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Abstract In this article, the problems of stability and
robust stability analysis are investigated for a class of
Markovian switching stochastic systems, which has
impulses at switching instants. The switching parameters
considered form a continuous-time discrete-state homo-
geneous Markov process. Multiple Lyapunov techniques
are used to derive sufficient conditions for stability in
probability of the overall system. The conditions are in
linear matrix inequalities form, and can be used to solve
stabilization synthesis problems. The results are extended
to the design of a robust-stabilized state-feedback
controller as well. A numerical example shows the
effectiveness of the proposed approach.

Keywords impulsive system, Markovian switching,
stable in probability, linear matrix inequality (LMI), robust
stability

1 Introduction

In recent years, stochastic systems have been widely used
in practical life, especially in control and communication
science. Therefore, the study of stochastic systems has
become a hot spot in the control community. Additionally,
its stability analysis has always been the focus of scholars’
attention [1–3]. Methods of research are mainly the
extensions of classical Lyapunov function method [4,5].
As a special class of stochastic systems, the Markovian
switching stochastic system is constituted by subsystems
perturbed by Wiener process and a switching signal
governed by a Markov process. There has been an
increasing interest for Markovian switching systems

since 1960. Many problems such as stability and
stabilizability, have been addressed and results reported
in Refs. [6–8]. Compared with the deterministic system,
the research on the Markovian switching stochastic system
is just at the beginning [9,10]. By using the Lyapunov
function method, Ref. [9] gives a systematic study on the
existence uniqueness of the solution and the exponential
stability for the nonlinear Markovian switching stochastic
system. Furthermore, in Ref. [9], the M matrix method is
introduced to give several sufficient conditions for the
stability of the system. Reference [10] discusses the
problem of mean square exponential stabilization for the
nonlinear Markovian switching stochastic system.
Because of the influence of modeling error, it is difficult

to avoid uncertain factors in the model. However, the
existence of such factors may lead to performance degra-
dation, or even unstability of the system. Many researchers
discussed the problems of robust stability for uncertain
linear systems. The major methods are a further study
based on the Riccati equation or linear matrix inequality
(LMI) [11,12]. However, these references did not take
noise into account. On the other hand, as is well known,
many practical systems in physics, biology, engineering,
and information science exhibit impulsive dynamical
behaviors because of abrupt changes at certain instants
during the dynamical processes. Some Lyapunov functions
of switching systems are essentially unsuitable to analyze
this kind of situation and will lead to large deviations. For
this reason, research toward the system with impulsive
effect has gained more attention. There are references for
deterministic systems considering the impulsive effects
[13–15]. However, for stochastic hybrid systems, there are
few studies concerning impulsive phenomena.
In this article, for a class of Markovian switching

stochastic systems having impulses at switching instants,
the problems of stability and robust stability analysis are
investigated. First, multiple Lyapunov techniques are used
to derive sufficient conditions for stability in probability of
the overall system. Furthermore, linear matrix inequalities
method is used to solve the synthesis problem of
stabilization and robust stability. At the same time, the
corresponding state feedback gain matrices and impulsive
gain matrices are computed.
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2 Problem statement and preliminaries

Let ðΩ, F, fFtgt³0, PÞ be a complete probability space
with a filtration fFtgt³0. Let frðtÞ, t³0g be a Markov
chain on the probability space taking values in a finite state
space S ¼ f1, 2,:::, Ng with generator given by

Pfrðt þ DtÞ ¼ jjrðtÞ ¼ ig ¼
lijDt þ oðDtÞ, i 6¼ j,

1þ liiDt þ oðDtÞ, i ¼ j,

(

where Dt > 0, lim
Dt!0

oðDtÞ=Dt ¼ 0. Here, λij is the transi-

tion rate from i to j, and lij³0, lii ¼ –
X
j 6¼i

lij are satisfied

for any value of i, j (i 6¼ j).
Consider an Ito type Markovian switching system with

stochastic perturbation of the form

dxðtÞ ¼ ArðtÞxðtÞdt þ BrðtÞuðtÞdt
þCrðtÞxðtÞdwðtÞ, rðtþÞ ¼ rðtÞ,

xðtþÞ ¼ ErðtþÞ,rðtÞxðt – Þ þ FrðtþÞ,rðtÞuðt – Þ,
rðtþÞ 6¼ rðtÞ,

xðtþ0 Þ ¼ x0,

8>>>>>>>><
>>>>>>>>:

