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Abstract An online noise variance estimator for multi-
sensor systems with unknown noise variances is proposed
by using the correlation method. Based on the Riccati equa-
tion and optimal fusion rule weighted by scalars for state
components, a self-tuning component decoupled informa-
tion fusion Kalman filter is presented. It is proved that the
filter converges to the optimal fusion Kalman filter in a
realization by dynamic error system analysis method, so
that it has asymptotic optimality. Its effectiveness is demon-
strated by simulation for a tracking system with 3 sensors.

Keywords multi-sensor information fusion, decoupled
fusion, self-tuning fuser, Kalman filter, convergence in a
realization

1 Introduction

The multi-sensor information fusion was a new frontier
subject that emerged in the 1970s and has received great
attention [1]. Generally, there are two kinds of information
fusion methods [2], i.e., the state fusion method and the
measurement fusion method. The state fusion method is
divided into centralized Kalman filtering and distributed
Kalman filtering [3]. Centralized fusion Kalman filtering
can globally estimate the optimal fusion state in theory,
but requires a large computation with poor fault tolerance.
However, these drawbacks can be avoided by distributed
information fusion Kalman filtering, which is globally
optimal or suboptimal. In practice, because noise statistics
are unknown and filtering for the system with unknown
model parameters and/or noise statistics is called self-tuning
filtering [4], its convergence analysis is very difficult and has
not yet been solved. As a result, convergence analysis for
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the self-tuning fuser is difficult. The dynamic error system
analysis method of convergence analysis for the self-tuning
filter is presented in Ref. [4]. Its principle lies in attributing
the problem where the self-tuning filter converges to the
optimal filter to the problem where the dynamic error sys-
tem converges to zero, i.e., the problem is translated into the
stability problem of a non-homogeneous different equation
(the bounded input-to-bounded output stability and the
infinitesimal input-to-infinitesimal output stability). The
identification method for the noise variances presented in
Refs. [4,5] requires an online identifier for the autoregres-
sive moving average (ARMA) innovation model of the
system. The consistency of the obtained noise variance
estimator depends on that of the ARMA innovation model
estimation. The consistencies of some parameter estimation
algorithms for the ARMA model given in Ref. [6] require
stronger conditions, for instance, the sufficient condition
for consistency of the recursive extended least square algo-
rithm (RELS) is the positive realness condition. However,
this condition cannot be directly verified in application.
Since the self-tuning information fusion-filtering problem
is seldom reported in literature, we obtain consistent estima-
tion of the unknown noise variances by solving correlation
function matrix equations for the multi-sensor system with
those variances. Based on the Riccati equation and the
optimal weighted fusion rule weighted by scalars for com-
ponents [7], the self-tuning weighted fusion Kalman filter
weighted by scalars for components is then presented. The
novel filter realizes component decoupled fusion estimation
[7]. Under the assumption that the measurement process is
bounded with probability 1, it is proven that the local self-
tuning Kalman filter converges to the steady-state optimal
Kalman filter with probability 1 in Ref. [4]. Although the
assumption is a very strong condition, it cannot be satisfied
by many non-stationary measurement processes. Thus, the
new concept that the self-tuning estimator converges in a
realization is presented in Ref. [8], which is weaker than that
with probability 1. Based on the stability of the dynamic
error system, it is also proven that the self-tuning fusion
Kalman predictor converges to the corresponding optimal
fusion Kalman predictor in a realization, hence it is
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asymptotically optimal. The method presented in this ar-
ticle is completely different from that given in Refs. [8,9].
The self-tuning fusion Kalman predictor is designed based
on ARMA innovation model identification in Refs. [8,9],
and the self-tuning fusion Kalman filter is designed based
on the Riccati equation in this article. The consistent
estimation of noise variances can be directly obtained by
the correlation method. Since an indirect identification of
the noise variances by the ARMA innovation model is
avoided, it overcomes the difficulty in proving the consist-
ency of noise variance estimation.

2 Problem formulation

Consider the multi-sensor time-invariant linear discrete
stochastic system as follows:

{ x(t41)=dx(r) +I'w(z),

12,0, (1)
Yi(t)= Hix (1) +vi(2),

where ¢ is the discrete time, the state x(¢) e R”, the meas-
urement of the ith sensor y;(f)e R™, ®, I, H; are constant
matrices with compatible dimensions, w(¢) is the input
noise, and v{f) are the measurement noises. Assume that
w(t)e R, vi(t)e R are uncorrelated white noises with
zero mean, variance matrices Q,,, Q,;, respectively, and
(®, H)) is a completely observable pair, and (@, I') is a
completely controllable pair. The objectives are to find the
local self-tuning Kalman filters x;(¢|¢), i=1, 2,..., L, and
the self-tuning component decoupled fusion Kalman filter
Xo(#|?) based on the measurements (yA), y{t — 1),...).

