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Abstract By using Mie’s theory, the boundary condi-
tions, and some advanced mathematical knowledge, the
scattering problem of a plane-wave by bi-sphere groups
and of cores-traversed coherent Gauss-beams by one
sphere was addressed. In each, the coefficients of the
scattering-field expressions were deduced. Finally,
the result was predigested and transfigured so that the
available form for programming was achieved. On
deducing, the former adopted the undetermined coef-
ficient method and the latter used the plane geometry
method. Moreover, the complexity of the calculation was
decreased here.
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coefficient method, bi-sphere scattering, beam scattering,
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1 Introduction

Scattering of spherical particles is one of the top interests
of space physicists, astronomers and meteorologists, and
the most precise theoretical method for interpreting an
overwhelming majority of phenomena related with colors
in the atmosphere around the Earth. Presently, scattering
by single particle [1] and scattering by double conductive
spheres with comparatively simple boundary conditions
have already been precisely resolved [2]. This paper
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focuses on rigorous general resolutions of plane wave
scattering by bi-sphere groups of homogeneous media
and coherent-beam scattering by any homogeneous sphere
of core-traversed Gauss-beams through employing Mie’s
theory, while having acquired the fundamental approach
for the precise analysis of particle scattering problems.
The methods and analytical results of this paper can be
adopted to precisely calculate the scattering of separate
spherical particles.

2 Mathematical disposal and calculations

This paper utilizes Mie’s theory to dispose the scattering
of bi-sphere groups, which involves two precise methods
and one approximate method. The precise methods are:
1) Separating the scattering field of each particle into two
parts, of which one is the direct expression of the
scattering of a single particle, and the other is the
reciprocity of the two spheres. The ultimate result of
the scattering field is the superposition of the two parts;
2) Through employing Mie’s theory, using the undeter-
mined coefficient method to achieve the assumed series
representation of each sphere in its respective self-
centered coordinate system (including the reciprocity of
the two spheres), and then solving the 8 independent
equations derived by simplifying the boundary condi-
tions of each sphere. The approximate method is: 3)
neglecting the reciprocity of the two spheres, using the
direct result of the scattering of each single particle, and
then by using the translational addition theorem we can
obtain the total scattering results expressed in any one of
the two above-mentioned self-centered coordinate sys-
tems. The paper aimed at precise resolution, so the
method 3) is not available. Methods 1) and 2) have no
difference in nature, whereas, although method 1) has a
more explicit physical meaning, the calculation of the
reciprocity of the two spheres has to use the boundary
conditions repeatedly. To avoid the unnecessary repe-
tition, method 2) is adopted in this paper.
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2.1 Series representation of scattering field

First, by using Mie’s theory, we expanded the incoming
field. Second, by taking the axis of the two spheres along
the z-axis and setting the incoming plane wave as x-
polarized (see Fig. 1), the form of the expanded
representation of the incoming field is invariable in the
self-centered coordinate system, and consequently the
expanded representations in Ref. [1] can be employed
directly.

plane wave
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Fig. 1 Plane wave scattering of bi-sphere

Place sphere 1 at the origin of the laboratory coordinate
system (x, y, z) (see Fig. 1) and construct an appropriate
orthonormal coordinate system that is the spherical
coordinates (r, 0, ) based on sphere 1 (as the origin). ¢
is the same in both the self-centered coordinate systems of
the two spheres because the two spheres are set along the z-
axis. Suppose the self-centered coordinates of sphere 2 are
(R, ©, ), we can achieve the expanded representations of
vectors Ei(r’ 05 (ﬂ)’ Hi(ra 9’ (0)3 Esl(r’ 9’ (0)5 H&‘l(r’ 6’ gﬂ), El(ra
0’ (p)a Hl(r> Qa (/)) and Ei(R’ ®’ (p)a H,'(R, ®a (ﬂ)s Es2(Rs ®! (p)s
Hy(R, O, ¢), EX(R, O, ¢), H)(R, ©, ¢) of spherical vector
wave functions, which are
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Equations (1), (2) and (3) denote respectively the
incoming, the scattering and the total field near sphere 1
in spherical coordinate system (r, 0, @) that possesses
variable parameters r, 6, ¢, with spherical vector wave
functions M,,, and N,,, [1-3]. In the spherical coordinate
system (R, O, ¢) of sphere 2, the scattering field and the
inner field have identical forms as Egs. (2) and (3), with
only r, 0, ¢ changed to R, O, ¢, and a,, b,,, A,,, B,to ¢,, d,,
C,, D,. The detailed expressions of the spherical vector

