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Abstract Based on an appropriate Lyapunov function,
this paper analyzes the design of a delay-dependent robust
H., state feedback control, with a focus on a class of non-
linear uncertainty linear time-delay systems with input
delay using linear matrix inequalities. Under the condition
that the nonlinear uncertain functions are gain bounded, a
sufficient condition dependent on the delays of the state
and input is presented for the existence of H.. controller.
The proposed controller not only stabilized closed-loop
uncertain systems but also guaranteed a prescribed H..
norm bound of closed-loop transfer matrix from the dis-
turbance to controlled output. By solving a linear matrix
inequation, we can obtain the robust H. controller. An
example is given to show the effectiveness of the proposed
method.

Keywords non-linear uncertainty, time-delay system,
linear matrix inequation, H.. control

1 Introduction

Time-delay is frequently encountered in a variety of
dynamic systems, such as nuclear reactors, chemical
engineering systems, biological systems, and population
dynamics models. They are often a source of instability
and degradation in control performance in many control
systems. The analysis of the stability of dynamic control
systems with delay and the synthesis of controllers for
them are important both in theory and in practice. This
has raised much interest from many researchers.
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In recent years, the problem of robust H.. control of
time-delay systems has also received considerable atten-
tion. In Refs. [1,2], for example, memoryless H.. state
feedback controllers are obtained. In Refs. [3-5], robust
H., state feedback controllers design is researched. In Ref.
[5], based on the Riccati equation approach, the static
state feedback robust controller of uncertain systems with
delay in state and input is presented, while in which non-
linear uncertainty is not considered. In Ref. [6], robust
stability problems of nonlinear uncertain time-delay sys-
tems are investigated. However, all these conclusions of
literatures are independent of the size of the delay. Thus,
in general, they are to some extent conservative.
Therefore, efforts have been devoted to the research on
the design of delay-dependent controllers, such as the
research in Refs. [7-10], but they did not consider the case
of delay in the control input. On the other hand, in Ref.
[10], nonlinear uncertainty and state delay term were not
considered.

This paper mainly contributes to stating linear matrix
inequation (LMI) sufficient delay-dependent conditions
for the robust H.. state feedback control design, which
guarantees an H infinite-level of disturbance attenuation
for nonlinear uncertain continuous delay systems with
delay in the control input. The approach allows for
including lumped time delays in the state vector and the
control input.

Based on selected appropriate Lyapunov—Krasovskii
functional, a novel delay-dependent sufficient condition
for robust H. controller design of nonlinear uncertain
delay systems is derived in terms of LMIs. Virtually,
this paper is an immediate extension of Refs. [4,6,10].
Finally, simulation results display the effectiveness of
the method.

2 Problem statement

Consider the following nonlinear uncertain system with
time-varying state and input delays:



Delay-dependent robust H.. controller design

x(0)=Ax(t)+f(x(0),0) + Agx(t — 1)+ f 1 4(x(t —7),1)

+ Bw(t)+ Byu(t)+ Bou(t—d), (la)
()= Cx(1), (1b)
x()=¢(), te[—71,0], (Ic)

where x(7)e R" and u(f) e R” denote the state and control
inputs respectively; z(f)e R is the controllable output;
A, Ay, B, By, B, are known constant matrices of appropri-
ate dimensions; w(f) € R’ is the exogenous disturbance vec-
tor; Scalar t denotes the known state delay; d denotes the
known input delay; ¢(¢) is the continuous vector-valued
initial condition; the uncertainties f; and f;, are unknown
and represent the nonlinear parameter perturbations with
respect to the current state x(¢) and the delayed state x(z — 1)
respectively. In general, it is assumed that fi(x(),r) and
fidx(t — 7),¢) satisfy the following norm-bounded con-
dition:

If1(x@.0l <[P x@], (2)
1f1a(x( =)0 <[[Wrax(t = D). (3)

Assume that w(z) =0, u(¢) =0, then free Eq. (1a) has the
solution when satisfying Eqs. (2) and (3) and the initial
condition Eq. (1c).
In fact, Egs. (2) and (3) implicate that £;(0,7) = 0, f; /0,
1) =0, i.e., x(f) = 0 is a equilibrium point of free system.
This paper chiefly aims to design a delay-dependent
state feedback controller:
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For a given y>0, so as to make the closed loop system (see
Eq. (5)) of Egs. (1) and (4)

(1) =(A+ B K)x(1)+ Agx(t— 1)+ B. K x(t — d)
+Bw(t)+f | (x(0),8) +f 14(x(t—7),1), (5)

robust asymptotically stable, and H.. performance index
less than the given bound 7.