The self-tuning local and component decoupled fusion
Kalman filters are derived by the local steady-state
Kalman filter and the optimal component decoupled
fusion Kalman filter with the known noise variance,
accompanied with the online identifier of noise variances.

Lemma 1 [3] When noise statistics are known, the
local steady-state Kalman filters are

Xty =Ypxi(t—1t— D)+ Kpyi(0), i=1,2,...,.L, (2)
Y= 1, — KuH;] P, (3)

-1
Ki=%;H! [HZ;:H +0,] . (4)

The prediction error variance matrices X; satisfy the
following steady-state Riccati equation:

Z;=0 [Zn’ —3H (HZ:H + 0y) lHiZn} o’
+10,I7". (5)

The local steady-state error cross-covariance matrices
P satisfy the Lyapunov equation:
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Py=YPyVi+Ay ij=1,2,..L, ©

T
Ayj=[1,— KiH;|T QT (I, — KjH;] " + K5 Qyi6; K.
Where 5”‘ = 1, 51/ = O, l#‘]
Lemma 2 [3] For the multi-sensor Eq. (1), the optimal
fusion steady-state Kalman filter weighted by scalars for
components is

L
Xoftl)="> " agky(tln), i=1,2...L, j=1,2..n,

i=1
So(t]6) = [For(2]1), Xoa(t]0), - . . Fon(t]D)] (7)

Xi(t|0) = [%n(e]0), Zn(t]0), ... xa(t]D)]",

and the optimal weights are
- R '
[y, @y, can] = (P [T (P 7] L (8)

where e =[1,1,...,1], P/isan L x L matrix with le as the

(k, i)th element, and PZ, is the (j, j)th diagonal element of
P,;. The optimal fusion estimation error variance for
each component is Py;=[¢"(P”) 'e]”' and the accuracy
relation is trPy <trPJ. It realizes the state component
decoupled fusion estimation, i.e., only the component
estimator X;(7|f) with the same physical meaning is
weighted to yield the component fusion estimator
Xo;(¢|t), which is uncorrelated with other components
Xu(t|t), i=1,2,...,L, k#j.

3 Decoupled fusion self-tuning Kalman filter
weighted by scalars for components

When noise variances are unknown, Q,, and Q,; are iden-
tified by the correlation method. According to Eq. (1), we
have

yi0)=Hi(L,—¢~'®) 'Tg W) +v(n,  (9)

where ¢! is the backward shift operator, ¢ 'x(r)=
x(¢t—1) and I, is the n x n identity matrix. To reduce
the model order, a left co-prime factorization is intro-
duced [3]:

Hy(l,—q '®) 'Tq '=4; (¢ B¢ "),

where the polynomial matrices 4,(¢™") and B{q ") have
the forms:

Xi(g7") = Xo+Xag "+ -+ Xon g,
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where Xj,, =0, i>ny,, Aig =1Ly, Bjo=0and A (g ") is the
inverse matrix of A(¢ '). Hence we have
Ai( Dvico).

g yity=Bi(¢g” " YwO)+ A4:i(q~ (10)

Introducing the new measurement process zff)=
Afg")yAt) yields

zi(t)y=Bi(q~ " Yw(®)+A;i(q~ ") vi(0), (11)

The right of Eq. (11) is a sum of two MA processes.
Thus, z(?) is a stationary stochastic process and its cor-
relation function is defined as R. (k) =E[z(0)z] (t—k)]. It
is obvious that R.(k)=0, k>n., i.e., R.(k) has trun-
cation properties. Computing the correlation functions
of the stochastic processes on both sides of Eq. (11) yields

i=1,2,...,L.

