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Abstract Time difference of arrival (TDOA) is the
positioning technique with the most potential in cellular
mobile telecommunication systems. The Taylor series
expansion method has been widely used in solving
nonlinear equations for its high accuracy and good
robustness. However, the performance of the Taylor’s
method depends highly on the initial estimation.
Therefore, one new algorithm, hybrid optimizing algo-
rithm (HOA) was proposed, which combines the Taylor
series expansion method with the steepest decent method.
The steepest decent method features fast convergence at
the initial iteration and small computation complexity.
HOA takes great advantage of both methods. Simulation
results show that HOA achieves better performance on
positioning accuracy and efficiency.

Keywords positioning, hybrid optimizing algorithm
(HOA), steepest decent method, cellular radio networks

1 Introduction

Because of the emerging demand for location-aware
services, mobile position location in wireless cellular
networks has been a hot research topic in recent years for
its wide applications[1,2]. According to the measurement of
a specific set of signal characteristics, positioning methods
can be classified as follows: angle of arrival (AOA), time of
arrival (TOA), time difference of arrival (TDOA), fre-
quency difference of arrival (FDOA), carrier phase of
arrival (POA), phase difference of arrival (PDOA) and
hybrid techniques composed of two or more of the above
methods [3]. TDOA has been found the most promising
technique in wireless cellular networks, and has been
applied in IS-95 CDMA and GSM [4]. When employing
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TDOA measurements, a set of nonlinear location equations
will be set up thereafter. Usually, these equations can be
solved after being linearized. Fang[5] gave an exact solution
when the number of equations equates that of unknown
coordinates. This solution, however, cannot make use of
extra measurements when there are extra sensors, to
improve position accuracy. The more general situation
based on least squares algorithm with extra measurements
was considered by Friedlander [6]. Although a closed-form
solution has been developed, the estimators are not
optimum. Chan gave a closed-form, non-iterative solution
utilizing the least squares algorithm two times, which
performs well when the TDOA estimation errors are small.
However, as the estimation errors increase, the performance
declines quickly [7]. The Taylor-series method [§8] is
commonly employed in terms of solving nonlinear equa-
tions due to its properties of high accuracy and good
robustness. It is an iterative method under the prerequisite
that the initial guess in the particular condition is close to the
true solution to avoid local minima. However, the selection
of such a starting point is not simple in practice.

Thus, a new algorithm called hybrid optimizing
algorithm (HOA) is proposed, which starts with the
steepest decent method with properties of fast conver-
gence at the initial iterativeness and small computation
complexity. When an initial guess is close to the true
solution, the convergence of the steepest decent method
becomes slow, so the Taylor-series method is applied
after that and the final solutions can be worked out.
HOA takes great advantage of both the Taylor series
expansion method and the steepest decent method to
optimize the whole iterative process. The analysis and
simulation results are presented in the end.

2 The proposed HOA algorithm

When TDOA is measured based on the TDOA cellular
networks, a set of equations can be described as follows:

Riy=c(ti—t))=cAti=R;— Ry, (1)
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where

R=\J(Xi—x+(Yi—yP, i=1,2,.,N. (2)

Here, (X}, Y;) is the base station (BS) coordinate, (x, »)
is the mobile station (MS) location, R; is the distance
between the BS and MS, N is the number of BS, ¢ is the
light speed, and A47; is the TDOA between the service BS
and the ith BS;. From a geometric perspective, each
equation presents a hyperbolic curve. Equation (1) is a
set of nonlinear equations. The solution to the nonlinear
equations, which needs to be linearized first, is in effect
equal to a non-constrained minimization problem. The
Taylor series expansion method has been widely used in
solving nonlinear equations for its high accuracy and
good robustness.

2.1 Taylor series method

Equation (1) can be rewritten as a function:

Sl = (= X1 = Yy 2= (= X0+ = 1),
i=1,2,...,N—1. 3)

Let ?,' be the corresponding time of arrival at BS,
Then,

filxy)=disri+eg, i=12,...,N—1,

where

4)

dipr1=c(tie1—11), (5)
and ¢, is the corresponding range differences estimation
error with covariance R.
If (xg, yo) is the initial guess of the MS coordinates,
then
X =Xx0+ 0y, ¥=yo+ 0, (6)
Expanding Eq. (3) in Taylor series and retaining the
first two terms produce:

fi,0+ai,15x+ai,25yzaﬂrl,l+3i+l,la i=1,2.., N—1,(7)

where
Jio=fi(x0.y0)
ofi Xi—x0 Xiy1—Xo
Cli’l = = = — =
0x X0 d] d[+1
. (8)
di= 1/ (x0—X)>+ (0 —Y))°
a'z=% _ Y=y Y-y
" 0y v 671 &Hl

