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Abstract An online noise variance estimator for multi-

sensor systems with unknown noise variances is proposed

by using the correlationmethod. Based on the Riccati equa-

tion and optimal fusion rule weighted by scalars for state

components, a self-tuning component decoupled informa-

tion fusion Kalman filter is presented. It is proved that the

filter converges to the optimal fusion Kalman filter in a

realization by dynamic error system analysis method, so

that it has asymptotic optimality. Its effectiveness is demon-

strated by simulation for a tracking system with 3 sensors.

Keywords multi-sensor information fusion, decoupled

fusion, self-tuning fuser, Kalman filter, convergence in a

realization

1 Introduction

The multi-sensor information fusion was a new frontier

subject that emerged in the 1970s and has received great

attention [1]. Generally, there are two kinds of information

fusion methods [2], i.e., the state fusion method and the

measurement fusion method. The state fusion method is

divided into centralized Kalman filtering and distributed

Kalman filtering [3]. Centralized fusion Kalman filtering

can globally estimate the optimal fusion state in theory,

but requires a large computation with poor fault tolerance.

However, these drawbacks can be avoided by distributed

information fusion Kalman filtering, which is globally

optimal or suboptimal. In practice, because noise statistics

are unknown and filtering for the system with unknown

model parameters and/or noise statistics is called self-tuning

filtering [4], its convergence analysis is very difficult and has

not yet been solved. As a result, convergence analysis for

the self-tuning fuser is difficult. The dynamic error system

analysis method of convergence analysis for the self-tuning

filter is presented in Ref. [4]. Its principle lies in attributing

the problem where the self-tuning filter converges to the

optimal filter to the problem where the dynamic error sys-

tem converges to zero, i.e., the problem is translated into the

stability problem of a non-homogeneous different equation

(the bounded input-to-bounded output stability and the

infinitesimal input-to-infinitesimal output stability). The

identification method for the noise variances presented in

Refs. [4,5] requires an online identifier for the autoregres-

sive moving average (ARMA) innovation model of the

system. The consistency of the obtained noise variance

estimator depends on that of the ARMA innovation model

estimation. The consistencies of some parameter estimation

algorithms for the ARMA model given in Ref. [6] require

stronger conditions, for instance, the sufficient condition

for consistency of the recursive extended least square algo-

rithm (RELS) is the positive realness condition. However,

this condition cannot be directly verified in application.

Since the self-tuning information fusion-filtering problem

is seldom reported in literature, we obtain consistent estima-

tion of the unknown noise variances by solving correlation

function matrix equations for the multi-sensor system with

those variances. Based on the Riccati equation and the

optimal weighted fusion rule weighted by scalars for com-

ponents [7], the self-tuning weighted fusion Kalman filter

weighted by scalars for components is then presented. The

novel filter realizes component decoupled fusion estimation

[7]. Under the assumption that the measurement process is

bounded with probability 1, it is proven that the local self-

tuning Kalman filter converges to the steady-state optimal

Kalman filter with probability 1 in Ref. [4]. Although the

assumption is a very strong condition, it cannot be satisfied

by many non-stationary measurement processes. Thus, the

new concept that the self-tuning estimator converges in a

realization is presented in Ref. [8], which is weaker than that

with probability 1. Based on the stability of the dynamic

error system, it is also proven that the self-tuning fusion

Kalman predictor converges to the corresponding optimal

fusion Kalman predictor in a realization, hence it is
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asymptotically optimal. The method presented in this ar-

ticle is completely different from that given in Refs. [8,9].

The self-tuning fusion Kalman predictor is designed based

on ARMA innovation model identification in Refs. [8,9],

and the self-tuning fusion Kalman filter is designed based

on the Riccati equation in this article. The consistent

estimation of noise variances can be directly obtained by

the correlation method. Since an indirect identification of

the noise variances by the ARMA innovation model is

avoided, it overcomes the difficulty in proving the consist-

ency of noise variance estimation.

