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Abstract For the frequency selective and time variant
multiple-input multiple-output (MIMO) channel model
taking into account transmitting and receiving antenna
correlation, the diversity of space-time-frequency coded
broadband orthogonal frequency division multiplexing
(MIMO-OFDM) system is analyzed. Based on the aver-
age pairwise error probability (PEP), the design criterion
of space-time-frequency code (STFC) is expanded. For a
given STFC, it is found that the achievable diversity order is
related to the transmitter and the receiver correlation
matrix as well as the time correlation and frequency cor-
relation matrix. The maximum available diversity of STFC
over the correlation channel is Lrank(P)rank(Q)rank(Rry).
The space-time code and space-frequency code are spe-
cial cases in our approach. Simulation results validate
the findings.

Keywords diversity, multiple-input multiple-output
(MIMO), orthogonal frequency division multiplexing,
pairwise error probability, space-time-frequency coding

1 Introduction

The next generation wireless communication systems are
required to provide mobile and stationary users with wire-
less multimedia services. The rapidly rising demand for high
data rates, along with high mobility, quality and services are
driving recent developments in communication technolo-
gies for broadband wireless systems. Recently, space-time
coding (STC) [1,2] has been proposed as one of the most
attractive techniques for multiple-input multiple-output
(MIMO) wireless communications. In this case, coding is
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performed across spatial (antenna) dimension as well as
time dimension. However, in broadband wireless commu-
nications, the duration of ST-encoded symbols may become
smaller than the delay spread of multipath fading, which
consequently causes severe intersymbol interference (ISI)
[3]. Diversity is one of the effective methods to combat
fading, which depends on signals that are transmitted
across multiple independent fading paths. Clearly, the prob-
ability of multiple paths fading at the same time is very low,
which can greatly reduce the possibility of the error decision
at the receiver. To support higher-speed ST coded applica-
tions, space-frequency coded (SFC) orthogonal frequency
division multiplexing (OFDM) systems have been proposed
for frequency selective fading channels [4-8]. How to max-
imize exploitation of the diversity of the MIMO-OFDM
systems is becoming the target of research.

The first SF coding scheme was proposed in Ref. [2], in
which previously existing space-time (ST) codes were used
by replacing time domain with frequency domain (OFDM
tones). Later works [4,5] also described similar schemes,
i.e., using ST codes directly as SF codes. The resulting SF
codes achieved only spatial diversity, and they were not
guaranteed to achieve full spatial and frequency diversi-
ties. Later in Refs. [7,9,10] systematic SF codes designing
methods were proposed, which are guaranteed to achieve
full diversity. This coding approach can exploit spatial
and frequency diversity.

To exploit full spatial, temporal and frequency diversity
available in frequency selective MIMO broadband chan-
nels, a new space-time-frequency coding (STFC) approach
is proposed. The STF coding strategy, by coding across
multiple OFDM blocks, was firstly proposed in Ref. [11]
for two transmitting antennas and further developed in
Refs. [12-14] for multiple transmitting antennas. In Refs.
[11,14], it was assumed that the MIMO channels stay con-
stant over multiple OFDM blocks. In Ref. [13], an intu-
itive explanation of the equivalence between antennas and
OFDM tones was presented in terms of capacity. In Ref.
[12], the performance criteria for STF codes were derived,
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and an upper bound of the maximum achievable diversity
order was established. In Ref. [15], the diversity of STF
coded MIMO-OFDM system was analyzed, considering
temporal and frequency correlation. However, this conclu-
sion was based on the MIMO channel that was spatially
uncorrelated. In Ref. [16], using a physically motivated
broadband MIMO channel model with transmitting and
receiving antenna correlation, the performance of SF
coded OFDM was studied. However, the performance of
STFC over frequency selective and time variant fading
channel is not reported when MIMO channels are corre-
lated.

Combining the advantages of Refs. [15,16], we extend
the results reported in Ref. [15] to incorporate spatial cor-
relation. We expand the conclusion of performance cri-
teria for designing STF coded MIMO-OFDM systems.
For a given STF code, we quantify the achievable diver-
sity order and coding gains as a function of transmitting
and receiving correlation matrices. Our model incorpo-
rates the ST and SF coding approaches as special cases.

