. (5).
3) Electrostatic force

Felectro ¼ 58:06� 10 – 18E2r2, (22)

where r is the average radius of the suspended drop, E is
the value of the electrical field on the conductor surface.
4) Surface tension

Ftension ¼ 2πrγ, (23)

where γ ¼ 1:28e – 2 N=m at 20°C.
5) Induced corona force
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This force is due to the charge carriers moving from a
high voltage conductor under rain to the ground. Farzaneh
has measured the value of this force at the ejection time for
each drop [8] and he reported this value as

Fcorona ¼ 5� 10 – 4 N=drop ðor 10 – 3 N=two dropsÞ: (24)

At each iteration, when the sum of the three forces
(inertia, gravity, and electrostatic) becomes larger than the
sum of the other two forces (corona force and tension
force), the ejection of the water drop occurs.

6.2 Drop’s volume

The volume of a water drop suspended under a high
voltage conductor is a time variable. When a drop enlarges
sufficiently, depending on the electrical field strength on
the surface of the conductor and the rain precipitation, it
will be ejected at a certain level of elongation. The ejection
cannot detach the whole volume of the drop from the
conductor. The remaining volume of the drop after ejection
is called residual. Parameter K is defined as the ratio of
drop volume before and after ejection. For a specific
electrical field and rain precipitation, ratio K and the
maximum volume of water drop just before ejection
are inserted into the numerical model as input values.
Based on this data, the program calculates the residual
volume of the water after ejection and uses that result for
the calculation of the applied force to a suspended water
drop.
The calculation of the volume water supplied to the

conductor at each time step is realized as follows [7]:

pðmm=hÞ � lðmmÞ � dðmmÞ
3600ðs=hÞ ¼ rateðmm3=sÞ,

where p is intensity of rain precipitation, l is total length of
the conductor, d is diameter of the conductor.

7 Numerical simulation

A calculation program has been developed by using
MATLAB software, in order to evaluate the amplitude of
corona-induced vibration. The modal superposition
method used in this study, requires first the calculation of
eigenvalues of the system and the corresponding eigen-
vectors. The conductor’s initial position is calculated with
the following equation [6]:

y ¼ s

w
� cosh

wl

2:0s
– 1

� �
,

where s is mechanical tension applied to the extremities of
the conductor, w is the weight of the conductor by unit of
length.
Then, at each time step, we calculate the conductor’s

displacement by using Eq. (19). The resolution of the

uncoupled equation system is achieved with a time step
equal to 0.001 s.
To validate the numerical simulations presented in this

paper, we decided to compare the numerical results with
the experiment obtained for the same conditions and
situations. Since our numerical model is based on the
physical model used by Farzaneh, we opted to make a
comparison of the numerical results with his results.
The model is an aluminum conductor steel reinforced

(ACSR) conductor, 3.58 m in length and 3.05 cm in
diameter, the mass of the conductor is 5.92 kg. The
conductor is subjected to an artificial rain and is placed
along the axis of a cylindrical metallic cage. The cage has
an interior diameter of 1 m and the cylindrical cage has a
length of 2.0 m. Two insulators of 1.0 m height support the
two extremities of the conductor [8,10].

8 Results and discussion

Figures 3–5 illustrate the variation of the central node
versus electrical field for the two polarities, under a rain
precipitation rate above 25 mm/h. The curves are shown
for both the numerical and the experimental simulation.
One can observe that for the same value of electrical

field supplied to the ACSR conductor, negative direct
current (DC) has the most amplitude of vibration while the
alternative has less. These results can be explained by the
fact that at the same applied voltage, corona activities in
the air are usually stronger under negative fields than under
positive fields, because of the lower negative corona-onset
voltage. The relatively low amplitude of the vibration
under alternating current (AC) fields, compared to that
under DC, may be attributed to the residual corona-space
charge from the previous half cycle of each period of
instantaneous voltage.
Note that experimental and simulation curves are

concordant; there is a little divergence between the two
curves but have nearly the same behavior. The differences
between the numerical and experimental results could be
explained as follows:

First, laboratory experimentations may include some
errors, due to the imprecision of measurement devices or
the wrong readings, especially for very small or very high
fields.

Second, the real number of water drops suspended to the
conductor can vary from a cycle of vibrations to others.

Third, application moments and the corona force can
cause the divergences between the numerical and experi-
mental results.
Figure 6 shows the variation of amplitude vibrations of

the central node during 20 seconds, and Fig. 7 during the
first 4 seconds, for an electric field of 13.9 kV/cm. It can be
seen that there are fluctuations of the vibration amplitude at
the beginning, and then the vibration becomes stable.
Indeed, it has been observed experimentally that at the
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beginning, ejected drops and discharge current are
distributed randomly; and at steady state vibration, ejection

of drops is synchronized with the movement of the
conductor [12].
Furthermore, the value of vibration frequency is of the

same order as the natural frequency of the conductor
(5.6 Hz). This result is in agreement with the experimental
results.

9 Conclusions

The results obtained from the research work presented in
this paper, which are related to the corona-induced
vibration, leads to the following conclusions:
1) The finite element method has been permitted to

simulate the corona-induced vibration.
2) The modal superposition method that is employed in

this paper allows making use of smaller time steps and
consequently increases the simulation accuracy.
3) The corona-induced force has an impulse shape. It

Fig. 4 Amplitude of central node versus electrical field (con-
ductor supplied by positive HV direct current (DC))

Fig. 5 Amplitude of central node versus electrical field (con-
ductor supplied by negative HV alternating current (AC))

Fig. 6 Variation of amplitude vibrations of central node during
20 seconds

Fig. 7 Variation of amplitude vibrations of central node during
first 4 seconds

Fig. 3 Amplitude of central node versus electrical field (con-
ductor supplied by negative HV direct current (DC))
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gives more accurate results than a sinusoidal shape as used
in the earlier studies.
4) The variation of conductor’s surface electric field or

its polarity causes the variation of the vibration amplitude.
5) For the same value of conductor’s surface electrical

field, negative DC has the most amplitude of vibration and
the alternative has less.
6) At steady state vibration, ejection drop is synchro-

nized with the movement of the conductor and the
vibration frequency is of the same order of magnitude as
the natural frequency of the conductor.
7) The numerical model designed for the laboratory

model, described in this paper, is so close to the reality that
it can be a good base for the numerical simulation of high
voltage transmission lines.
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