2 Problem formulation

Consider the multi-sensor time-invariant linear discrete

stochastic system as follows:

x(tz1)~Wx(t)zCw(t),

yi(t)~Hix(t)zvi(t),

�
i~1,2,:::,L, ð1Þ

where t is the discrete time, the state x(t) [Rn, the meas-

urement of the ith sensor yi(t) [Rmi , W, C, Hi are constant

matrices with compatible dimensions, w(t) is the input

noise, and vi(t) are the measurement noises. Assume that

w(t) [Rr, vi(t) [Rmi are uncorrelated white noises with

zero mean, variance matrices Qw, Qvi, respectively, and

(W, Hi) is a completely observable pair, and (W, C) is a

completely controllable pair. The objectives are to find the

local self-tuning Kalman filters x̂i(tjt), i5 1, 2,…, L, and

the self-tuning component decoupled fusion Kalman filter

x̂0(tjt) based on the measurements (yi(t), yi(t2 1),…).

The self-tuning local and component decoupled fusion

Kalman filters are derived by the local steady-state

Kalman filter and the optimal component decoupled

fusion Kalman filter with the known noise variance,

accompanied with the online identifier of noise variances.

Lemma 1 [3] When noise statistics are known, the

local steady-state Kalman filters are

x̂i(tjt)~Yfix̂i(t{1jt{1)zKfiyi(t), i~1, 2,:::,L, ð2Þ

Yfi~ In{KfiHi

� �
W, ð3Þ

Kfi~SiiH
T
i HiSiiH

T
i zQvi

� �{1
: ð4Þ

The prediction error variance matrices Sii satisfy the

following steady-state Riccati equation:

Sii~W Sii{SiiH
T
i HiSiiH

T
i zQvi

� �{1
HiSii

h i
WT

zCQwC
T: ð5Þ

The local steady-state error cross-covariance matrices

Pij satisfy the Lyapunov equation:

Pij~YfiPijY
T
fjzDij, i,j~1, 2,:::,L,

ð6Þ
Dij~ In{KfiHi

� �
CQwC

T In{KfjHj

� �T
zKfiQvidijK

T
fj ,

where dii5 1, dij5 0, i? j.

Lemma 2 [3] For the multi-sensor Eq. (1), the optimal

fusion steady-state Kalman filter weighted by scalars for

components is

x̂0j(tjt)~
XL
i~1

aij x̂ij(tjt), i~1, 2,:::,L, j~1, 2,:::,n,

x̂0(tjt)~ x̂01(tjt), x̂02(tjt), . . . ,x̂0n(tjt)½ �T, ð7Þ

x̂i(tjt)~ x̂i1(tjt), x̂i2(tjt), . . . ,x̂in(tjt)½ �T,

and the optimal weights are

a1j, a2j, . . . ,aLj
� �

~eT Pjj
� �{1

eT Pjj
� �{1

e
h i{1

, ð8Þ

where eT5 [1, 1,…,1],Pjj is anL6Lmatrix withP
jj
ki as the

(k, i)th element, and P
jj
ki is the (j, j)th diagonal element of

Pki. The optimal fusion estimation error variance for

each component is P0j5 [eT(Pjj)21e]21 and the accuracy

relation is trP0jftrP
jj
ii . It realizes the state component

decoupled fusion estimation, i.e., only the component

estimator x̂ij(tjt) with the same physical meaning is

weighted to yield the component fusion estimator

x̂0j(tjt), which is uncorrelated with other components

x̂ik(tjt), i~1, 2, . . . ,L, k=j.

