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Abstract The backstepping method is applied to a certain
class of switched nonlinear systems to design state feedback
controllers and a switching law based on multi-Lyapunov
functions. The state feedback controllers and the switching
law that can stabilize the system are developed. The
switched nonlinear systems with uncertainties can be stabi-
lized robustly by using the proposed method. Finally, simu-
lation results show the effectiveness of the method.

Keywords switched nonlinear systems, backstepping
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1 Introduction

Switched systems are a class of important hybrid systems
consisting of continuous or discrete subsystems by rule of a
switching law [1]. It is important to develop stability and
stabilization of switched systems and many works in this
direction have appeared [2-4]. Recently, Astrom et al. pro-
posed a minimum switching law approach for a class of
switched systems, where there exists a Lyapunov function
for each subsystem [5]. Pettersson proposed the projection
approach to solve the stabilization for switched nonlinear
systems [6]. The concept of uniform norm form for single-
input single-output (SISO) switched nonlinear systems is
proposed, and stabilization for this kind of switched system
is developed [7]. The feedback control law and switching rule
is designed for switched nonlinear systems based on com-
mon Lyapunov function [8].

Feedback control law can be designed for a class of strict-
feedback nonlinear systems based on backstepping tech-
nique, which consists of # iterative steps. The virtual control
inputs are designed from the first step to the (n — 1)th step,
and the control input is designed in the nth step [9]. In this
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paper, the backstepping technique will be utilized to design
controllers for a class of switched nonlinear systems consist-
ing of strict-feedback subsystems. Finally, the simulation
result shows the effectiveness of the backstepping technique.

2 Problem formulation and preliminaries

Consider the switched nonlinear system as follows:
x=/i(x), (1)

where i: [0,+%)— = {l1,2,...,N} is a switching signal,
x € R" and the mapping f{-): R*— R" is smooth enough.

Lemma [1] For Eq. (1), if there exist continuous dif-
ferentiable positive function V;, ie L, V; <0, and Vi(x(t;x))
< Vix(t;x-1)), where 1;; denotes the time when the ith
subsystem is activated at the kth time, then the switched
system is stable.

Consider the following pure feedback switched non-
linear system:

X=fio(x)+gio(x)z1,

f1=fir(x,21) +gn(x,21)z2,

(2)

Z1=fi—1(215 2k 1) F ik —1 (X215« + -2k 1) Zks

Ze =i (X215 -+ 5Zk) + ik (X215 -+ -2k Ui

where xe R", z1,25,...,z; are scalars, and u;€ R are control
input. fi.fi1,..-.fix are smooth mappings that satisfy
Ji{0)=0,iel, 0 <j<k.guo.gi-...gi are smooth enough
and satisfy g;(x,z1,...,2) #0,iel, 1 <j< k.

If there are uncertainties in Eq. (2), then it can be
described as follows:

X = fio(x)+gio(x)z1 + 0ix(x,2),
Zr=fi(x,21) +gin (x,21)22 + iz, (x,2),

. (3)

Zk—1 :ﬁkfl(xazls s aZkfl)"‘gikfl(val: s aZkfl)Zk
+5izk,](xaz)s

Ze=fu(x,z1, o zi) g (X,z1, - Zi Ui+ 0, (X,2),
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where 9;y,0;-,...,0;;, are uncertainties and satisfy the

inequalities

iz,

[[0ic[l < il Xl (4)

‘ 51‘2,”

m
<binl|xlly+ D Cinlzal. m=12,... k. (5)

n=1

where a;, b;,, c¢;, are positive real values and the other
symbols are the same to those of Eq. (2).

3 Main result
3.1 Controller design for switched nonlinear systems

Consider the following switched nonlinear system:
n=/i(n)+ i<, (6)
E=Fia0.9) + i, (7)
where ne R", (€ R, u;e R. As g;,(n,&) # 0, let
ui = (tia —fia(1,)) / 8ia(1.£).-
Then Egs. (6) and (7) can be described as
n=/i(n)+ i<, (8)
& =Uiq- 9)

It is assumed that there exist a state feedback control
law &= ¢4n), $A0) =0 and positive functions Vjy(n) for
Eq. (8), where V(1) satisfies

_ Valfin +gimdi(m] _

I./l'() - 0‘1’(’7)’ ( 10)

where o(n) is positive. Let
Vitn.&)= Vo) +[E = b)) /2,

where ie I are Lyapunov functions for each subsystem of

the switched Egs. (8) and (9). When the ith subsystem is

operating, we have

Vi
an

16— 6,01 — 10

Vi(n,&) < —ai(n) + gi(m[E—¢;(m)]

Let

Vi

5 SN =KlE=4, 0]+ i), ki >0.

Ujg= —

We have
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Vi=—ai(n)—kil¢— ;0] <0.
Substituting u;, to u; yields
1

N a0

aaV’?io gi(m) —ki[&—¢:(n)] _ﬁ“(n’é)}. (11)

{% i)+ ]

If the ith subsystem is switched to the jth subsystem at
switching time 7,, n = 1,2,..., which satisfies the following
inequalities:

Viln(2a).E(50)) = V5 (1(5) (), (12)
then V{(x(t;x)) < VAx(t;x—1)) can be obtained. According
to Lemma 1, when input «;is Eq. (11) and the switched law
satisfies Eq. (12), systems Egs. (6) and (7) are stable.