(1)

where xðtÞ∈ℝn is the state vector, uðtÞ∈ℝm is the con-
trol input, xðtþÞ :¼ lim

h!0þ
xðt þ hÞ, xðt – Þ :¼ lim

h!0þ
xðt – hÞ,

xðt – Þ ¼ xðtÞ, Let wðtÞ∈ℝ be a standard Wiener process
defined on ðΩ, F, fFtgt³0, PÞ. rðtÞ ¼ i means that the
subsystem fAi, Bi, C ig is active; rðtÞ ¼ i and rðtþÞ ¼ j
mean that the system is switched from the ith subsystem to
the jth subsystem at time instant t. At the switching times,
there exists an impulse described by the second equation of
Eq. (1). Ai, Bi, C i, Ej,i, Fj, i, i,j∈f1, 2,:::, Ng are con-
stant matrices with appropriate dimensions. Particularly,
Ei,i ¼ In, Fi,i ¼ 0, i∈f1, 2,::::, Ng, which means that the
switching between the same subsystem is smooth without
impulse, in other words, there is no impulse when a
subsystem is remaining active.
For ease of research, the following assumptions are

made for systems in this article:
Assumption 1 There exists a unique stochastic process

satisfying system (1).
Assumption 2 r(t) is independent of w(t), and it ensures

that the switchings are finite in any finite time interval.

3 Main results

3.1 Stability analysis

For convenience, when rðtÞ ¼ i, rðtþÞ ¼ j, ArðtÞ, BrðtÞ,
CrðtÞ, ErðtþÞ,rðtÞ, FrðtþÞ,rðtÞ are denoted by Ai, Bi, C i,
Ej,i, Fj,i, i, j∈f1, 2,:::, Ng, respectively. To study the

stability of system (1), its autonomous situation is
considered first, that is,

dxðtÞ ¼ AixðtÞdt þ C ixðtÞdwðtÞ, rðtþÞ ¼ rðtÞ,
xðtþÞ ¼ Ej,ixðt – Þ, rðtþÞ 6¼ rðtÞ,
xðtþ0 Þ ¼ x0:

8>><
>>: (2)

Let C2,1ðℝn�ℝþ�S; ℝþÞ denote the family of all non-
negative functions on ℝn � ℝþ � S, which are continu-
ously twice differentiable in x and once differentiable in t.
For system (2), the switched Lyapunov function is

constructed as follows:

V ðxðtÞ, iÞ ¼ xTðtÞPixðtÞ, (3)

where V ðxðtÞ, iÞ∈C2,1ðℝn � ℝþ � S; ℝþÞ, and Pi are
positive-definite matrices, 1£i£N . for V ðxðtÞ, iÞ, an
operator is defined by

LV ðxðtÞ, iÞ :¼VxðxðtÞ, iÞðAixðtÞÞ
þ 2 – 1trððC ixðtÞÞTVxxðxðtÞ, iÞC ixðtÞÞ

þ
XN
j¼1

lijV ðxðtÞ, jÞ,

where

VxðxðtÞ, iÞ ¼
@V ðxðtÞ, iÞ

@x1
,
@V ðxðtÞ, iÞ

@x2
,:::,

@V ðxðtÞ, iÞ
@xn

� �
,

VxxðxðtÞ, iÞ ¼
@2V ðxðtÞ, iÞ

@xl@xm

� �
n�n

,

l,m ¼ 1,2,:::,n:

To design the controller for system (1), the definition and
some useful lemmas are needed.
Definition 1 [5] The solution to system (2) is as-

sumed stable in probability if for any s³0 and ε > 0,

lim
x0!0

P sup
t>s

kxs,x0ðtÞk > ε

� �
¼ 0. Here, xs,x0ðtÞ denotes the

sample path of the solution to system (2) starting from x0 at
time s.
Lemma 1 (Schur complement) The following three

inequalities are equivalent:

1)
A B

BT C

" #
< 0;

2) A < 0 and C – BTA – 1B < 0;