. 1 1 .
wave functions, such as Mf)l)n, Nﬁ,l)n,are given as follows:
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Here, P!" is the associated Legendre polynomial, z,, is
any one of the four kinds of Bessel functions, superscrlpts
1 and 3 (see Egs.(5) and (6)) correspond to j, and h,,
respectively, p = ka is the size-parameter (dimension) of
sphere 1, k is the wavelength of the incoming wave in the
homogeneous sphere 1, a is the radius of sphere 1 [1].
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2.2 Translational addition theorem

To derive the solution of the total electromagnetic field
around the spheres, a uniform coordinate system is needed,
and a comparatively complicated translation, that is, the
translational addition theorem is also required [2,5].
To get the translating coefficients of the translational
addition theorem, we introduced a direct but approx-
imate method, which was realized by transforming the
infinite summing to the interceptive finite summing.
First, derive the translating coefficients in sub-functions,
and then substitute them into the acquired expanded
expressions of the scattering field. Therefore, when the
terms of truncation is large enough, which can be
estimated by the convergence, we can achieve reasonable
scattering coefficients and scattering cross sections.
The translational addition theorem of the vector is
shown as follows:
0
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As to the translational addition theorem of the far field (r,
R=b), we just need to replace A"}, B', C'l, D" by
A", B, €, D, and replace the superscripts 1 of the
spherical vector wave functions by 3. The detailed expres-
sions of 4"}, B}, C"!, D"l can be found in Refs. [2] and [5].

Now, we can see that in the near field, the scattering
field of the distant sphere becomes part of the incoming
field of the self-centered sphere by using the translational
addition theorem, so that the scattering field of the self-
centered sphere becomes the neighboring total scatter-
ing field. As to the far field, the total scattering field is
still the superposed scattering fields of both spheres.
Considering the difference of the translational addition
theorem in the far field and the near field, we should use

it separately in disposing problems.
2.3 Boundary conditions

First, we deal with the scattering of the near field (r < b
and R < b, b is the distance between the centers of the
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two spheres). As to obtaining the 8 independent
equations needed for calculation, we should make the
best use of the boundary conditions around the two
spheres. The method in this paper is translating the
scattering field of sphere 2 to part of the incoming field
of sphere 1, and then deriving the total field around
sphere 1. By using the continuous boundary conditions
at the interface ry (ry is the radius of sphere 1) of the
surrounding medium and sphere 1, we can derive 4
independent equations. The same way with sphere 2. By
using the boundary conditions at the interface Ry (R is
the radius of sphere 2) around sphere 2, we can also
derive 4 independent equations.

The useful boundary conditions are: (E;+E;—E))
xe,=(H;+H;—H)xe,=0 (r=rg or R= Ry).

To the near field, by using the boundary conditions
above and a few mathematical calculations, we can get
the following 8 independent equations:
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where g, p; and p, are permeabilities of the surrounding
medium (can be regarded as vacuum, approximately),
spheres 1 and 2 respectively; m; = ki/k and m, = ky/k are
comparative refractivities of spheres 1 and 2 (k, k; and &,
are wavelengths of incoming wave in the surrounding
medium, spheres 1 and 2); x; = ka;, x» = ka, are size-
parameters of spheres 1 and 2; ¢ is the incident angular
related translation [2] exp(—ikbcosa), with b as the
distance between the centers of the two spheres and «
as the angle formed of the incident direction and z-axis
(see Fig. 1).
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Assume
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However, what people are much more concerned with is the scattering problem of the far field (r > b or at least
r=b). Fortunately, on the mathematical basis, the total field around the spheres can be achieved by using the
uniformly same method and with quite similar boundary conditions. Just by simply rewriting the previous results, we
can acquire the equations of scattering coefficients of the far field

“, B
: ) / nﬂ A o D 1, Bn 3 r_ 3 /
ay[x1h) (x| +c s Zo ook (x2)] +m1 [mix1ju(mix1)]" = [x1ja(x1)]
by (x1)+d, Z A" AD(x2) + Apjn(m1x1) = jin(x1)

