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Abstract The white noise deconvolution or input white
noise estimation problem has important applications in oil
seismic exploration, communication and signal processing.
By combining the Kalman filtering method with the
modern time series analysis method, based on the
autoregressive moving average (ARMA) innovation
model, new distributed fusion white noise deconvolution
estimators are presented by weighting local input white
noise estimators for general multisensor systems with
different local dynamic models and correlated noises. The
new estimators can handle input white noise fused filtering,
prediction and smoothing problems, and are applicable to
systems with colored measurement noise. Their accuracy is
higher than that of local white noise deconvolution
estimators. To compute the optimal weights, the new
formula for local estimation error cross-covariances is
given. A Monte Carlo simulation for the system with
Bernoulli-Gaussian input white noise shows their effec-
tiveness and performance.

Keywords multisensor information fusion, deconvolu-
tion, white noise estimator, seismology, modern time series
analysis method, Kalman filtering method

1 Introduction

The white noise deconvolution or input white noise
estimation problem is important in oil seismic exploration
[1–4] as well as many other fields, including communica-
tion, signal processing and state estimation. Mendel and
Kormylo [1–4] presented an optimal input white noise
estimator with application in oil seismic exploration based
on the Kalman filter. Deng et al. [5] presented a unified
white noise estimation theory based on the modern time

series analysis method, which includes input noise
estimator and measurement noise estimator.
To improve estimation accuracy based on a single

sensor, multisensor information fusion has received much
attention in recent years. For Kalman filtering-based
fusion, the two basic fusion methods are the centralized
fusion method and distributed fusion method. The former
offers globally optimal state estimation by directly
combining local measurement data, but it is disadvanta-
geous in that it may require a larger computational burden.
Meanwhile, the distributed fusion method offers globally
suboptimal state estimation by weighting the local state
estimators, but can reduce computational burden and
facilitate fault detection and isolation more conveniently.
The optimal fusion rules weighted by matrices, diagonal
matrices, and scalars have been presented in the linear
minimum variance sense in Ref. [6], which gives three
globally suboptimal Kalman fusers.
Recently, some results about white noise estimation

have been presented using the Kalman filtering method.
For multisensor linear discrete time-varying systems with
correlated noises, Sun [7] presented the optimal weighted
fusion white noise filter, which did not solve the smoothing
problem of the white noise. In further research, Sun [8]
presented an optimal weighted fusion white noise
smoother. For multisensor linear discrete time-varying
systems with colored measurement noises, Sun et al. [9]
presented three optimal information fusion white noise
deconvolution smoothers weighted by matrices, diagonal
matrices and scalars, whereas the results in Refs. [7–9] are
only suitable for the systems with the same local dynamic
models. For a multisensor linear discrete time-varying
system with different local dynamic models, Sun et al.
[10,11] presented three information fusion white noise
deconvolution estimators weighted by matrices, diagonal
matrices and scalars. However, it is well known that
classical Kalman filtering requires solving the Riccati
equation making the computation of Kalman smoothers
very complex. Using the modern time series analysis
method based on the autoregressive moving average
(ARMA) innovation model, Deng et al. [5] presented an
optimal white noise filter, although it is only applicable to a
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single sensor system. For a multisensor linear discrete
system with white and colored measurement noises, Deng
et al. [12] presented the information fusion white noise
deconvolution filter weighted by scalars, whereas it is only
suitable for single channel systems. For multisensor linear
discrete systems with different local dynamic models, Sun
et al. [13] presented information fusion white noise
deconvolution estimators using the modern time series
analysis method, which have a disadvantage in that the
infinite series is required with a larger computational
burden.
To overcome the above drawbacks and limitations, the

Kalman filtering method is combined with the modern time
series analysis method for new distributed fusion white
noise deconvolution estimators for linear discrete time-
invariant stochastic systems with different local models.
They are completely different from the estimators in Refs.
[10,11,13]. They can handle white noise fused filtering,
prediction and smoothing problems, and are applicable to
systems with colored measurement noise. To compute the
optimal weights, the new formula for local estimation error
covariances is also presented, which is different from that
in Ref. [13].