3 Decoupled fusion self-tuning Kalman filter
weighted by scalars for components

When noise variances are unknown, Qw and Qvi are iden-

tified by the correlation method. According to Eq. (1), we

have

yi(t)~Hi In{q{1W
� �{1

Cq{1w(t)zvi(t), ð9Þ

where q21 is the backward shift operator, q21x(t)5

x(t2 1) and In is the n6 n identity matrix. To reduce

the model order, a left co-prime factorization is intro-

duced [3]:

Hi In{q{1W
� �{1

Cq{1~A{1
i q{1

� �
Bi q

{1
� �

,

where the polynomial matrices Ai(q
21) and Bi(q

21) have

the forms:

Xi q
{1

� �
~Xi0zXi1q

{1z � � �zXinxi
q{nxi ,
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whereXinxi
~0, iwnxi ,Ai0~Imi

, Bi05 0 andA21(q21) is the

inverse matrix of A(q21). Hence we have

Ai q
{1

� �
yi(t)~Bi q

{1
� �

w(t)zAi q
{1

� �
vi(t): ð10Þ

Introducing the new measurement process zi(t)5
Ai(q

21)yi(t) yields

zi(t)~Bi q
{1

� �
w(t)zAi q

{1
� �

vi(t), i~1, 2, . . . ,L: ð11Þ
The right of Eq. (11) is a sum of two MA processes.

Thus, zi(t) is a stationary stochastic process and its cor-

relation function is defined as Rzi (k)~E zi(t)z
T
i (t{k)

� �
. It

is obvious that Rzi (k)~0, kwnzi , i.e., Rzi (k) has trun-

cation properties. Computing the correlation functions

of the stochastic processes on both sides of Eq. (11) yields

Rzi (k)~
Xnbi
j~k

BijQwB
T
i,j{kz

Xnai
j~k

AijQviA
T
i,j{k,

k~0, . . . ,nzi , nzifmax (na, nb), i~1,2, . . . ,L,

ð12Þ

where Aij, Bij are known, and we define Bij5 0 (j. nbi),

Aij5 0 (j. nai). For a fixed i, Eq. (12) can be expanded by

elements (k5 0,…,nzi). Since it is defined that all of the

unknown elements of Qw and Qvi construct the ni6 1

column vector as hi, then Eq. (12) can be rewritten as

the linear equations about hi:

Vihi~vi,

where the coefficient matrices Vi are known, and each

element of the column vector vi is composed of a constant

plus an element of Rzi (k), k~0, 1, . . . , nzi . Assume that Vi

is column full rank and rank Vi5 ni, then its row rank is

also ni and ni linear uncorrelated equations can be chosen

to construct the new linear equations:

Vi0hi~vi0, i~1, 2, . . . ,L,

whereVi0 is the ni6 ni non-singular matrix. Hence we have

hi~V{1
i0 vi0, ð13Þ

where each element of the column vectorvi0 is composed of

a constant plus an element of Rzi (k), k~0, 1, . . . , nzi . We

define the sample estimation of Rzi (k) at t as

R̂t
zi
(k)~

1

t

Xt

j~1

zi(j)z
T
i (j{k), ð14Þ

which has the recursive formula:

R̂t
zi
(k)~R̂t{1

zi
(k)z

1

t
zi(t)z

T
i (t{k){R̂t{1

zi
(k)

h i
,

t~2, 3, . . . , k~0, 1, . . . ,nzi ,

ð15Þ

with the initial value R̂1
zi
(k)~zi(1)z

T
i (1{k). According to

the ergodicity [6], we have

R̂t
zi
(k)?Rzi (k), as t??, w:p:1, ð16Þ

where the symbol ‘‘w.p.1’’ means ‘‘with probability 1’’.

Putting Eq. (14) into Eq. (13) yields the estimator of hi
at t:

ĥi~V{1
i0 v̂i0, ð17Þ

i.e., the estimators Q̂wi and Q̂vi of Qw and Qvi at t can be

obtained. We define the estimator of Qw at time t as

Q̂w~
1

L

XL
i~1

Q̂wi: ð18Þ

Remark 1 When Vi is not column full rank, the linear

equations have infinite solutions. To obtain the unique

solution, the number of the unknown elements in Qw

and Qvi must be reduced. For example, they are usually

considered in diagonal form and only elements at the

diagonal line are unknown.