Since  x(t—1)=x(1)— LLT £(0)do, where &(0) =
(A+ B K)x(0)+f1(x(0),0)+ Ayx(0 — 1)+ B, Kx(0 — d)
+ fid(x(0 — 7),0)+ Bw(6). Eq. (5) can be translate into

()= Ax(t)+ BoKx(t —d)+ Bw(t) + f (x(£).t)

N R U (©)

f—

where A= (A+BK)+A,= A+ A,

3 Main results

Initially, we will consider the problem of robust stability
problem for the time-delay system Eq. (1), and obtain the
following main conclusions.

Theorem 1 Consider the nonlinear uncertain time-
delay system Eq. (1), if there exist a matrix K positive
definite matrices P >0, Q; >0, @,>0, R>0, and non-
zero positive constants 4;, A1, that make the following

u(t)=Kx(1). 4) LM
My M M3 M4
M7, M», tAYR™'BK tAR ™' B, —0 o
M}, tK'BIR '4, M; tK"BIR'B,
M), <B'R'4, <B'R'B,K —I+tB'R'B,

holds, where

- . . 1
M =PA+A"P+tA"R'A+tPARA,P+Q,+Q,+ e wiw,,

My,=t(A+B K)'R'A4,,

“1

M3=1(A+B,K)'R"'B,K + PB,K,

M;=1(A+B K)'R"'B,+PB,,

1
My=—-0+—5 Wi Wi+tA;R ' 4,,

av
Msy;=—Q,+1K"BIR 'BK,
By=[\11,0.,41).

It is safe to say that time-delay system Eq. (1) are robustly stable.
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Proof For system Eq. (6), define a Lyapunov—Krasovskii function as
t

t 0 t
V(x(1),t) = x"(t)Px(1)+ J xT()Q,x(s)ds+ J x7(5)Q,x(s)ds + J dsj EYORE0)dO
t—1 t—d -1 t+s
t 1 2 1 2 1 1 2 1 2
+ L ‘ Z Wix(s)|| — Zfl (x(s).5)|| | ds+ L ‘ T Wiax(s—1)|| — mfm(x(s—f)’s) ] ds.

Then, the time derivative of V(x(¢),f) along the trajectory Eq. (6) satisfies

V (x(1),1) = £(O)Px(t) + x()) P(0) + X" (1) @, x(1) — x" (1 = 1) @ x(t — 1) + x () Qyx(1) — X (1 = d) @, x(1 — d)

1 1 1 1
+ 5 [[W x> — S 110D + = W 1ax(t— )| — — [f1a(x(t— 0,0 | + €T (R E0)
v A1 AMd 214

- j EOR E(0)d0

t—

=xT()(PA+ A" P)x(1) 4+ 2xT () P(f | (x(0),0) +f 1 4 (x(t — 7),0)) + 2x T () PBw(1) + 2x" () PB K x(t — d)

—2xT(t)PAdJI EO)dO+xT ()0 x(1)— x(t—1)Qx(t — 1)+ x (1) Q,x(t) — x (1 — d) @, x(t — d)
1 1 1 1

+ S W x| — S 11 x@.D) + - [|[W1ax(t =) — — [f 1a(x(t— 0,0 + T (R E0)
2 A 214 214

- j ETORE(0)do,

r—

and
1 t
—2xT(t)PAdJ E0)d0<txT(t)PARAT Px(1) + J EYORE0)d0,
-1 -1
result in
V<xT()Mx(1),
where

x)=[xT() x"t—1) xT(t—d) fT WT(’)]T’

F'= | a0.0)" - (=000,
1 1d

M, M, M My M;;s
M7, My tA'R"'B,K 1A R'B; tA)R™'B
_ T TpT p—1 TpT p—1 TpT p—1
M= |M], <K"BIR'4, M3; tK"BJR"'B, <K'BJR'B|, (8)
M|, <B'R'4, <B'R'B,K —I+B'R'B, <B'R'B
M, B'R'4, <B'R"'B,K  tB"R'B, tB"R™'B

M, M5, M3, M4, M, and M35 are defined in Theorem 1.

M s=1(A+B,K)"R"'B+PB.

Based on the above reasoning process, we know if w(¢) = 0 and matrix inequation (7) holds, then ¥ <0, and system
Eq. (6) is asymptotically stable. Therefore, time-delay system Eq. (1) is robustly stabilized. The proof is completed.
For H.. performance of system Eq. (6), let initial value ¢(¢) = 0, thus for any 7> 0, yield

T

T T
Jr= J (Tz—7*ww)dr< J (z"z—y*wTw+V(x,))dt< J ¥T(OM x(1) dt,
0 0 0
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where ~

M =M +diag(C"C, 0,0, —I).
Since when M <0, J;-< 0 can be obtained and meanwhile matrix inequation (7) is guaranteed, we have following

conclusions.
Theorem 2 Consider the nonlinear uncertain time-delay system Eq. (1), if there exist a matrix K, positive definite

matrices P >0, Q; >0, @, >0, R >0, nonzero positive constants 4, 4;; and a positive constant y > 0 that make linear
matrix inequation M <0 hold, then it can be concluded that time-delay system Eq. (1) is robustly stable, and H.
performance index is less than the given bound 7.