2 Problem formulation

Consider the linear discrete time-invariant stochastic
system with different local dynamic models:

xiðt þ 1Þ ¼ ΦixiðtÞ þ ΓiwiðtÞ, (1)

yiðtÞ ¼ H ixiðtÞ þ viðtÞ, i ¼ 1,2,:::,L, (2)

wcðtÞ ¼ C iwiðtÞ, (3)

where t is the discrete time, xiðtÞ 2 ℝni is the state, yiðtÞ 2
ℝmi is the measurement, wiðtÞ 2 ℝri and viðtÞ 2 ℝmi are the
input white noise and measurement white noise of the ith
sensor subsystem, respectively. wcðtÞ 2 ℝr is the common
input white noise of all subsystems. Φi, Γi, H i, C i are
known matrices with compatible dimensions.
Assumption 1 wiðtÞ and viðtÞ are correlated white

noises with zero mean and

E
wiðtÞ
viðtÞ

" #
wT
j ðkÞ vTj ðkÞ

� �( )
¼

Qij Sij

ST
ji Rij

" #
δtk , (4)

where E denotes the mathematical expectation, the super-
script T denotes the transpose, and δtk is the Kronecker
delta function, δtt ¼ 1, δtk ¼ 0 ðt≠kÞ.
Assumption 2 ðΦi,H iÞ is a completely observable pair

with the observability index βi, and the ith subsystem is
completely stabilizable.
Assumption 3 The initial time t0 ¼ –1.
The objectives are to find the local steady-state common

white noise deconvolution estimators ŵciðtjt þ NÞ, i ¼

1,2,:::,L, for the ith sensor subsystem, and to find the
optimal weighted fusion white noise deconvolution
estimators ŵc0ðtjt þ NÞ of wcðtÞ, weighted by matrices,
diagonal matrices and scalars respectively. When N ¼
0, N > 0, N < 0, they are called filters, smoothers and
predictors, respectively.
Remark 1 For the multisensor system with the local

dynamic model Eq. (1), i ¼ 1,2,:::,L, if for different i, Φi,
Γi, xiðtÞ and wiðtÞ are different, then it is called a
multisensor system with different local dynamic models
[6,13]. If Φi ¼ Φ, Γi ¼ Γ, xiðtÞ ¼ xðtÞ, wiðtÞ ¼ wðtÞ, i
¼ 1,2,:::,L, then it is called a multisensor system with the
same local dynamic models.

3 ARMA innovation model

For the ith subsystem, from Eqs. (1) and (2) we have

yiðtÞ ¼ H iðIni – q – 1ΦiÞ – 1Γiq
– 1wiðtÞ þ viðtÞ, (5)

where q – 1 is the backward shift operator, q – 1xiðtÞ ¼
xiðt – 1Þ. The left-coprime factorization

H iðIni – q – 1ΦiÞ – 1Γiq
– 1 ¼ A – 1

i ðq – 1ÞBiðq – 1Þ, (6)

where Aiðq – 1Þ and Biðq – 1Þ are polynomial matrices hav-
ing the form X iðq – 1Þ ¼ X i0 þ X i1q

– 1 þ � � � þ X inxiq
– nxi

with coefficient matrices X ij and degree nxj, and Ai0 ¼ Imi
.

Inserting Eq. (6) into Eq. (5) yields the ARMA
innovation model of yiðtÞ:

Aiðq – 1ÞyiðtÞ ¼ Diðq – 1ÞεiðtÞ, (7)

where Diðq – 1Þ ¼ Di0 þ Di1q
– 1 þ � � � þ Dindiq

– ndi is stable
(i.e., all zeros of detDiðxÞ are excluded from the unit
circle), Di0 ¼ Imi

, the innovation process εiðtÞ 2 ℝmi is
white noise with zero mean and variance matrix Qεi , and

Diðq – 1ÞεiðtÞ ¼ Biðq – 1ÞwiðtÞ þ Aiðq – 1ÞviðtÞ, (8)

where Diðq – 1Þ and Qεi can be obtained by using the
Gevers and Wouters algorithm [14].