Theorem 1 For the multi-sensor system Eq. (1) with

unknown noise variance, the noise variance estimator is

consistent, i.e.,

Q̂w?Qw, Q̂vi?Qvi, as t??, w:p:1: ð19Þ
Proof Since each element of vi0 is composed of a con-

stant and an element of Rzi (k), Eq. (16) yields

v̂i0?vi0, as t??, w:p:1: ð20Þ
According to Eq. (13), each element of hi is the continu-

ous function for the elements of vi0, and from Eq. (17) we

obtain

ĥi?hi, as t??, w:p:1, ð21Þ

i.e., Q̂wi?Qwi, Q̂vi?Qvi, and according to Eq. (18), we

have Q̂w?Qw, w.p.1.

The self-tuning decoupled fusion Kalman filter is rea-

lized by the following three steps.

Step 1 Online identification of unknown noise var-

iances yields the estimators Q̂w and Q̂vi at time t.

Step 2 Put Q̂w and Q̂vi into Eqs. (2)–(6). The ith sensor

subsystem has the local self-tuning Kalman filter:

x̂si (tjt)~Ŷfix̂
s
i (t{1jt{1)zK̂fiyi(t),

i~1, 2, . . . ,L,
ð22Þ

Ŷfi~ In{K̂fiHi

� �
W, ð23Þ

K̂fi~ŜiiH
T
i HiŜiiH

T
i zQ̂vi

h i{1

, ð24Þ

where the estimators Ŝii satisfy the Riccati equation:
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Ŝii~W Ŝii{ŜiiH
T
i HiŜiiH

T
i zQ̂vi

� �{1

HiŜii

� 	
WT

zCQ̂viC
T: ð25Þ

Step 3 According to Eqs. (7) and (8), the self-tuning

weighted fusion Kalman filter weighted by scalars for

components is

x̂s0j(tjt)~
XL
i~1

âij x̂
s
ij(tjt), j~1, 2, . . . ,n, ð26Þ

x̂si (tjt)~ x̂si1(tjt), x̂si2(tjt), . . . ,x̂sin(tjt)
� �T

, ð27Þ

â1j, â2j, . . . ,âLj
� �

~eT P̂ii
� �{1

eT P̂ii
� �{1

e
h i{1

, ð28Þ

where P̂ij satisfies the Lyapunov equation:

P̂ij~ŶfiP̂ijŶfjzD̂ij,
ð29Þ

D̂ij~ In{K̂fiHi

� �
CQ̂wC

T In{K̂fjHj

� �T
zK̂fiQ̂vidij K̂

T
fj ,

and P̂jj is the L6Lmatrix with P̂
jj
ki as the (k, i)th element,

and P̂
jj
ki is the (j, j)th diagonal element of P̂ki.

The above three steps are repeated at each time t.

Remark 2 The estimators K̂fi and Ŷfi in Eq. (22) are

updated at each time t. However, there is no need to

simultaneously compute the estimators Ŝii and P̂ii at the

time t, because they require solving the Riccati equation

(Eq. (25)) and the Lyapunov equation (Eq. (29)) by the

iterative method to compute Ŝij and P̂ij . We can select a

computing period about Ŝii and P̂ij as the fixed computing

period Td, i.e., dead band. In a period Td, the estimators

Ŝii and P̂ij are not changed. Only at time t5Td, 2Td,…, we

compute Ŝii and P̂ij, which can reduce the online compu-

tational burden.

The known measurement data yi(t) can be viewed as a

realization (a sample function) of the measurement sto-

chastic process yi(t). A corresponding realization of the

local filters x̂i(tjt) and x̂si (tjt) can also be obtained, and a

realization of the fusion filters x̂0(tjt) and x̂s0(tjt) can be

obtained by all of the measurement data yi(t), i5 1,2,…,L.