2 System model

We consider a STF-coded MIMO-OFDM system with N,
transmitting antennas, N, receiving antennas and N, sub-
carriers. Suppose that the frequency selective fading chan-
nels between each pair of transmitting and receiving anten-
nas have L independent delay paths and the same power
delay profiles. The MIMO channel is assumed to be con-
stant over each OFDM block period, but it may vary from
one OFDM block to another. At the kth OFDM block, the
channel impulse response from transmitting antenna i to
receiving antenna j at time 7 can be modeled as

L—1
e (=" ok (Dd(r—1), (1)
=0

where 7 is delay of the /th path, and o (/) is complex

amplitude of the /th path between transmitting antenna

m and receiving antenna n at the kth OFDM block. The

ok (1) are modeled as zero-mean, complex Gaussian ran-

dom variables with variances E|of ()]*=0?, where E

m,n

stands for expectation. The powers of the L paths are nor-
L—1

malized such that > 5? =1. From Eq. (1), the frequency
1=0

response of the channel is given by

L-1
an,n (f) = Z aﬁ@n (l)e —jZTEsz > (2)
=0

where j=+/— 1. we assume that the MIMO channel is spa-
tially correlated, i.e., the channel taps o (/) are correlated

m,n

with the pairwise difference of indices (m2,n).

Qinghua MA, et al.

We consider STF coding across N, transmitting anten-
nas, N, OFDM sub-carries and K OFDM blocks. Each
STF codeword can be expressed as a KN, X N matrix:

c=[cTcl -l (3)
where
¢i(0) c5(0) i (0)
(1) A1) (1)
Cr= ' _ (4)
c’f(Nc—l) CIZ‘(NC—I) ch[(Nc—l)

is the channel symbol matrix transmitted in the kth OFDM
block, and ¥ (p) is the channel symbol transmitted over the

pth sub-carrier by transmitting antenna m at the kth
OFDM block. It is assumed that the STF code’s energy

is constrained to E||C|[.=KN.N;, where ||C||r is the
Frobenius norm of C. At the kth OFDM block, the
OFDM transmitter applies an N-point inverse fast
Fourier transform (IFFT) to each column of matrix C;.
After appending a cyclic prefix, the OFDM symbol corre-
sponding to the mth (i=1,2,...,N;) column of C; is trans-
mitted by the transmitting antenna m.

At the receiver, after matched filtering, removing the
cyclic prefix and applying fast Fourier transform (FFT),
the received signal at the nth subcarrier at the receiving
antenna # in the kth OFDM block is given by

N
W)=\ hOHL O+, ()
Um=1
where
L—1 )
Hy, (p)=" o (De 2PN (6)
=0

is the channel frequency response at the pth sub-carrier
between the transmitting antenna m and the receiving
antenna n, Af=1/T is the sub-carrier separation in the
frequency domain, and 7 is the OFDM symbol period.
We assume that the channel state information (CSI)
Hﬁw(p) is known at the receiver, but not at the transmit-

ter. In Eq. (5), zX(p) denotes additive complex Gaussian
noise with zero mean and unit variance at the pth sub-
carrier at the receiving antenna # in the kth OFDM block.
The factor y/p/Ny in Eq. (5) ensures that p is the average
signal to noise ratio (SNR) at each receiving antenna, and
it is independent of the number of transmitting antennas.

3 Performance criteria

In this section, we derive the performance criteria for STF
coded MIMO-OFDM systems. We shall first obtain the
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average pairwise error probability (PEP) for STF codes
and then quantify the maximum achievable diversity
order and coding gain.

Let
Y =[31(0)..p1 (Ne— 1), 310 ...y (Ne— 1),
PO (Ve 1] @
Hypn= [}, (O)sec ), (Ne—1),H2 , (0),...
H:;,nwc—l)f, ®)

T

- [z}(O),...,a (Ne— 1)yt (Ne = 1),z (Ne— 1)

We rewrite Eq. (5) in vector form as

Y= \/;tDH—i-Z 9)

where D is a KN.N, x KN.NN, matrix constructed from
STF codeword Cin Eq. (3) as follows:

D=1y,®[D,.D»,...Dy,], (10)

where ® denotes the Kronecker product, Iy is the iden-
tity matrix of size N, x N,, and

D,,=diag{c},(0),...,ch,(Ne—1),...,
20y, ...,k (N.—1)}. (11)

Each D,, in Eq. (11) is related to the mth column of the
STF codeword C. The channel vector H of size
KN.NN, x 1 is formatted as:

T
H=H] HY H o HY (12)

Suppose that D and D are two different matrices related

to two different STF codewords C and C, respectively.

Then, the pairwise error probability between D and D
can be upper bounded as in Ref. [14]:

P(D—>D)<<2V_I)<H%> (%) (13)

where, r is the rank of (D—D)R(D—D)H, V1,V 2s--.5)y ATE

the non-zero eigenvalues of (D—D)R (D—D)H, and
R = E{HH"} is the correlation matrix of H. The super-
script H stands for the complex conjugate and transpose
of a matrix. Based on the upper bound on the PEP in
Eq. (13), two general STF code performance criteria can
be proposed as follows:

1) Diversity (rank) criterion: the minimum rank of

(D—D)R(D—D)H over all pairs of different codewords
C and C should be as large as possible.
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~2) Product criterion: the minimum value of the product

H 7, over all pairs of different codewords Cand C should

be maximized.