3) C < 0 and A – BC – 1BT < 0:
Lemma 2 [16] Let M , N , Γ be given matrices with

appropriate dimensions and Γ satisfy ΓTΓ£I, then for any
� > 0,MΓN þ ðMΓNÞT£�2MMT þ � – 2NTN can be
obtained.
Lemma 3 If there exists switched Lyapunov function
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(3) satisfying
1) LV ðxðtÞ, iÞ£0, rðtþÞ ¼ rðtÞ;
2) EV ðxðtþÞ, jÞ£EV ðxðtÞ, iÞ, rðtþÞ 6¼ rðtÞ:
Then system (2) is stable in probability.
Proof It is assumed the switching instants are t1,

t2,:::, where t1 < t2 < � � �, for 8k∈N in ðtk – 1, tk �, general
Ito’s formula results in

EV ðxðtkÞ, ik – 1Þ
¼ EV ðxðtþk – 1Þ, ik – 1Þ þ E!

tk

tþk – 1

LV ðxðsÞ, ik – 1Þds:

From condition 1), the following can be obtained:

EV ðxðtkÞ, ik – 1Þ£EV ðxðtþk – 1Þ, ik – 1Þ: (4)

Use the fundamental result in Ref. [5] that the process
V ðxðtÞ, ik – 1Þ is a supermartingale. By the supermartingale
inequality, for 8ε1 > 0, the following can be obtained:

P sup
tþk – 1£t£tk

V ðxðtÞ, ik – 1Þ³ε1

( )

£ε – 1
1 EV ðxðtþk – 1Þ, ik – 1Þ: (5)

On the other hand, combining Eq. (4) and condition 2),
the following can be obtained:

EV ðxðtþk – 1Þ,ik – 1Þ£EV ðxðtk – 1Þ, ik – 2Þ
£EV ðxðtþk – 2Þ, ik – 2Þ£ � � �£EV ðxðtþ0 Þ, i0Þ
¼EV ðx0Þ ¼ V ðx0Þ: (6)

From Eqs. (5) and (6), it is derived that

P sup
tþk – 1£t£tk

V ðxðtÞ, ik – 1Þ³ε1

( )
£ε – 1

1 EV ðx0Þ

¼ε – 1
1 V ðx0Þ:

Considering the arbitrariness of k, the following can be
obtained:

P sup
t³0

V ðxðtÞ, iÞÞ³ε1

� �
£ε – 1

1 V ðx0Þ: (7)

The radial unboundedness of V implies that 8ε > 0,
9ε1ðεÞ > 0, s.t. V ðxðtÞ, iÞ³ε1 whenever kxðtÞk³ε. The
positive definiteness and continuity of V imply that
8ε2 > 0, 9�ðε2Þ > 0, s . t . ε – 1

1 V ðx0Þ£ε2 whenever
kx0k£�. Therefore, for 8x0, Eq. (7) is equivalent to

P sup
t³0

kxðtÞk³ε

� �
£ε2, whenever kx0k£�. Let x0 tend to

zero and the desired result can be derived.
Next, according to Lemma 3, sufficient conditions

ensuring the system (2) is stable in probability are given.
Theorem 1 For system (2), if there exist positive-

definite matrices P1, P2,:::, PN satisfying

AT
i Pi þ PiAi þ CT

i PiC i þ
XN
j¼1

lijPj < 0, (8)

Pj PjE
T
j,i

Ej,iPj Pi

" #
³0, i, j ¼ 1, 2,:::, N , (9)

then system (2) is stable in probability.
Proof For system (2), choose the switched Lyapunov

function Eq. (3), the following can be obtained:

LV ðxðtÞ, iÞ ¼ xTðtÞðAT
i Pi þ PiAi þ CT

i PiC i

þ
XN
j¼1

lijPjÞxðtÞ, rðtþÞ ¼ rðtÞ,

EV ðxðtþÞ, jÞ – EV ðxðtÞ, iÞ
¼ EfxTðtÞðET

j,iPjEj,i – PiÞxðtÞg, rðtþÞ 6¼ rðtÞ:
From Eq. (8), it is derived that LV ðxðtÞ, iÞ£0. Combin-

ing Eq. (9) and Lemma 1, Ej,iPjE
T
j,i – Pi£0, thus

ET
j,iPjEj,i – Pi£0, therefore, EV ðxðtþÞ, jÞ£EV ðxðtÞ, iÞ.