Theorem 1 For Egs. (6) and (7), ¢{n), ¢{0)=0, iel
are the state feedback control law for Eq. (6), a(n), i€,
Vio(n), iel are continuous positive functions satisfying
Eq. (10), then

Vin.&)= Vo) + [E— ()] /2, i€l

are Lyapunov functions for each subsystem. If the
switched law guarantees that when the ith subsystem is
switched to the jth subsystem at the switching time 7,
n=1,2,..., the Lyapunov function satisfies Eq. (12),
then the feedback control law (11) can guarantee the
Eqgs. (6) and (7) asymptotically stable.

Remark 1 If L, Vi(n) #0, iel, and the control law
$4n) of Eq. (6) can be designed as

Ly Vio(n)+ B:(n)

d(n)=— Lo Vo(n)

,iel,

where f,(n) is positive, then we have

Vio= Lz Vion) + Lg, Vio(d;(n) < — Bi(n), i€ 1.

The designed state feedback controller satisfies Eq.
(10).

The design procedure of controller for Eq. (2) can be
described as follows:

Step 1 Take z; as virtual control input. If there exists
the state feedback control law z; = ¢;(x), ¢,0(0) =0, iel
and continuous positive functions Vy(x), i € I satisfying

(13)

where o,y(x), i€l are positive, by Theorem 1 the state
feedback control law of the following system:

{ X =fio(x)+gio(x)z1,
2y =fi(x,21) +gin (x,21)z2,

Vio< —ajp(x), iel,

iel, (14)
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is

22=0;(x,21)
1 [0y
—gl_Z] ox i0+gioz1)
Vio
_ngo ll(Zl ¢10) ﬁl] ’

and the Lyapunov function for each subsystem is

1
Vit (x,21) = Vio(x) + 3 21— i ()], kit >0.
If the switching law from the ith subsystem to the jth

subsystem is a subset of the following set:
={x.z1|Vi1(x,21) = Vi1 (x,21), ijel and i #j},

the Eq. (14) in set Q, then satisfies V;(t,) = Vi(t,) when
the ith subsystem is switched to the jth subsystem.
According to Theorem 1, z, = ¢,;1(x,z;) can stabilize the
Eq. (14) under corresponding switching law.

Step 2 Consider the following system:

X =fio(x)+gio(x)z1,
Zy=fi(x,z1) +gi(x,21)z22,
Zy=fn(X,21,22) + gn(X,21,22) 23,

iel. (15)

Take z, as virtual control input. Repeat Step 1 and we
have

_ 0P P
Z3—g? o (fio+ginz1) + oz, 1 +giza)
b
P gy —kn(za—¢in)—fal,
1 2
Via(x,z1,22) = Vi (x,z1) + 3 (22— i (x.21)],

where k;» > 0. If the switching law from the ith subsystem
to the jth subsystem is the subset of the following set:

O ={xz1,0|Vp=Vp.ijel and i #j},

z3 = ¢;1(x,z1,22) can then stabilize the Eq. (15) under cor-
responding switching law.

Step k& Iterate the above steps and we can obtain the
control law and Lyapunov function

6¢ll

U= (fO+gIOZI)+ Z (fm1+gimzm+l)
glk m= 18
aV(k 1
#g«k b — ki (2= i —1y) —fix| » ki >0,
1 2
Vie(X,21, ... ,zk) = Vi(k—1)+§[2k—¢i(k71)] .

(16)
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If the switching law from the ith subsystem to the jth
subsystem is a subset of the following set:

Q= {x,zl, o ZkViez Vi, ijel and i;éj}, (17)

the feedback control Eq. (16) can then stabilize the Eq. (2)
under corresponding switching law.

Theorem 2 Consider Eq. (2). Let z; = ¢;0(x), ¢io(0) =0
be the state feedback control law of X =fjo(x)+ gio(x)z; in
Eq. (2), where there exist continuous positive functions
Vio(x), i€ satisfying Eq. (13) for positive functions o;o(x),
iel ¢im and Vtm = I/i(n1—1)+[Zm - ¢i(m—1)]2/29 iGI, m=

2,...,k are the virtual state control law and Lyapunov
function for each subsystem, respectively, which are solved
in the mth step during the backstepping recurrence process.
Let Q. satisfy Eq. (17). If the switching law from the ith
subsystem to the jth subsystem is Sj; C Q. the feedback
control Eq. (16) can guarantee Eq. (2) to be asymptotically
stable.