4 Diversity analysis

In this section, we will explicitly demonstrate the achiev-
able diversity of the given STF coded MIMO-OFDM
systems when correlated across space, time and
frequency, and we will revise the performance criteria of
STF codes.

Suppose the correlation matrices at the transmitter and
the receiver are independent, if antennas at the transmitter
and the receiver are distributed at an equal interval, the
correlation matrix at the transmitter and the receiver is
related to the interval distance [17]. Here we denote the
transmitter correlation matrix and the receiver correlation
matrix separately as below:

M1 o g1
p o 1 o2
_O(N‘_l OCN‘_Z 1
IR g
o | P! g
_ﬂN;—l ﬁN;—Z 1

We model the spatial correlation according to the pair-
wise difference of indices (m2,n) of the transmitter antenna
and the receiver antenna. For example, the cross correla-
tion matrix of channel gain of the transmitter antenna m
to the receiver antenna n and the transmitter antenna u to
the receiver antenna v is shown as below:

E{H,.H}}, | =p(u—m|)Zq(lv—nl).  (14)

where

£=E{H,,H},} (15)
is the correlation matrix of the channel time and frequency
response from the transmitting antenna m to the receiving
antenna n, and Eq. (14) is the cross correlation expression
of the transmitting antenna m to the receiving antenna n
and the transmitting antenna u to the receiving antenna v.
Using the notion w =e ™ from Egs. (6) and (8), we
obtain:

Hm,n=(IK® W)Am,na (16)
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1 1
Am,n: O(m’n(O),.. o

>m,n

T
(L—1).02,,(0),...o (L— 1)}

and

w'o wh w1

W —

w® =D, (N=Dr wWN =Dz

Substitute Eq. (16) into Eq. (15) and we get:
>:=E{(1K® W) Ay A (1@ W)H}

— (I @W)E{ dypdll, Ik @W)".

According to the results reported in Ref. [15], the cor-
relation matrix E {Am,nAH

m,n

} can be expressed as:
E{Am,nA,I;in} :RT ®A’ (17)

where A=diag{5;,0],....0;_,} and Ry is the temporal
correlation matrix of size K x K. Then we can also

define the frequency correlation matrix Rg as
szE{Hﬁmen’nH}. Thus Rp= WAW". As a result,
we arrive at:
E=IxQ@W)(Rr®A) (1K® WH)
=Rr® (WAW")=Rr®Ry. (18)

It is found that the correlation matrix of the channel
frequency response does not depend on the transmitting
antenna m and the receiving antenna n. Therefore, we can
rewrite Eq. (14) as

E{Hy, I, =p(u—m) ELH HY Ya(v—n),

where p(0) = ¢(0) = 1, which is a fractional ratio to a based
antenna pair. Then with demonstration, we get the cor-
relation matrix R of size KN.N.N, x KN.N.N, as

R=(0®P)®L, (19)
where Q and P are the receiving antenna correlation
matrix of size N, x N, and the transmitting antenna cor-
relation matrix of size N, x N, whose entry in the mth
row and the nth column is given by ¢(n—m) and
p(n — m) respectively for 1 < m,n < N{(N).

Finally, by combining Egs. (4), (10), (11) and (19), the
expression for (D — D)R(D — D) in Eq. (13) can be rewrit-
ten into Eq. (20) as below, where o denotes the Hadamard
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product:
(D—D)R(D—D)!!

= (In,®[Dy—D.,....Dy, — Dy,]) (Q®P)

®(Rr®Ry)) (INr® (D —D,,...Dy, _DN,]H)

—0a{[(c-O)p(c-O)"|-(Rr@Rr)} . (20)

Denote A=(C—C)P(C—C)" and substitute Eq. (20)
into Eq. (13). The PEP between C and C can be upper
bounded as

) —rank(Q) —vrank(Q)
. 2urank(Q)—1 ) p
P(C—0O)< < vrank(Q) ) (Ul Ai) (ﬁ) ’

where v is the rank of AoX, and A;,4,,...,4, are the non-
zero eigenvalues of A-X. As a consequence, we can
formulate the performance criteria for STF codes as
follows:

1) Diversity (rank) criterion: the minimum rank of AcX
over all pairs of different code words Cand C should be as
large as possible.

2) Product criterion: the minimum value of the product
[T 4 over all pairs of different code words C and Cc
lshi)uld be maximized.

If the minimum rank of A-X is v for any pairs of distinct
STF code words C and C and the rank of receiving
antenna correlation matrix Q is rank(Q), we say that the
STF code achieves a diversity order of vrank(Q).