Mpi Nai

RA,(k)—ZBUQM Lot D A50uAl .
j=k
(12)
k=0,...,n,, n;< max (ng, np), i=1,2,...,L,

where A, B; are known, and we define B; =0 (j > ny,),

=0(G> ”m) For a fixed i, Eq. (12) can be expanded by
elements (k=0,...,n.;). Since it is defined that all of the
unknown elements of Q,, and Q,; construct the n; x 1
column vector as 0;, then Eq. (12) can be rewritten as
the linear equations about 6;:

Qi0;=w;,

where the coefficient matrices Q,; are known, and each
element of the column vector w; is composed of a constant
plus an element of R..(k), k=0, 1,..., n.,. Assume that Q,
is column full rank and rank Q; = n;, then its row rank is
also n; and n, linear uncorrelated equations can be chosen
to construct the new linear equations:
Qiogi:@iO» i:1927-"aL:

where Q,y is the n; X n; non-singular matrix. Hence we have

0: =05 wjo, (13)

where each element of the column vector w,y is composed of

a constant plus an element of R (k), k=0, 1,..., n,,. We
define the sample estimation of R.,(k) at ¢ as
1< N T
=Dzl G—h. (14)
=1
which has the recursive formula:
N A 1 A
RL(k)=R7'(k)+ = |z{(0)zF (1 —k)— R~ (k) |,
L0 =R+ - [0z =l — R (1) )

t=2,3,..., k=0,1,....n.,
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with the initial value i%;(k)zz,-(l)ziT(l —k). According to
the ergodicity [6], we have

RL (k) R.,(k), as t—>00, w.p.1, (16)

where the symbol “w.p.1” means “with probability 1”.
Putting Eq. (14) into Eq. (13) yields the estimator of 0,
at r:

0; =0y @, (17)
1.e., the estimators Qwi and QV,» of 0,, and Q,; at ¢ can be
obtained. We define the estimator of Q,, at time ¢ as

S QIO
Qw = Z ; Qwi~

Remark 1 When Q; is not column full rank, the linear
equations have infinite solutions. To obtain the unique
solution, the number of the unknown eclements in Q,,
and Q,; must be reduced. For example, they are usually
considered in diagonal form and only elements at the
diagonal line are unknown.

Theorem 1 For the multi-sensor system Eq. (1) with
unknown noise variance, the noise variance estimator is
consistent, i.e.,

(18)

Qw_)Qw; Qvi_’Qvia as t— o, Wpl (19)

Proof Since each element of w;, is composed of a con-
stant and an element of R.,(k), Eq. (16) yields

Wjp— Wy, as t— o0, w.p.1. (20)

According to Eq. (13), each element of 0; is the continu-
ous function for the elements of w,y, and from Eq. (17) we
obtain

@i—>0[, as r—o0, w.p.1, (21)
e., Qwi—>Qw,», Qv,-—>QV,-, and according to Eq. (18), we

have Qw—>Qw, w.p.l.

The self-tuning decoupled fusion Kalman filter is rea-
lized by the following three steps.

Step 1 Online identification of unknown noise var-
iances yields the estimators Qn and Qu at time ¢.

Step2 Put 0, and Q,, into Egs. (2)~(6). The ith sensor
subsystem has the local self-tuning Kalman filter:

Bty ="Paxi(t— 1)t — 1)+ Kzyi(o),

(22)
i=1,2,....L,
o ) L oq—1
Ki=%;H' {HiziiHiT‘F Qvi} ) (24)

where the estimators 3; satisfy the Riccati equation:
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- A A A N -1 .

Zi=0 {Zn‘ —3H' (HiziiH,T + Qvi) Hizii] o'
+ FQviFT . (25)

Step 3 According to Egs. (7) and (8), the self-tuning

weighted fusion Kalman filter weighted by scalars for
components is

L
sl =">"agsyln, j=1,2.....n, (26)
i=1

x|y =[x}, (t|0), X5(1]0), . . . ,5cfn(t|t)]T, (27)
[y . =" ()[BT L 28)
where f’ij satisfies the Lyapunov equation:
Py="YpPy\¥y+ Ay,
(29)

Ay=[1,—KsH]T O, T [1,— KyH)]"
+ ffﬁ Qviéy‘kg,

and P/ is the L x L matrix with f”zi as the (k, i)th element,

and P’,{i is the (7, j)th diagonal element of Py;.

The above three steps are repeated at each time ¢.