4 Distributed fusion white noise
deconvolution estimators

Lemma 1 [6] For the multisensor time-invariant
systems Eqs. (1)–(3) with Assumptions 1–3, the ith sensor
subsystem has the local steady-state optimal Kalman
predictor:

x̂iðt þ 1jtÞ ¼ Ψpix̂iðtjt – 1Þ þ KpiyiðtÞ, (9)

εiðtÞ ¼ yiðtÞ –H ix̂iðtjt – 1Þ, (10)

Ψpi ¼ Φi –KpiH i, (11)
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where Ψpi is a stable matrix. The prediction gain Kpi is
given as

Kpi ¼

H i

H iΦi

M

H iΦ
βi – 1
i

2
666664

3
777775

þ M ðiÞ
1

M ðiÞ
2

M

M ðiÞ
βi

2
6666664

3
7777775, (12)

where the pseudo-inverse of matrix X is defined as

Xþ ¼ ðXTXÞ – 1XT. The matrices M ðiÞ
k can be recursively

computed as

M ðiÞ
k ¼ –Ai1M

ðiÞ
k – 1 – � � � –AinaiM

ðiÞ
k – nai

þ Dik , (13)

where k ¼ 1,2,:::,βi, and we define that M ðiÞ
0 ¼ Imi

,

M ðiÞ
k ¼ 0 ðk < 0Þ, Dik ¼ 0 ðk > ndiÞ.
The prediction error cross-covariances Σij ¼ Ε ~xiðtþ½

1jtÞ~xTj ðt þ 1jtÞ� are given as

Σij ¼ ΨpiΣijΨ
T
pj þ ½Γi –Kpi�

Qij Sij

ST
ji Rij

" #
ΓT
j

–KT
pj

" #
(14)

or

Σij ¼ ΨpiΣijΨ
T
pj þ ΓiQijΓ

T
j –KpiS

T
jiΓ

T
j –ΓiSijK

T
pj

þ KpiRijK
T
pj: (15)

Proof The proof is given in Ref. [6] and is omitted
here.
Lemma 2 [15] For the multisensor time-invariant

systems Eqs. (1)–(3) with Assumptions 1–3, the ith sensor
subsystem has the local steady-state optimal white noise
deconvolution estimators:

ŵiðtjt þ NÞ ¼
XN
k¼0

M iiðkÞεiðt þ kÞ,

N³0, i ¼ 1,2,:::,L, (16)

ŵiðtjt þ NÞ ¼ 0, N < 0, i ¼ 1,2,:::,L, (17)

where we define

M iið0Þ ¼ SiiQ
– 1
εi , i ¼ 1,2,:::,L, (18)

M iið1Þ ¼ DiiH
T
i Q

– 1
εi , i ¼ 1,2,:::,L, (19)

M iiðkÞ ¼ DiiΨ
Tðk – 1Þ
pi HT

i Q
– 1
εi , k > 1, i ¼ 1,2,:::,L, (20)

with the definition

Dii ¼ QiiΓ
T
i –SiiK

T
pi: (21)

The corresponding steady-state estimation error var-
iances Pw

ii ðNÞ are given as

Pw
ii ðNÞ ¼ Qii –

XN
k¼0

M iw
k QεiM

iwT
k ,

N³0, i ¼ 1,2,:::,L, (22)

Pw
ii ðNÞ ¼ Qii, N < 0, i ¼ 1,2,:::,L: (23)

Proof The proof is given in Ref. [15] and is omitted
here.
Theorem 1 For the multisensor time-invariant system

Eqs. (1) –(3) with Assumptions 1–3, the cross-covariances
among local estimation errors are given as

Pw
ij ðNÞ ¼ ΨiNΣijΨ

T
jN

þ
XN
�¼0

½Kw
i� Kv

i��
Qij Sij

ST
ji Rij

" #
KwT

j�

KvT
j�

" #
, (24)

where i,j ¼ 1,2,:::,L, N > 0, and we define

ΨiN ¼ –
XN
k¼0

M iiðkÞH iΨ
k
pi, (25)