Equation (7) can be rewritten as

AS=D+e, 9)
where
ai aip
a a»p [6
A= , 0= s
: 5,
L AN—1.1 aN—1,2
dr1—f10 £.1
d3,1 —fz’o €31
D= o=
Ldni—fn—10 N1

The weighted least square estimator for Eq. (9)
produces

5=[A"R'4] 'A"R"'D. (10)

2.2 Steepest decent based method for initial coordinates
correction

From the above analysis, the convergence of the Taylor
series expansion method and the convergence speed
directly depend on the choice of the MS initial
coordinates. This iterative method must start with an
initial guess that is close to the true solution to avoid
local minima. The selection of such a starting point is not
simple in practice.

To solve this problem, steepest decent method with the
properties of fast convergence at the initial iteration and
small computation complexity is applied at the first
several iterations to get corrected MS coordinates that
satisfy the Taylor series expansion method. The algo-
rithm is described as follows.

Equation (4) can be rewritten as

3 /\ .
¢i(xyy):fi(x,y)_'+6{1 +8i+1,15 121529"'9N_1' (11)

Construct a set of module functions from Eq. (11),

N—-1

O(xy)= Y g

i=1

(12)

The solution to Eq. (11) is translated to compute the
point of minimum ®. In geometry, ®(x,y) is a three-
dimensional curve, the minimum point equates to the
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tangent point between ®(x,y) and Oxy. In the region D of
®(x,y), any point is passed through by an equal high line. If
starting with an initial guess (xp,y0) in the region
D, declining ®(x,y) in the direction of steepest descent
until ®(x,y) declines to its minimum, we can obtain the
solution.

Usually, the normal direction of an equal high line is
the direction of the gradient vector of ®(x,y), which is

denoted by
T
- (250
ox’ dy

The opposite direction to the gradient vector is the
steepest descent direction.

The specific steps are as follows.

Suppose given (xg,y9) 1S an approximate solution,
compute the gradient vector at this point:

(13)

Go=(g10,g)",

where

0D = 0p;
g10="7- :2[2 (ax>¢"
(x0.y0) i=1 (X0-»0) (1 4)
0D = 0p;
80="73- :2lz (a—)(/)i
Y l(x0.p0) i=1 Y (X0,0)

Then, start from (xg,yg), cross an appropriate step-size
in the direction of —Gy. /4 is the step-size parameter. Then
get a new point (xy,y;) as

o
1

Choose an appropriate A in order to let (xi,y;)
be the relative minimum in —Gy, ie., O(x;,y))=
min{®(xo—Ag10,y0 — Ag20)}

To fix on another approximation close to (xo,)o), expand
®;(x0 — Ag10,Y0 — Ag20) at (x0,)0). Omit the high order terms
in the expansion and keep only the zero and first order
terms of A, then get the approximation of @ as follows:

=X0—Ag10

. (15)
= Yo —4g20

N-—1

D(x)—7g10,y0—4820) = D _ [p:(x0 — Ag10.y0 — 420)]”
i=1

N—1 — agﬂ
%{Z (9 =27 Z <g10 - +80 '>]
i=1 —1 y

N1 AN\ 2
0 0op;
Z (gl() ;) +820 ;0) ]} .
i=1 Y :
(x0.70)

+22
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Let 0®/0)h =0, then
do; 0o
Z ?; <g10 ox + 820 ay)

A= " — 3 .
0 .

Z (glo— + 820 ;)

= y (xX0-0)

(16)

Subtract Eq. (16) from Eq. (15), we obtain a new (xi,
1), and consider it as a relative minimum point of ® in
the direction of —Gy. Then start at this new point (x1,y1),
update the position estimate according to the above steps
until @ is sufficiently small.

3 Analysis procedure and simulation results
of HOA

In general, the convergence of the steepest descent
method is fast when the initial guess is far from the true
solution, otherwise, the convergence rate will slow down.
The Taylor series expansion method has been widely used
in solving nonlinear equations for its high accuracy and
good robustness. This method performs well under the
condition that the initial estimation is close to the true
solution. However, it converges slowly or even not
convergent when the initial estimation is far from the
true solution. Therefore, HOA is proposed in the
combination of both Taylor series expansion method
and steepest descent method, taking advantage of both
methods to optimize the whole iterative process and
improve positioning accuracy and efficiency.