Remark 2 The estimators K; and Wy in Eq. (22) are
updated at each time ¢. However, there is no need to
simultaneously compute the estimators 3. and P; at the
time ¢, because they require solving the Riccati equation
(Eq. (25)) and the Lyapunov equation (Eq. (29)) by the
iterative method to compute 2; and P;. We can select a
computing period about ¥; and Pij as the fixed computing
period T, i.e., dead band. In a period T, the estimators
ﬁﬁ and i’,»jAare not Achanged. Onlyattimet=T,2T,,..., we
compute %; and Pj;, which can reduce the online compu-
tational burden.

The known measurement data y ) can be viewed as a
realization (a sample function) of the measurement sto-
chastic process yi(f). A corresponding realization of the
local filters X;(¢|¢) and X](¢|¢) can also be obtained, and a
realization of the fusion filters Xo(¢|r) and X{(¢|7) can be
obtained by all of the measurement data y(¢), i = 1,2,...,L.

Definition 1 [9] If [56‘8(1|Z)—5co(t\l)] -0, t—» for a
realization, the self-tuning fusion filter X(¢|f) converges
to the optimal fusion filter X((¢|¢) in a realization, which is
defined as

[%5(1]6) — Xo(1]1)] =0, as t—>c0, i.a.r, (30)
where the symbol “i.a.r.”” means “in a realization”.

Lemma 3 [4,9] (bounded input-to-bounded output
stability) Consider a dynamic system:

Xiaojun SUN, et al.

o()=Y()o(t—1)+u(r),

where =0, the output 4(7) € R” and the input u(t)e R".
Assume that W(1)— V¥, as t— o, V¥ is the n x n stable
matrix, and u(¢) is bounded, then J(¢) is bounded.

Lemma 4 [4,9] (infinitesimal input-to-infinitesimal
output stability) Consider the dynamic system:

8(6)=W(t— 1)+ u(),

where (1) € R”, u(t) e R". Assume that W is the n x n stable
matrix and u(¢)— 0, as t— 0, then 6(¢) — 0, t— 0.

Theorem 2 For the multi-sensor Eq. (1) with unknown
noise variances, if the measurement data of each sensor are
bounded, the self-tuning component decoupled informa-
tion fusion Kalman filter Xf)j(t|t) given by Eq. (26) con-
verges to the optimal information fusion Kalman filter
XOj(Z|Z) given by Eq. (7) in a realization, i.e., Eq. (30) holds.

Proof According to Eq. (5) and the implicit function
theorem [10], in a sufficiently small neighborhood, the
elements of X;; are the continuous function of the elements
of 0,, and Q,,, which is defined as

Zii =ﬁ(QWani)s (31)
where f; is the n x n continuous matrix function, whose
each element is the continuous function of Q,, and Q,,,
and we have the relation
ﬁ:ii :fl (QWa Qvi) . (32)
According to Eq. (19) and the statistical inference prin-
ciple, the event with probability 1 in an experiment will be
inferred as a sure event. Therefore, taking a realization of
the stochastic process implies that the convergence in a
realization holds:

Qw_’QWa Qvi_)Qvi, as t— oo, ia.r. (33)

According to Egs. (31)-(33) and continuity of f;, we
have

S, as t— o0, L.a.r. (34)
According to Egs. (3), (4), (23) and (24), we have
IA(/Q—)K/(;, li’ﬁ—>lll/;, as t— oo, la.r. (35)

According to Eq. (29) and the implicit function the-
orem, in a sufficiently small neighborhood, the elements
of P; are the continuous function of Q,,, 0,;, Z; and Z;.
Applying Egs. (34) and (35), we have

P;— Py, as t—0, ia.r. (36)
Considering Eq. (22), we obtain from Eq. (35) that kﬁ is
bounded. Thus, the assumption that y{f) is bounded

yields that kfgyi(l) is bounded. Because W is a stable
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matrix, applying Eq. (35) and Lemma 3 to Eq. (22), we
obtain that xj(¢|) is bounded. Setting ‘Pf, ‘P,«,+A‘P_,,,
K =Kj +AKﬁ, according to Eq. (35), we have
t— 00, l.a.r.

A¥;—0, AK;—0, (37)

Defining 9,(f) =Xj(¢|t) —X:(#|7) and subtracting Eq. (2)
from Eq. (22) yields the dynamic error system:

0/(1)=W()o(t—1)+u(1),
(38)
ui(t)=A¥33(t — 1]t — 1)+ AK5yi(0).