Definition 1 [9] If x̂s0(tjt){x̂0(tjt)
� �

?0, tR‘ for a

realization, the self-tuning fusion filter x̂s0(tjt) converges
to the optimal fusion filter x̂0(tjt) in a realization, which is

defined as

x̂s0(tjt){x̂0(tjt)
� �

?0, as t??, i:a:r:, ð30Þ

where the symbol ‘‘i.a.r.’’ means ‘‘in a realization’’.

Lemma 3 [4,9] (bounded input-to-bounded output

stability) Consider a dynamic system:

d(t)~Y(t)d(t{1)zu(t),

where t> 0, the output d(t) [Rn and the input u(t) [Rn.

Assume that Y(t)RY, as tR‘, Y is the n6 n stable

matrix, and u(t) is bounded, then d(t) is bounded.

Lemma 4 [4,9] (infinitesimal input-to-infinitesimal
output stability) Consider the dynamic system:

d(t)~Yd(t{1)zu(t),

where d(t) [Rn, u(t) [Rn. Assume thatY is the n6 n stable

matrix and u(t)R 0, as tR‘, then d(t)R 0, tR‘.
Theorem 2 For the multi-sensor Eq. (1) with unknown

noise variances, if the measurement data of each sensor are

bounded, the self-tuning component decoupled informa-

tion fusion Kalman filter x̂s0j(tjt) given by Eq. (26) con-

verges to the optimal information fusion Kalman filter
x̂0j(tjt) given by Eq. (7) in a realization, i.e., Eq. (30) holds.

Proof According to Eq. (5) and the implicit function

theorem [10], in a sufficiently small neighborhood, the

elements of Sii are the continuous function of the elements

of Qw and Qvi, which is defined as

Sii~fi Qw,Qvið Þ, ð31Þ

where fi is the n6 n continuous matrix function, whose

each element is the continuous function of Qw and Qvi,
and we have the relation

Ŝii~fi Q̂w,Q̂vi

� �
: ð32Þ

According to Eq. (19) and the statistical inference prin-

ciple, the event with probability 1 in an experiment will be
inferred as a sure event. Therefore, taking a realization of

the stochastic process implies that the convergence in a

realization holds:

Q̂w?Qw, Q̂vi?Qvi, as t??, i:a:r: ð33Þ
According to Eqs. (31)–(33) and continuity of fi, we

have

Ŝii?Sii, as t??, i:a:r: ð34Þ
According to Eqs. (3), (4), (23) and (24), we have

K̂fi?Kfi, Ŷfi?Yfi, as t??, i:a:r: ð35Þ
According to Eq. (29) and the implicit function the-

orem, in a sufficiently small neighborhood, the elements

of Pij are the continuous function of Qw, Qvi, Sii and Sjj.

Applying Eqs. (34) and (35), we have

P̂ij?Pij, as t??, i:a:r: ð36Þ
Considering Eq. (22), we obtain from Eq. (35) that K̂fi is

bounded. Thus, the assumption that yi(t) is bounded

yields that K̂fiyi(t) is bounded. Because Yfi is a stable
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matrix, applying Eq. (35) and Lemma 3 to Eq. (22), we

obtain that x̂si (tjt) is bounded. Setting Ŷfi~YfizDŶfi,

K̂fi~KfizDK̂fi, according to Eq. (35), we have

DŶfi?0, DK̂fi?0, t??, i:a:r: ð37Þ
Defining di(t)~x̂si (tjt){x̂i(tjt) and subtracting Eq. (2)

from Eq. (22) yields the dynamic error system:

di(t)~Yfi(t)di(t{1)zui(t),

ui(t)~DŶfix̂
s
i (t{1jt{1)zDK̂fiyi(t):

ð38Þ

Applying the boundeness of yi(t) and x̂si (tjt) and Eq.