Kw
i� ¼ δ�0I r –

XN
k¼�þ1

M iiðkÞH iΨ
k – � – 1
pi Γi,

� ¼ 0,1,:::,N – 1, δ00 ¼ 1, δ�0 ¼ 0 ð�≠0Þ,

Kw
iN ¼ 0 ðN > 0Þ, (26)

Kv
i� ¼

XN
k¼�þ1

M iiðkÞH iΨ
k – � – 1
pi Kpi –M iið�Þ,

� ¼ 0,1,:::,N – 1, Kv
iN ¼ –M iiðNÞ ðN > 0Þ, (27)

Ψk – 1
pi ¼ Ψpi � � �Ψpi|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

k – 1

, Ψ0
pi ¼ In: (28)

In particular, for i ¼ j, we have

Pw
ii ðNÞ ¼ ΨiNΣiiΨ

T
iN

þ
XN
�¼0

½Kw
i� Kv

i��
Qii Sii

ST
ii Rii

" #
KwT

i�

KvT
i�

" #
, (29)

which is different from Eq. (22).
Proof See Appendix A.
Corollary 1 When N ¼ 0, we have the cross-

covariances among local filtering errors as

Pw
ij ð0Þ ¼Qij þ SiiQ

– 1
εi H iΣijH

T
i ðQ – 1

εi ÞTST
ii

– SiiQ
T
εiS

T
ji –SijðQ – 1

εi ÞTST
ii : (30)

Proof From Eq. (16), we have

~wiðtjtÞ ¼ wiðtÞ –SiiQ
– 1
εi εiðtÞ: (31)
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From Eqs. (2) and (10), we have

εiðtÞ ¼ H i~xiðtjt – 1Þ þ viðtÞ: (32)

Inserting Eq. (32) into Eq. (31) yields

~wiðtjtÞ ¼ wiðtÞ – SiiQ
– 1
εi H i~xiðtjt – 1Þ þ viðtÞ½ �: (33)

Note that ~xiðtjt – 1Þ is uncorrelated with wiðtÞ and vjðtÞ.
Using Eqs. (4) and (33), we can obtain Eq. (30).
Theorem 2 For the multisensor time-invariant

system Eqs. (1)–(3) with Assumptions 1–3, the local
optimal common white noise deconvolution estimators
ŵciðtjt þ NÞ for the common white noise wcðtÞ are
given as

ŵciðtjt þ NÞ ¼ C iŵiðtjt þ NÞ, i ¼ 1,2,:::,L, (34)

and the cross-covariances of the local estimation errors
~wciðtjt þ NÞ ¼ wcðtÞ – ŵciðtjt þ NÞ are given as

PcijðNÞ ¼ C iP
w
ij ðNÞCT

j , i ¼ 1,2,:::,L: (35)

The distributed (weighted) optimal information fusion
common white noise deconvolution estimators are given as

ŵc0ðtjt þ NÞ ¼
XL
i¼1

ΩðNÞ
i ŵciðtjt þ NÞ, N³0, (36)

ŵc0ðtjt þ NÞ ¼ 0, N < 0: (37)

For the fusers with matrix weights, we have

½ΩðNÞ
1 ΩðNÞ

2 � � � ΩðNÞ
L �

¼ ðeTP – 1
c ðNÞeÞ – 1eTP – 1

c ðNÞ, (38)

PcðNÞ ¼ ðPcijðNÞÞnL�nL, i,j ¼ 1,2,:::,L, (39)

where eT ¼ ½In � � � In�, and the fusion error covariances
Pwcm
0 ðNÞ are given as

Pwcm
0 ðNÞ ¼ eTP – 1

c ðNÞe� � – 1
: (40)