Applying the boundeness of y(7) and xj(¢|f) and Eq.
(37) yields uft)— 0, t— oo, i.a.r. Applying Lemma 4 to
Eq. (38) and noting that W is a stable matrix, we have
0{t)—0, t— oo, iar.,ie.,

[%5(t|1)— xi(1]1)] -0, as 1> 0, La.r. (39)
holds. This proves the convergence of the local self-tuning
Kalman filter. In Eq. (26), we define a;=a;+Aaj.
Equations (28) and (36) yield Aa;—0. Subtracting Eq.
(7) from Eq. (26) yields

L
o110 = Sop (1|0 =Y ay[x5(e]) — Xy(2] )]
i=1

L
+ > AdyR(ao).
i=1

Applying Eq. (39), Ad;;—0 and the boundeness of }(#|7)
yields

[%Bj(tlt)—fco_,»(t\t)} -0, >0, iar,
j=12,...n,

i.e., Eq. (30) holds. This completes the proof.

Note that the convergence in a realization has theo-
retical and implicational significance. The convergence
in a realization is weaker than that with probability 1 in
theory. If the convergence with probability 1 holds,
according to the statistical inference principle, the conver-
gence in a realization can be obtained. While it may not be
the case on the other side, only when the convergence in a
realization holds for each realization, except the realiza-
tion set with probability zero, can we maintain the con-
vergence with probability 1. Only weaker conditions are
needed to prove it, i.e., based on the assumption that the
measured data (a realization of the measurement process)
are bounded. It always holds in application. But the
assumption that the measurement process is bounded
with probability 1 is required to prove the convergence
with probability one, which cannot be satisfied for the
non-stationary measurement processes in theory. In prac-
tice, only a realization of the measurement process is
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generally known, such as hydrology, meteorology, and
astronomy. Therefore, convergence in a known realiza-
tion is emphasized in research.

4 Simulation

Consider the target tracking system Eq. (1) with 3 sensors,
where

1 T, 0573 0
O=10 1 To , I'=1|0/[,
0 0 1 1
H=[1 0 0], x(=[xi1() x(0) x3(0)]",

Ty is the sample period, x;(), x»(f) and x3(¢) are the position
and the target velocity and acceleration at the sample time
tTy respectively. w(?), v(t) are independent white noises with
zero mean and variances Q,, =02, Q,;=0%, and a2, ¢ are
unknown. The aim is to find the self-tuning and optlmal
decoupled fusion Kalman filters xj, (t]t) and Xg;(¢]?). In the

simulation, we set Ty = 1.5, 62 =0.64, 62, =0.1, ¢>,=0.2,
and ¢%,=0.3. The simulation results are shown in Figs. 1
and 2. Figure 1 shows the convergence of the noise variance
estimations, where the beeline denotes the true value and
the curve denotes the estimators, which shows that the
parameter estimation is consistent. The error curves
between the self-tuning and the optimal fuser shows that
the self-tuning fusion filter converges to the optimal fusion
filter in a realization, as shown in Fig. 2.

Lop
N Aa
. sty
e 06
£y
S 04
W
0.2
0.0 A : : |
0 2 4 6 8
1/10° step
Fig. 1 Convergence of noise variance estimators 62, 62

Because of the slow convergence velocity for the noise
variances of the method in this article, it can be first oper-
ated offline, and then switched to real time application for
higher accuracy of the self-tuning fusion filtering in engi-
neering applications.
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0.5

X (t|0-xa (1)
=
(=1

0.5 : : :
0 2 4 6

8
1/10° step
(a)
0.5
T 0.0
0.5 ; : ; J
0 2 4 6 8
1/10° step
(b)
1~
Lo
=] L 1 L ]
0 2 4 6 8
H10° step
(c)
Fig. 2 Error between self-tuning and optimal fusion Kalman

filters. (a) Fusion error curves for position; (b) fusion error
curves for velocity; (c) fusion error curves for acceleration
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5 Conclusions

For multi-sensor systems with unknown noise variances,
the online estimators of the noise variances are presented
in this article using the correlation method. It avoids iden-
tification of the ARMA innovation model and can ensure
the consistency of the noise variance estimators. Under
the optimal fusion rule weighted by scalars for compo-
nents, the self-tuning component decoupled fusion
Kalman filter based on the Riccati equation is presented.
Moreover, dynamic error system analysis method is
applied to prove that the self-tuning fusion Kalman filter
converges to the optimal fusion Kalman filter in a realiza-
tion. The simulation shows that the self-tuning fusion
Kalman filter is asymptotically optimal.
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