Theorem 1 For a fixed number of OFDM block K, a
transmitting antenna correlation matrix P and a receiving
antenna correlation matrix @, and correlation matrices
Rt and Rp, the maximum achievable diversity or full
diversity is defined as the maximum diversity order that
can be achieved by STF codes of size KN, x N,.

Proof According to the rank inequalities on
Hadamard products and Kronecker products in Ref.
[18], we have: rank(AcX) < rank(A)rank(Rr)rank(Rp).
Since the rank of A is at most rank(P), the rank of R is
at most L, and the rank of AoX is at most KN, we obtain:

rank(AoX) < min{Lrank(P)rank(Rr),KN}. (21)

Thus, the maximum achievable diversity is at most
{Lrank(P)rank(Q)rank(Rt),KN.rank(Q)}, in agreement
with the results in Refs. [10,15,16]. Without loss of gen-
erality, we assume that the number of sub-carriers, N, is
far larger than LN, therefore, the maximum achievable
diversity order is Lrank(P)rank(Q)rank(Rr).

Our results are general conclusions on diversity analysis
when correlated across space, time and frequency, and our
analyses incorporate the spatial correlation, temporal cor-
relation and frequency correlation as special cases.
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Special case 1 If the fading channels are constant dur-
ing K OFDM blocks, which means rank(Rt) = 1, then the
maximum achievable diversity order for STF codes is
Lrank(P)rank(Q). This is also the case for SF codes,
which coincide with the conclusions in Ref. [16].

Special case 2 When the transmitter correlation matrix
and the receiver correlation matrix are full rank, i.e.,

rank(Q) = N,, rank(P) = N,,

then the maximum achievable diversity order for STF codes
is min{ LN N,rank(Rt),KN.N,}.When the number of sub-
carriers, N, is far larger than LN,, the maximum achievable
diversity order is LN N, rank(Rt), which also coincides with
the conclusions in Ref. [15].

5 Simulation results

Each channel is generated based on the time-variant Jakes
model. In this paper, it is based on a simple two equal-path
delay power channel, and the durations between the two
paths are 5 ps (as shown in Fig. 1) and 20 ps (as shown in
Fig. 2). Antenna correlation matrixes are considered at the
transmitter and the receiver, and the fractional ratio to a
based antenna pair of the correlation matrix are both 0.3,
that is, « = = 0.3.

The repeated mapping method reported in Ref. [15] is
adopted to construct the space-time-frequency codes.
Repeated mapping is made to form a space-frequency
coding across sub-carriers from a known space-time cod-
ing. Then repeated mapping is made to form a space-time-
frequency coding across the K OFDM symbol blocks.

For fairness of comparison (for same rate), we consider
binary phase shift keying (BPSK) modulated space-fre-
quency coding and quadrature phase shift keying
(QPSK) modulated space-time-frequency coding in the
two transmitter antennas and one receiver antenna sys-
tems. The initial space-time coding was used by
Alamouti space-time codes. The performance comparison
is shown in Fig. 1. The performance of the space-time-
frequency codes is superior to the space-frequency codes
because it considers the space, time and frequency diver-
sity as a whole to obtain more time diversity.

The performance of full diversity space-frequency
coding and space-time-frequency coding are considered
in the four transmitter antennas and one receiver
antenna systems when the vehicle speed is 120 km/h.
As the system can effectively get the time diversity
brought from time-variant channels, the maximum
available diversity of space-time-frequency coding is
higher than that of space-frequency coding. We can find
in Fig. 2 that the performance curve slope of space-
time-frequency code is obviously steeper than that of
space-frequency code, i.e., the available diversity is
greater that that of space-frequency code (see Fig. 2).
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However, as the time-variant channel, at about 12 dB,

the performance of space-time-frequency codes has an
error platform.

—a— BPSK modulated space-frequency coding
100,  —e—QPSK modulated space-time-frequency coding

10°¢

symbol error rate (SER)

104¢

105 . . . . . . . . . .
0 2 4 6 g§ 10 12 14 16 18 20
SNR/dB
Fig. 1 Performance comparison of SFC and STFC for 2*1
systems
100 —s— full diversity space-frequency coding

—e— full diversity space-time-frequency coding

symbol error rate (SER)

10 12 14 16 18 20

SNR/dB

0 2 4 6 8

Fig. 2 Full diversity performance comparison of space-fre-
quency coding and space-time-frequency coding

6 Conclusions

This paper proposes a general framework of the diversity
analysis of STF coded MIMO-OFDM system when corre-
lated across space, time and frequency. The design criterion
of STF code words is revised and the maximum achievable
diversity order of STF codes is Lrank(P)rank(Q)rank(Rr).
Our analyses incorporate the spatial correlation, temporal
correlation and frequency correlation as special cases.
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