3.2 Controller design for uncertain switched nonlinear
systems

Consider the switched nonlinear Egs. (6) and (7) with
uncertainties:

i1=fi(n)+gi(m&é+ 6 (1n,%),

é:fia(’/laé) + gia(1,)ui + 0, (n,8).

Suppose there are state feedback control law & = ¢«n),
$A0) = 0 and positive functions V(1) satisfying

(18)
(19)

Vio < —v;llnll5, (20)

where 7; are positive real-values.
Let
Vin.&)= Vi) +[E— 9,00 /2. i€l

as Lyapunov functions for each subsystem. The control
law is designed as follows:

Vi
U= i gi—ki(E—9¢;)— ai:|a
B0 - S e kae—9)
ki>0. (21)
Assume that ¢(n) satisfies
¢l <dillnlls |15 <eis (22)

where d; and e; are positive real-values. According to Egs.
(4), (5) and (22), it can be proved that for

Li= (bil +ae;i+ c,-ld,-)/Z >O,

we have
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V(’? E)<—{ ||’7||2 T{ Vi — 2 ][ H”I”z }
SR e—o —Ji ki—ealllE—¢i )

therefore, in the case of k; > ¢;1 + /lf / v;, 1€ I, we can derive
V; <0.

Similarly to the Theorem 1 in Sect. 3.1, if the switching
law from the ith subsystem to the jth subsystem satisfies
Eq. (12), and k; is large enough, Eqgs. (18) and (19) are then
stable.

Theorem 3 Consider Egs. (18) and (19). &= ¢4n),
${0)=0, iel is the state feedback control law of Eq. (18)
and satisfies Eq. (22). Vio(n), i € I are continuous positive func-
tions satisfying Eq. (22) for positive real-values y;, i€ I. When
the ith subsystem is switched to the jth subsystem at switching
time 7, n = 1,2,..., if the Lyapunov function satisfies Eq. (12)
and k;, iel is large enough, the control law (21) can then
guarantee Eqgs. (18) and (19) to be asymptotically stable.

The robust controller can be obtained from Theorem 3
as follows:

Theorem 4 Consider Eq. (3). Let the control law of
x=/io(x)+gio(x)z1 +di(x,2), i€l in Eq. (3) be z; = d(x),
$:0(0) =0 and satisfy Eq. (22). For positive real-values 7;,
iel, there exist positive continuous functions Vj(x), iel
satisfying Vi < —yi||x||§. Gim and Vi = Vigp—1y+ 2, —
bim—1)J12, iel, m=1.2,...k are the virtual state control
law and Lyapunov function of each subsystem, respectively,
which are solved in the mith step during the backstepping
recurrence process. Let Q. satisfy Eq. (17). If the switching
law from the ith subsystem to the jth subsystem is S;; C €,
and the feedback control law is designed as

_ 1|9

gik | 0x

k—1
0P .
u; (fi0+gi021)+ § aqilm(fim"‘gimZerl)
m=1 m

oVi_1
e Gick—1) —kic (2 — i 1)) —ftk} ’

where kj. is large enough, Eq. (3) is then asymptotically
stable.

4 Numerical example

Consider the following switched system:

0
> 81= ik
0
> 82= 1l
2

For x=fio(x1)+gio(x1)x2, there exist ¢ (x1)=—x;
and ¢),(x;)=—x7sin10x, such that Vio=Vy=x7/2

fim xP—xi+x;
0

fe 2x7 sin 10x; —x1 +2x,
? 0
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satisfies Eq. (13). Then we can obtain the control law
and Lyapunov function for each subsystem.

U= —x —2xf+2x‘1‘—2x1x2—xf—xz,
Uy = —2x1 —xz—x% sin 10x;

— (22 + 27 sin 10x; — 1)

x (10x7 cos 10x; +2x sin 10x1 ),

(x2+5sinx;)?

1
V]ZEX%'F 3 .

: 2
Va(x1,x2) = %x%+ 7(xz+52smx1) :

According to Eq. (12), the switching law can be
designed as i = i(x) = arg min{ V,(x1,x»)}. The simulation
results of the state responses of closed-loop system and
switching strategy are shown in Figs. 1 and 2 respectively,
where the initial value of system x(0) = [3,—7]".

4 -

Fig. 1  State response of closed-loop system

Fig. 2 Switching strategy

5 Conclusions

The design of state feedback controllers is studied for a
class of switched nonlinear systems. The backstepping
method is applied to design the state feedback controllers
and switching law based on multi-Lyapunov functions.
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Furthermore, robust controllers for this class of switched
nonlinear systems with uncertainties are designed by using
the proposed method. Finally, the simulation result shows
the effectiveness of the proposed method.
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