(37) yields ui(t)R 0, tR‘, i.a.r. Applying Lemma 4 to
Eq. (38) and noting that Yfi is a stable matrix, we have

di(t)R 0, tR‘, i.a.r., i.e.,

x̂si (tjt){x̂i(tjt)
� �

?0, as t??, i:a:r: ð39Þ

holds. This proves the convergence of the local self-tuning

Kalman filter. In Eq. (26), we define âij~aijzDâij.

Equations (28) and (36) yield Dâij?0. Subtracting Eq.

(7) from Eq. (26) yields

x̂s0j(tjt){x̂0j(tjt)~
XL
i~1

aij ½x̂sij(tjt){x̂ij(tjt)�

z
XL
i~1

Dâij x̂
s
ij(tjt):

Applying Eq. (39),Dâij?0 and the boundeness of x̂si (tjt)
yields

x̂s0j(tjt){x̂0j(tjt)
h i

?0, t??, i:a:r:,

j~1, 2, . . . ,n,

i.e., Eq. (30) holds. This completes the proof.

Note that the convergence in a realization has theo-

retical and implicational significance. The convergence

in a realization is weaker than that with probability 1 in

theory. If the convergence with probability 1 holds,

according to the statistical inference principle, the conver-

gence in a realization can be obtained. While it may not be

the case on the other side, only when the convergence in a

realization holds for each realization, except the realiza-
tion set with probability zero, can we maintain the con-

vergence with probability 1. Only weaker conditions are

needed to prove it, i.e., based on the assumption that the

measured data (a realization of the measurement process)

are bounded. It always holds in application. But the

assumption that the measurement process is bounded

with probability 1 is required to prove the convergence

with probability one, which cannot be satisfied for the
non-stationary measurement processes in theory. In prac-

tice, only a realization of the measurement process is

generally known, such as hydrology, meteorology, and

astronomy. Therefore, convergence in a known realiza-

tion is emphasized in research.

4 Simulation

Consider the target tracking system Eq. (1) with 3 sensors,

where

W~

1 T0 0:5T2
0

0 1 T0

0 0 1

2
64

3
75, C~

0

0

1

2
64

3
75,

H~ 1 0 0½ �, x(t)~ x1(t) x2(t) x3(t)½ �T,

T0 is the sample period, x1(t), x2(t) and x3(t) are the position

and the target velocity and acceleration at the sample time

tT0 respectively.w(t), vi(t) are independent white noises with

zero mean and variances Qw~s2w, Qvi~s2vi, and s2w, s
2
vi are

unknown. The aim is to find the self-tuning and optimal

decoupled fusion Kalman filters x̂s0j(tjt) and x̂0j(tjt). In the

simulation, we set T05 1.5, s2w~0:64, s2v1~0:1, s2v2~0:2,

and s2v3~0:3. The simulation results are shown in Figs. 1

and 2. Figure 1 shows the convergence of the noise variance

estimations, where the beeline denotes the true value and

the curve denotes the estimators, which shows that the

parameter estimation is consistent. The error curves

between the self-tuning and the optimal fuser shows that

the self-tuning fusion filter converges to the optimal fusion

filter in a realization, as shown in Fig. 2.

Because of the slow convergence velocity for the noise

variances of the method in this article, it can be first oper-

ated offline, and then switched to real time application for
higher accuracy of the self-tuning fusion filtering in engi-

neering applications.

Fig. 1 Convergence of noise variance estimators ŝ2vi, ŝ
2
w
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5 Conclusions

For multi-sensor systems with unknown noise variances,

the online estimators of the noise variances are presented
in this article using the correlation method. It avoids iden-

tification of the ARMA innovation model and can ensure

the consistency of the noise variance estimators. Under

the optimal fusion rule weighted by scalars for compo-

nents, the self-tuning component decoupled fusion

Kalman filter based on the Riccati equation is presented.

Moreover, dynamic error system analysis method is

applied to prove that the self-tuning fusion Kalman filter
converges to the optimal fusion Kalman filter in a realiza-

tion. The simulation shows that the self-tuning fusion

Kalman filter is asymptotically optimal.
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