According to Schur’s lemma, for the solution of matrix inequation M <0, it is only necessary to solve inequality (9):

[(1,1) 0 PB,K PB, PB 1(A+BK)" tPA;]
1
x  —0 +FW1TdW1d 0 0 0 4} 0
1d
— 0 0 K'B! 0
* * 0, T T2 -0, )
* * * -1 0 B 0
* * * x =y BT 0
* * * * * —1R 0
> * * * * * — 1P |
where
R<P !,

- 1
(1,1)=PA+A"P+Q,+0,+ s wiw,+C'c,
1
and X=P~!, Y=KX, 0, =X0,X, Q,=X0Q,X. Hence, by pre-multiplying and post-multiplying inequality (9) with
diag{X, X, X, I, I, I, X}, and using Schur’s lemma, it turns out that inequality (9) is equivalent to LMI inequality (11). At
the same time, X and R satisfy inequality (10). The proof is completed.

R<X, (10)
- ! -
Yy, 0 BY B, B t(AX+BY)" 4,X )—WIT 0 xct
@t
~ 1
x -0, 0 0 0 (A X)T 0 0 TWfd 0
1d
* « =0, 0 0 (B, Y)" 0 0 0 0
% x -1 0 B} 0 0 0 0
* * * x =21 BT 0 0 0 0 |< 0, (11)
* * * * * —1R 0 0 0 0
* * * * * * —1X 0 0 0
* * * * * * * —1 0 0
* * * * * * * * —1 0
| = * * * * * * * * —1 ]

where iy, = (A+A)X+(A+A))" X +B Y+ Y'B + 0, + 0,.

Consequently, we establish the following corollary:
Corollary 1 For the nonlinear uncertain time-delay sys-
tem(1), if there exist a matrix ¥, positive definite matrices ~Consider the following uncertain time-delay system
X>0, 0,>0, 0,>0, R>0 and a positive constant y >0 o
that make the following LMIs (10) and (11) hold, then it can (1) =Ax(t) + Aa(t—7) +f1(x(0).0)
be c.o.ncluded that time-delay system Eq. (_1) are robustly +f14(x(t—71),0)+ Bw+ Bu(t) + Bou(t—d)
stabilized, and that H., performance index is less than the
given bound y. Here, the controller gain matrix is K= YX . z(1)=Cx(1)

4 Numerical examples



238
where
-4 1 0.1 0
A= , Aa= ,
0 =5 0 0.5
0.1 0 1
B= N B] == 5 BZ - 5
0.1 0
C=[0.1,0.1], 7=0.3, d =2,
sin x(7) sin x1(t—0.3)
fi=1|_. Jra=| . :
sin x; (1) sin x»(t—0.3)

Let Ay =4;4,=7y=1. By solving LMIs (10) and (11) of

Corollary 1, we have

142.0608 —19.0179
[19.0179 35.3256 ]
Y=[—8.6440 51.1463],

~ [ 71.0159 —20.4931]
1= 5

—20.4931  26.5082

54.8808  — 12.6588]

&= [ —12.6588 144306

K =[0.1433,1.5250).

Finally, we can get the gain matrices of the memoryless
delay-dependent state feedback H.. controller:

u(t)=YX 'x()=[0.1433 1.5250]x(),

and the simulation results for the system with the initial
condition
x1(0)=—0.5, x2(0)=0.9, w(t)=sinz/(1+ 2).

With the chosen parameter settings, the results of a
simulation are shown in Figs. 1 and 2. It can be
observed from Figs. 1 and 2 that the closed-loop time-
delay system resulting from the design in this paper is
indeed robustly stable and has a rather good H.. per-
formance bound.

5 Conclusions

In this paper, a delay-dependent robust H.. state feedback
controller has been proposed for a class of uncertain time-
delay systems with input delay. Based on the Lyapunov
stability theory and Lyapunov-Krasovskii function, it is
shown that the resulting closed-loop system is robustly
stable. Finally, a numerical example and simulation

Yanqging WANG, et al.
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Fig. 1 Responses of closed-loop state variable x(7) with
w(t) = sint/(1 + £%)
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Fig. 2 Responses of controlled output z()

results demonstrate that the results obtained in this paper
are effective and feasible.
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