For the fusers with scalar weightsΩðNÞ
i ¼ ωðNÞ

i , we have

½ωðNÞ
1 ωðNÞ

2 � � � ωðNÞ
L � ¼ ðeTPtrcðNÞeÞ – 1eTP – 1

trc ðNÞ, (41)

PtrcðNÞ ¼ ðtrPcijðNÞÞL�L, i,j ¼ 1,2,:::,L, (42)

where tr denotes the trace of matrix eT ¼ ½1 1 � � � 1� and
the fusion error covariances Pwcs

0 ðNÞ are given as

Pwcs
0 ðNÞ ¼

XL
i,j¼1

ωðNÞ
i ωðNÞ

j PcijðNÞ: (43)

For the fusers with diagonal matrix weights, we have

ΩðNÞ
i ¼ diagðωðNÞ

i1 � � � ωðNÞ
ir Þ, (44)

½ωðNÞ
i1 ωðNÞ

i2 � � � ωðNÞ
iL �

¼ ðeTP – 1
cii ðNÞeÞ – 1eTP – 1

cii ðNÞ, (45)

PciiðNÞ ¼ ðPii
ckjðNÞÞL�L, k, j ¼ 1,2,:::,L, (46)

where eT ¼ ½1 1 � � � 1�, and Pii
ckjðNÞ are the ði,iÞth

diagonal elements of PckjðNÞPckjðNÞk, j ¼ 1,2,:::,L, i ¼
1,2,:::,r.
The trace of the fusion error covariances Pwcd

0 ðNÞ are
given as

trPwcd
0 ðNÞ ¼

Xr

i¼1

eTP – 1
cii ðNÞe� � – 1

: (47)

Denoting the centralized fusion error variance as
Pwcc
0 ðNÞ, we have the accuracy relation as

trPwcm
0 ðNÞ£trPwcd

0 ðNÞ£trPwcs
0 ðNÞ£trPwcc

ii ðNÞ: (48)

Proof From Eq. (3) and the projection property we
have Eq. (34). From Eqs. (3) and (34) we have ~wciðtjt þ
NÞ ¼ C i~wiðtjt þ NÞ, which yields Eq. (35). Applying the
three optimal fusion formulas weighted by matrices,
diagonal matrices and scalars in Ref. [6], we directly
obtain Theorem 2.
Equation (48) shows that the three weighted fusers

obtained are locally optimal and globally suboptimal. The
accuracy of the fusers is higher than that of every local
estimator. The accuracy of the fuser with matrix weights is
higher than that of the fuser with scalar weights, and the
accuracy of the fuser with diagonal matrix weights is
between both. The accuracy of each fuser is lower than that
of the centralized fuser.

5 Simulation example

In oil seismic exploration, the random reflectivity sequence
is described by the Bernoulli-Gaussian white noise [3,16].
Estimating the reflectivity sequence is important for
finding oil fields [1–4].
Consider the Bernoulli-Gaussian white noise informa-

tion fusion deconvolution smoother for the time-invariant
system with 3-sensor and colored measurement noise:

xðt þ 1Þ ¼ ΦxðtÞ þ ΓwcðtÞ, (49)

wcðtÞ ¼ bðtÞgðtÞ, (50)

yiðtÞ ¼ H0xðtÞ þ ηiðtÞ þ eiðtÞ, i ¼ 1,2,3, (51)

Piðq – 1ÞηiðtÞ ¼ Riðq – 1Þξ iðtÞ, i ¼ 1,2,3, (52)

where gðtÞ, eiðtÞ and ξ iðtÞ are independent Gaussian white
noises with zero means and variances �2

g, �
2
ei and �2

ξi
,
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respectively. The input white noise wcðtÞ ¼ bðtÞgðtÞ
is Bernoulli-Gaussian white noise, where bðtÞ is a
Bernoulli white noise with probabilities PðbðtÞ ¼ 1Þ ¼ l,
PðbðtÞ ¼ 0Þ ¼ 1 – l, and is independent of gðtÞ. The
problem is to find the local and optimal weighted fusion
white noise deconvolution smoothers ŵciðtjt þ 3Þ, i ¼
0,1,2,3 weighted by scalars.
In the simulation we assume that l ¼ 0:2, �2g ¼ 1,