From Lemma 3 it is known that system (2) is stable in
probability.
Based on Theorem 1, the problem of stabilization of

system (1) is further considered. By using the method of
LMI, the controller of the subsystem is designed to ensure
the stability of the closed-loop system. For this, the
switched state feedback controller is chosen as

uðtÞ ¼ K ixðtÞ, rðtþÞ ¼ rðtÞ,
uðt – Þ ¼ Lj,ixðt – Þ, rðtþÞ 6¼ rðtÞ,

(
(10)

where K i is the state feedback gain matrix and Lj,i is the
impulsive control gain matrix, i, j∈f1, 2,:::, Ng.
Theorem 2 For system (1), if there exist � > 0,

positive-definite matrices P1, P2,:::, PN , appropriate
matrices Y 1,1,:::,Y 1,N ,:::,YN ,N satisfying

AT
i Pi þ PiAi þ 2�PiBiB

T
i Pi þ CT

i PiC i þ
XN
j¼1

lijPj < 0,

Pj PjE
T
j,i þ YT

j,iF
T
j,i

Ej,iPj þ Fj,iY j,i Pi

" #
³0,

i, j ¼ 1, 2,:::, N ,

then there exists a state feedback controller (10) ensuring
that the closed-loop system is stable in probability. The
corresponding state feedback gain matrices and the
impulsive control gain matrices are given as

K i ¼ �BT
i Pi, Lj,i ¼ Y j,iP

– 1
j , i, j ¼ 1, 2,:::, N : (11)

Proof By adding controller Eqs. (10) and (11) into
system (1), the results are easily proved to hold with the
similar processes of proof in Theorem 1.
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3.2 Analysis of robust stability

Based on the results achieved above, the authors further
extend them to uncertain systems, and let the subsystem be
stable in probability for all permitted uncertainty. Consider
the system as follows:

dxðtÞ ¼ ðAi þ DAiÞxðtÞdt þ BiuðtÞdt
þC ixðtÞdwðtÞ, rðtþÞ ¼ rðtÞ,

xðtþÞ ¼ ðEj,i þ DEj,iÞxðt – Þ þ Fj,iuðt – Þ,
rðtþÞ 6¼ rðtÞ,

xðtþ0 Þ ¼ x0,

8>>>>>>>><
>>>>>>>>:

(12)

where the uncertain parameter matrices have the following
structures:

½DAi, DEj,i� ¼ H iΓi½Di, W j,i�: (13)

Here, H i, Di, W j,i are given constant matrices of appro-
priate dimensions, Γi are unknown matrices satisfying
ΓT
i Γi£I , i, j ¼ 1, 2,:::, N .
Theorem 3 For system (12), if there exist � > 0,

positive-definite matrices P1, P2,:::, PN , appropriate
matrices Y 1,1,:::, Y 1,N ,:::, YN ,N and positive constants �1,
�2,:::, �N , �1, �2,:::, �N satisfying

Ωi 2�PiBi �iPiH i � – 1
i DT

i

2�BT
i Pi – 2�I 0 0

�iH
T
i Pi 0 – I 0

� – 1
i Di 0 0 – I

2
666664

3
777775 < 0, (14)

Pj PjE
T
j,i þ YT

j,iF
T
j,i 0 PjW

T
j,i

Ej,iPj þ Fj,iY j,i Pi �2j H i 0

0 �2j H
T
i �2j I 0

W j,iPj 0 0 �2j I

2
666664

3
777775³0,

i, j ¼ 1, 2,:::, N , (15)

where Ωi ¼ AT
i Pi þ PiAi þ CT

i PiC i þ
XN
j¼1

lijPj. Then the

state feedback controller Eq. (10) ensures that the closed-
loop system is stable in probability. The corresponding
state feedback gain matrices and the impulsive control gain
matrices are given as

K i ¼ �BT
i Pi, Lj,i ¼ Y j,iP

– 1
j , i, j ¼ 1, 2,:::, N :

Proof By Lemma 1, Eq. (14) is equivalent to

AT
i Pi þ PiAi þ 2�PiBiB

T
i Pi þ CT

i PiC i

þ
XN
j¼1

lijPj þ �2
i PiH iH

T
i Pi þ � – 2

i DT
i Di < 0:

By combining Lemma 2 and Eq. (13), the following can
be obtained:

ðAi þ DAiÞTPi þ PiðAi þ DAiÞ þ 2�PiBiB
T
i Pi

þ CT
i PiC i þ

XN
j¼1

lijPj < 0:

On the other hand, Eq. (15) is equivalent to

– Pj – PjE
T
j,i – YT

j,iF
T
j,i 0 – PjW

T
j,i

– Ej,iPj – Fj,iY j,i – Pi – �2j H i 0

0 – �2j H
T
i – �2j I 0

– W j,iPj 0 0 – �2j I

2
666664

3
777775£0:

(16)

From Lemma 1, it is known that Eq. (16) is equivalent to

– Pj – PjE
T
j,i – YT

j,iF
T
j,i

– Ej,iPj – Fj,iY j,i – Pi

" #

þ�2j
0

H i

" #
0 HT

i

� �

þ� – 2
j

– PjW
T
j,i

0

" #
– W j,iPj 0

� �
£0:

And by combining Lemma 2 and Eq. (13) again, the
following can be obtained:

Pj PjðEj,i þ DEj,iÞT þ YT
j,iF

T
j,i

ðEj,i þ DEj,iÞPj þ Fj,iY j,i Pi

" #
³0:

It is known from Theorem 2 that the closed-loop system
is stable in probability, and

K i ¼ �BT
i Pi, Lj,i ¼ Y j,iP

– 1
j , i, j ¼ 1, 2,:::, N :

4 Numerical example

Consider the Markovian switching stochastic controlled
systems with impulsive effects of the form:

dxðtÞ ¼ ðAi þ DAiÞxðtÞdt þ BiuðtÞdt
þC ixðtÞdwðtÞ, rðtþÞ ¼ rðtÞ,

xðtþÞ ¼ ðEj,i þ DEj,iÞxðt – Þ þ Fj,iuðt – Þ,
rðtþÞ 6¼ rðtÞ,

½DAi, DEj,i� ¼ H iΓi½Di, W j,i�,

8>>>>>>>><
>>>>>>>>:
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where the Markov process is given by generator
Π ¼ ðlijÞ, i, j∈f1, 2g.

A1 ¼
– 9:3 – 1

0 – 11

" #
, A2 ¼

– 10 0

1 – 10

" #
,

B1 ¼ I2, B2 ¼
0:9 0

0 1:1

" #
,

C1 ¼ C2 ¼ 2I2,

H1 ¼ H2 ¼ 0:1I2,

Π ¼ – 3 3

2 – 2

" #
,

F12 ¼ I2, F21 ¼
– 1:1 0

0 1

" #
,

E12 ¼ 2I2, E21 ¼ I2,

W 12 ¼ 0:3I2, W 21 ¼ – 0:3I2,

� ¼ 1, �1 ¼ �2 ¼ 0:5, �1 ¼ �2 ¼ 0:1:

Compute these with the LMI toolbox of Matlab, and the
following results are obtained:

P1 ¼
0:0458 0:0002

0:0002 0:0469

" #
,

P2 ¼
0:0451 – 0:0003

– 0:0003 0:0454

" #
,

Y 12 ¼
– 0:0915 – 0:0005

– 0:0005 – 0:0957

" #
,

Y 21 ¼
0:0410 – 0:0003

– 0:0003 0:0454

" #
:

The corresponding state feedback gain matrices and the
impulsive control gain matrices are as follows:

K1 ¼
0:0458 0:0002

0:0002 0:0469

" #
,

K2 ¼
0:0405 – 0:0003

– 0:0003 0:0500

" #
,

L12 ¼
66:5890 0:4216

0:4216 66:0362

" #
,

L21 ¼
87:4209 – 0:4512

– 0:4512 85:3702

" #
:

In a word, the whole uncertain impulsive hybrid system
is stable in probability according to Definition 1. There-
fore, the method of controlling is effective.

5 Conclusions

For a class of Markovian switching stochastic systems with
impulses at switching instants, the authors mainly use the
method of multiple Lyapunov techniques and LMI to study
their stochastic stability. Furthermore, the problems of
stability and robust stability analysis are investigated. At
the same time, the controller of subsystems is designed to
guarantee the stability of the overall system. Future
research directions include extending the results presented
here to more general systems such as nonlinear systems
and time-delayed systems.
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