In HOA, at the beginning of iteration, steepest descent
method is applied to let the rough initial guess be close to
the true solution. Then, a further precise adjustment is
implemented by Taylor series expansion method to make
sure that the final estimation is close enough to the true
solution. HOA has the properties of good convergence
and improved efficiency. The specific flow is presented as
follows.

0(%’1 a¢)1

1) Give a free initial guess (xg,yo), compute —, —,
ox’ 0Oy

i=1,2,..,N—1.

2) Compute the gradient vector g1, 259 at the point (xo,
yo) from Eq. (14).

3) Compute A from Eq. (16).

4) Compute (x,y;) from Eq. (15).

5) If ® =0, stop; otherwise, substitute (x;,y1) for (xo,
Vo), iterate step 2)-5).

6) Compute EZ,H Li=1,2,

7) Compute dl, dit, fio, a1 and Ain,
from Eq. (8).

8) Compute 6 from Eq. (10).

9) Continually refine the position estimation by steps
7)-9) until o satisfies the accuracy.

— 1 from Eq (5).
=12,..,.N—1
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According to the above flow, the performance of the
proposed HOA is evaluated via Matlab simulation soft-
ware. In the simulation, we model a cellular system with one
central BS and two other adjacent BS. More assistant BSs
can be utilized for more accuracy. However, in cellular
communication systems, one of the main design philosoph-
ies is to make the link loss between the target mobile and the
home BS as small as possible, while the other link loss as
large as possible to reduce the interference and to increase
the signal-to-interference ratio for the desired communica-
tion link. This design philosophy is not favorable to position
location (PL), and leads to major problems in the current PL
technologies, i.e., hearability and accuracy. Considering the
balance between communication link and position accu-
racy, two assistant BSs are chosen. We assume that the
coordinates of the central BS is (x; =0 m; y; =0 m), and
the two assistant BSs coordinates are (x,=2500 m;
y>=0m), (x3 =0 m; y3 =2500 m) respectively, MS coor-
dinates are (x = 300; y = 400). A comparison of HOA and
the Taylor series expansion method is presented.

Numerous simulation computation results are divided
into the following 3 situations. In the first situation,
HOA is more accurate and efficient under the precondi-
tion of the same initial guess and the accurate measured
time. In the second situation, HOA is more convergent to
any given initial guess than the Taylor series expansion
method with the same initial guess and the accurate
measured time. In the third situation, under the condition
of inaccurate measured time and the same initial guess,
HOA is proved to be more accurate and -efficient.
Simulation results are given in Tables 1, 2, 3 respectively.

As shown in Table 1, the steepest decent method
performs much better at the convergence speed. Indeed,
the location error of HOA is about 10° times smaller than
that of the Taylor series expansion method. Meanwhile,
the computation efficiency of the former is improved by
23.35%, which demonstrates that HOA features more
accuracy and efficiency.

As shown in Table 2, when the initial guess is far from
the true location, the Taylor series expansion method is
not convergent while HOA is still convergent, which
consequently declines the constraints of the initial guess.

As shown in Table 3, when the measurements are
inaccurate, the HOA location error is smaller than that of
the Taylor series expansion method by 10 times. Meanwhile,
the computation efficiency is improved by 23.14%.

Table 1 Comparison of HOA and Taylor series expansion
method when the initial guess is close to the true solution and the
measured time is accurate

algorithm iterative result/m error/m time/ms

HOA x =1299.9985 xx=—0.0015 0.374530
»=400.0006 yy = 0.0006

Taylor x=1301.1 xx = 1.1000 0.488590
»=400.4482 vy =0.4482

Table 2 Comparison of HOA and Taylor series expansion
method when the initial guess is far from the true solution and
the measured time is accurate

algorithm iterative result/m error/m time/ms
HOA x =299.9985 xx =-0.0015 1.025930
»y =400.0006 yy =0.0006
Taylor X =+ not convergent
y =+

Table 3 Comparison of HOA and Taylor series expansion
method when the initial guess is the same and the measured time
is inaccurate

algorithm iterative result/m error/m time/ms

HOA x=301.1297 xx=1.1297 0.376400
» =400.4492 vy =0.4492

Taylor x=317.8 xx =17.8000 0.489680
»=396.0549 yy=—3.9451

4 Conclusions

The analysis and simulation results demonstrate that the
proposed HOA that combines both Taylor series expansion
method and steepest descent method takes great advantages
of both methods, optimizes the whole iterative process, and
improves positioning accuracy and efficiency. In the
comparison with the Taylor series expansion method, it
has the advantages of fast convergence and high accuracy.
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