then

�2
wc

¼ 0:2, �2
v1 ¼ 0:11, �2v2 ¼ 0:22, �2

v3 ¼ 0:3,

�2
ξ1 ¼ 0:0021, �2

ξ2 ¼ 0:0032, �2ξ3 ¼ 0:0041,

Φ ¼
1:3 1

– 0:42 0

" #
, Γ ¼

0:6

0

" #
,

H0 ¼ 1 0½ �,
P1ðq – 1Þ ¼ 1 – 0:3q – 1 þ 0:02q – 2,

R1ðq – 1Þ ¼ 1 – 0:4q – 1,

P2ðq – 1Þ ¼ 1þ 0:1q – 1 – 0:12q – 2,

R2ðq – 1Þ ¼ 1þ 0:3q – 1,

P3ðq – 1Þ ¼ 1 – 0:6q – 1 þ 0:05q – 2,

R3ðq – 1Þ ¼ 1 – 0:2q – 1:

(53)

Transform Eq. (52) into the state-space model

αiðt þ 1Þ ¼ PiαiðtÞ þ Riξ iðtÞ, (54)

ηiðtÞ ¼ H1iαiðtÞ þ ξ iðtÞ, i ¼ 1,2,3, (55)

where

R1 ¼
– 0:1

– 0:02

" #
, R2 ¼

0:2

0:12

" #
, R3 ¼

0:4

– 0:05

" #
,

P1 ¼
0:3 1

– 0:02 0

" #
, P2 ¼

– 0:1 1

0:12 0

" #
,

P3 ¼
0:6 1

– 0:05 0

" #
,

H i ¼ 1 0½ �, i ¼ 1,2,3:

(56)

Introducing the augmented state and noise, we have the
3-sensor system with different local dynamic models and
the common white noise wcðtÞ as

xiðt þ 1Þ ¼ ΦixiðtÞ þ ΓiwiðtÞ, (57)

yiðtÞ ¼ H ixiðtÞ þ viðtÞ, (58)

wcðtÞ ¼ C iwiðtÞ, (59)

wiðtÞ ¼ wcðtÞ ξ iðtÞ½ �T,
viðtÞ ¼ eiðtÞ þ ξ iðtÞ, i ¼ 1,2,3,

(60)

where

xiðtÞ ¼
xðtÞ
αiðtÞ

" #
, Φi ¼

Φ 0

0 Pi

" #
,

Γi ¼
Γ 0

0 Ri

" #
, H i ¼ H0 H1i½ �,

C i ¼ 1 0½ �:

(61)

Here, the problem is converted to that of finding the
local and fused smoother of the common white noise wcðtÞ
for the systems with different local models Eqs. (57) –(61).
The simulation results are shown in Figs. 1–3 and Table 1.
Figure 1 shows the comparison between the true values
and estimates of common white noise, where the vertical
coordinates at the endpoints of solid lines denote the true
values, and the vertical coordinates of the dots denote the
estimates. Figure 2 shows the comparison of accumulated
error squares for the local and fused common white noise
smoothers. Figure 3 shows the comparison between the
local and the fused mean square error (MSE) values in 300
Monte Carlo runs. All these figures and Table 1 show that
the accuracy of the fused white noise smoother is higher
than that of the local white noise smoothers. Here, we
define the MSE value at time t as

MSEiðtÞ ¼
1

m

Xm
j¼1

wðjÞ
c ðtÞ – ŵðjÞ

ci ðtjt þ 3Þ
� �2

,

i ¼ 0,1,2,3, t ¼ 1,2,:::,200, (62)

where wðjÞ
c ðtÞ and ŵðjÞ

ci ðtjt þ 3Þ are the jth realizations of the
stochastic process wcðtÞ and ŵciðtjt þ 3Þ respectively,
j ¼ 1,:::,m, and m ¼ 300 is the run number.