D, . /
a2 Z Co et D (o)) + ea[x2h ()] + e Imaxxajn(mx2)]' = o)

bn Z vl h(l)(xl) + d, h(l)(XZ) + Crz]n(m2x2) t]n(x2)
v=0



74 Linsheng LIU, et al.

anh,(ql)(xﬂ-l-cn Z A”lh(l)(xz)—f— 'u—mlB,,/,,(mlxl) =jn(x1)
1

v=0

bulx1 D)) +d, —ZA PeahP ()] I+ A [ xyn(mixn)) = [eyjn(x))’

dn Z Cr D (x1) + eahD(x2) + 0 sznin(mzxz) =1ju(x2)
2

L=

b2 Cl e+ ot )+ o Gl = thegi()]
v=0 2

So that

HPHD — (x1/x2) KV [(umy / 1) Aps — DD (myx1) Ayt
HP L —[(wma ] 1) Cua — DD (mx2) o) [(umy [ 1) A g — DV (1 x1) A 3]

ay =

HYHY —(x1/x2)KP[(wmy /1) DV (my x1) Ay — Apalt
HY LY — [(uma ] 1) D (m22) iz — Coa][(om / 11) DY (my x1) Ay — A

n=

_ (x2/x1) (2 / ty) G — DD (myx2) G HYY — KD LDt
[(uma/ 1t2) Cug — DY (m22) o3 [(umy / 1y A g — D )(mlxl)An3] —HPLY’

— (x2/x)[(uma / 1) DD (M x2) Cs — Cou| HY — K@ Lt
[(wma/ 1) DY (m3x2) Cois — G [(umy /1) DS (myx1) Az — Apa) — HY LS

where [2,5]

o0 o0 ! o0 o0 !
Ays— Z;lnl fu(x2)’ A= Z;Inl & (x2) Coim Z ol éu(xl)’ Coim Z ol éu(xl)’
v=0 v=0 v=0 v=0

vl lrbn(xl) ot l//n(xl), ot én(XZ) v én(x2)
d V() &)
W)= — (3) il _
Dy ()= Iny, ()= o)’ D)= lnén( )= P
A = (— )" "Z[h(”(kob)ac(m pnv)], B =(—=1)""=" > " [WD(kob)p(m : p.n.v)),

p

A= (1" "Z[/p(kobwn pno). B =(— 17" 3" [jkob)(m : panv)),
P

Com=(=1)""~ "Z[h‘”(kob)oc*(m pn), Dt = (=)™~ " [P (kob)B # (m : p.n.v),
P

Com=(= 1"~ " [jplkob)oc (m : p.nv)], Dim = (= 1"~ > [j,(kob)p  (m : p.n.v)).
r )4

With [2,5]

(v—

o(m : po,p)=i""[2u+ Da(m,—m : p,n,)+i m) (kob)a(m,—m : p,nv—1)

_i%(kob)a(m, —m:pno+1)];

.mv+1)

—zm(kob)a(m,—m :pnD)|.

p(m : pnw)y=i—"




Electromagnetic-scattering by bi-sphere groups and coherent-beam scattering by homogeneous spheres 75

2.4 Applications and degenerateness of scattering
coefficients

Amplitude relations of the incident and scattering field is

(1]
(E//s> _ eikr—2) (Sz 0 ) (E//,-) (19)
E|s —ikr \ 0 S/ J\Ey)’
where
Sl = Zﬂ(annn'f_bnfn)
w n(n+1)
2n+1 (20)
Xn: ( +1)(a117n+b Tcn)

Here, m, =P} /sin 0 and 7,
ent functions [1].

According to Eq. (19), we can derive the Stokes
parameters of the incident and scattering field:

=dP} /d0 are angle-depend-
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(22)

S33=2 (5251+525*) Sy= = (5251 5251)
Among the matrix elements, only 3 are completely

independent, satisfying the relation S3, =S%, +S3; + S3,.
Based on the above scattering coefficients, we can

easily derive the scattering cross sections, scattering

amplitude and angle-dependent polarization of the

3 —
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@

scattering field. Accordingly, we can calculate these
useful parameters by computer programming. For some
hints of the detailed programming disposal, see Ref. [1].