6 Conclusions

For linear discrete time-invariant stochastic systems with
different local dynamic models, the new distributed fusion
white noise deconvolution estimators have been presented
using the Kalman filtering method combined with the
modern time series analysis method. The principle of the
method is that the formulas of the local steady-state white
noise estimators and their cross-covariances are computed
via classical Kalman filtering. However, the steady-state

Table 1 Comparison of local and fused common white noise
smoothing error variances

Pwc
11 ð3Þ Pwc

22 ð3Þ Pwc
33 ð3Þ Pwc

0 ð3Þ
0.05797 0.07949 0.09010 0.04783
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Kalman predictor gains are computed based on the ARMA
innovation models, and the Riccati equations are avoided.
The fused estimators are locally optimal and globally
suboptimal. Their accuracy is higher than that of local
white noise estimators and lower than that of centralized
fusion estimators. In addition, they can handle systems
with colored measurement noise. The new formula for

computing cross-covariance among local estimation errors
has been presented, which is applied to optimal weights.
Computing the infinite series is avoided, and thus the
computational burden can be reduced.
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Appendix A Proof of Theorem 1

From Ref. [6], we have the prediction error system

~xiðt þ 1jtÞ ¼ Ψpi~xiðtjt – 1Þ þ ΓiwiðtÞ –KpiviðtÞ (A1)

with ~xiðtjt – 1Þ ¼ xiðtÞ – x̂iðtjt – 1Þ. Applying the iteration
to Eq. (A1) yields

~xiðtþ kjt þ k – 1Þ

¼Ψk
pi~xiðtjt – 1Þ þ

Xk
γ¼1

Ψk – γ
pi ½Γiwiðt þ γ – 1Þ

–Kpiviðt þ γ – 1Þ�: (A2)

From Eqs. (2) and (10), we have εiðtÞ ¼ H~xiðtjt – 1Þ þ
viðtÞ, hence we have

εiðt þ kÞ ¼H iΨ
k
pi~xiðtjt – 1Þ þ

Xk
γ¼1

H iΨ
k – γ
pi

� ½Γi –Kpi�
wiðt þ γ – 1Þ
viðt þ γ – 1Þ

" #
þ viðt þ kÞ:

(A3)

From Eq. (16), we have

~wiðtjt þ NÞ ¼ wiðtÞ –
XN
k¼0

M iðkÞεiðt þ kÞ (A4)

with ~wiðtjt þ NÞ ¼ wiðtÞ – ŵiðtjt þ NÞ. Inserting Eq. (A3)
into Eq. (A4) yields

~wiðtjt þ NÞ ¼wiðtÞ –
XN
k¼0

M iiðkÞH iΨ
k
pi~xiðtjt – 1Þ

–
XN
k¼1

Xk
γ¼1

M iiðkÞH iΨ
k – γ
pi Γiwiðt þ γ – 1Þ

þ
XN
k¼1

Xk
γ¼1

M iiðkÞH iΨ
k – γ
pi Kpiviðt þ γ – 1Þ

–
XN
k¼0

M iiðkÞviðt þ kÞ: (A5)

Combining the terms in Eq. (A5) for ~xiðtjt – 1Þ, wiðt þ
�Þ and viðt þ �Þ, respectively, we obtain

~wiðtjt þ NÞ ¼ ΨiN~xiðtjt – 1Þ þ
XN
�¼0

Kw
i�wiðt þ �Þ

þ
XN
�¼0

Kv
i�viðt þ �Þ, (A6)

or

~xiðtjt þ NÞ ¼ ΨiN~xiðtjt – 1Þ

þ
XN
�¼0

½Kw
i� Kv

i��
wiðt þ �Þ
viðt þ �Þ

" #
(A7)

with ΨiN , K
w
i� and Kv

i� defined in Eqs. (25)–(27).

Note that ~xiðtjt – 1Þ is uncorrelated with wiðt þ �Þ and
vjðt þ �Þ, � ¼ 0,1,:::,L. Using Eqs. (4) and (A7), we obtain
Eq. (24). The proof is completed.
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