According to the computational figures, we can see that
the scattering of the two spheres is related with size-
parameters and the distance of the two spheres, and related
with the angle formed by the incident direction and the
pointing direction of centers of the two spheres. For
instance, we use the results above to analyze the relations of
the scattering field along with the distance b, and a pair of
numerical calculation results is shown in Fig. 2.

Figure 2 shows the angular distribution of scattering
field parameter S;; (actually log(S;;) for sharpening the
tendency of changes) by two uniform spheres (with the
same size and refractivity) of the same incident wave
(with the same incident direction, wavelength, and
polarization). The size parameter of the spheres is
x1=x,=23.083; the comparative refractivity is
my =my = 1.61+0.00041; the incident wave is x-polarized
and with the wavelength 1=0.6328 pm (In fact, the
wavelength can be arbitrary, only if the size parameters
of the spheres are assured, the results are unchangeable
with the wavelength), and the incident direction is along
the z-axis.

For an exhaustive description of the scattering field,
the parallel and vertical components to the scattering
plane (i.e., to the x-polarized plane wave, the parallel and
vertical components are Oxz and Oyz) should be derived.
In Fig. 2, as an example, we just present the parallel
component to the scattering plane (in fact, the vertical
component has the similar relations). According to the
figure, we can see obviously that: the larger the distance,
the stronger the interference and the more dispersive of
the energy of the scattering field.

In addition, it is similar to the scattering by a single
sphere. The refractivity of the spheres cannot only change
the polarization of the scattering field, but also can affect
the angular distribution of the electric intensity of the

3 —
x;=x,=3.083
5 L m, =m,=1.61+0.0004i
A=0.6328 um
1 -
=
O L
1k
-2+ b=10a=10x/k
1 1 1 1 1 1 1 1 1 Il |
-20 0 20 40 60 80 100 120 140 160 180 200
angle/degree
(b)

Fig. 2 Scattering fields of two uniform spheres
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scattering field. Further theoretical analysis of the calculation results above is given as below.

On the physical meaning, if one of the two spheres is absent, its scattering field will also disappear, that is, the
scattering by bi-sphere group will be degenerated to the scattering by a single sphere [1]. Based on this conclusion, we
can analyze our scattering coefficients, and can use this method for further verifying the correctness of our derivation
in a certain extent.

If o = p, and m, = 1 or x, = 0, it denotes that sphere 2 is absent, then the expressions of the scattering coefficients
should become the condition of the scattering by sphere 1 alone. Here we just demonstrate the expression of a,, in both
the near and far fields. We also verified all the other scattering coefficients satisfying that conclusion, which can be
easily perceived.

According to the calculation formulae of the translational addition theorem [2,5], we can see that, if u, =, and
my=1 or x,=0, then /zmlA,,z/,ul—Dill)(mlxl)Anl, umzan/,uz—ijl)(mzxz)Cnl, (,uml/,ul)A,,4—Dﬁll)(mlxl)A,ﬁ, and
(my/ 13) Cog — DD (m2x2) C3. of

_ HP H" — (x1 /x2) K" [my A, / gy — DD (myx1) A ]
HY LY — [my G/ 1ty — DY (max2) G| [y A 1y — D (my x1) At ]

r<b and R<b,

an

HYHWD —(x1/x2) K [(my / 1) Apa — DO (1 x1) A ]t

@ ;M ) W) , r>b and R>b
Hy" Ly — [(um [ 1) Cua — Dy (ma.x2) Gy | [(mn / ) Aya — Dy (m1x1) A3

a,; =

will become zero elements.
So we achieve a, = H(V /L, i.e., the expression of scattering by a single sphere [1].

3 Coherent beams scattering by a homogeneous sphere
3.1 Analysis and calculation of beam scattering by a homogeneous sphere

Now, we consider a homochromous Gaussian beam TEM propagating along the positive direction of the z-axis, and
the polarization direction of the beam is in the xz plane (see Fig. 3). The beam waist is wg at the plane z = 0, and the
curvature radius of the wave front is R = . With suppression of the time harmonic dependence factor e ', the x-
component of the electric field is

=24y 2)} . (23)

E;.(x,y,0)=Eexp [ 5
@y

And the y-component E;(x, y, 0) =0.
Similar to plane waves, by using spherical vector wave functions, the incident beam can also be expanded as
follows:

o)
1 s (1
Ei= Z E,g, [MEJI)n _1N(el)n]a (24)
n=1
k . 1 1
Hi: w_#ZEngn[ME:l)n—i_iNi)l)n}’ (25)
n=1

where g, is the beam factor. When g, = 1, the expressions above will be degenerated to the form of the incident of a
plane wave. Taking the scattering coefficients of the plane wave as ¢’ and b?, then a,=g,a’ and b,=g,b?.
Thus we acquired the scattering amplitude functions, which is similar to that of a plane wave as follows:

S = nz(zﬂ)gn[afnn(cos 0)+blt,(cos 0)],
1

' (26)

o0
S=3 nz(:;ﬂ)gn [aP7,( cos 0)+bPm,(cos 0)].
n=1
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Fig. 3 Scattering of a single Gaussian beam

The corresponding attenuation cross section is

12 0
Coxe= 13- @n+ D[ "Re{a; +;}.

n=1
12
Cau= 5> Cnt DlgaPRe{|af '+ 5 ')

n=1

3.2 Analysis and calculation of coherent-beam
scattering by a homogeneous sphere

Here, we still only analyze the scattering of traverse-
center Gaussian beams so that the center of the sphere
lies at the plane formed by the central axes of the two
incident beams. Meanwhile, the scattering plane of the
two beams is the same to the beams’ incident plane (if
the two beams are of the same axis, any plane including
the central axis of the beams can be taken as the
scattering plane).

Because of the linear properties of Maxwell equations
and of the boundary conditions at the interface of two
media, we can superpose the vector scattering fields of
the two beams along with the planar angles directly, and
we will easily acquire the coherent scattering result of the
two beams.

What needs to be explained is that, considering the
arbitrariness of the widths of beam-waists and of the
distance between the beam-waists and the scattering
sphere, for an exhaustive description of the scattering
result, the omni-directional scattering of 360° angular
directions at the scattering plane (see to Fig. 4) should be
calculated. In this way, the problem becomes a plane
geometrical one.

For the convenience of disposing this problem, the
bisector of the angle formed by the incident directions of
the two beams can be taken as the positive direction of
the z-axis (see Fig. 4). By using plane geometry
transformations, we can calculate the angular scattering
fields of 180° at each side of the z-axis at the scattering
plane. Because of the calculation results or theoretical
analysis, if the two incident beams are uniform or along

o =0o/2

W2

Fig. 4 Scattering of coherent beams

the same line, the scattering result is symmetrical to the
Z-axis.

4 Conclusions

There are mainly two methods employed in this paper:
Mie’s theory and the undetermined coefficient method.
In deriving the scattering by bi-sphere groups, we utilized
Mie’s theory by performing the undetermined coefficient
method on the total scattering field of the two spheres
(the undetermined coefficient form of each sphere
includes the reciprocity of the two spheres in each self-
centered coordinate system). Then by using the trans-
lational additional theorem and the continuous boundary
conditions, we acquired the needed useful scattering
coefficients. In this way, the calculation is predigested
and simplified, which is part of the innovations in this
paper. For disposal of the coherent-beam scattering by a
single homogeneous sphere, we introduced a method of
simple geometrical transformation. By using the linear
properties (capable of using the superposition principle)
of the electromagnetic field (can be taken as a linear
system in the three-dimensional Cartesian coordinate
system), we just needed to superpose the separate and
independent scattering field of each single beam in the
scattering plane, and derive the useful total scattering
field. In this way, we also simplified the complexity of
calculation.

Although only the scattering of the x-polarized incident
plane wave was discussed here, the fact is that for any
linear polarized incident wave, and even arbitrarily
polarized incident wave, the scattering result only relied
on the symmetry of the scattering particles. For example,
to the incident waves of the x-polarized and y-polarized of
the same amplitude, the scattering fields satisfy the
relation: E (¢ ; x-polarized) = E; (¢p+m/2; y-polarized).
Therefore, if we can acquire the scattering coefficients «,
and b,, of the x-polarized (or y-polarized) of the incident
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wave, we can also achieve all the useful scattering and
absorption results of any kind of polarization of the same
particles, such as scattering cross section and all the
scattering matrix elements. These statements and analyses
are also available for beam scattering.

Scattering of spherical particles is an important model
for particle scatterings. Moreover, the analytical results
of this paper are helpful and stimulative for researches
about particle scatterings.
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